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OPINIONS ON THE SCHOOL EUCLID. 

* The plan of extreme subdivision, and the differences of type, are undoubtedly 
calculated to give help to the beginner.' Pbofessor db Morgan. 

<I should think that the mode in which it is printed will be ag^rcat assistance 
to beginners ; indeed, they can hardly fail to follow the demonstrations in it, if 
they can catch the syllogristic process at all.' Professor G. D. Livbing, 
late Secretary to the Syndicate for conducting the Cambri^e Local Examina- 
tions, and EscanUner in Experimental Philoeophy in the UniverHty of London, 

* It seems to me to be a very useful book, and exactly adapted for the boys 
who come up for our examinations. I trust the teachers too will learn some- 
thing from it.' Rev. T. J. Potter, M.A., Triwiy College, Cambridge, ExanUtier 
in Mathematics to the College of Preceptors, 

* The School Euclid, comprising the first Four Books, will bear comparison 
with any that has yet been produced.' Dr. Rutherford, Royal Military 
Academy, Woolwich, 

< As far as it goes, this is an excellent School-book.' The Diary, edited by 
W. S. Woolhouse, F.R.A.S. 

* Mr. IsBiSTER believes that much of the difficulty of teaching Euclid to 
young people arises from the absence in the ordinary editions of the Elements of 
those aids to the learner which are so plentifully supplied in every other depart- 
ment of instruction. The belief is well founded ; and the expedients he has 
adopted are well calculated to remove the difficulty in question.' Museum. 

* An attempt is made in this edition of the first four books of Simson's Euclid 
to make the members of each proposition clear to the eye by the adoption of 
different species of type. In the figures, the parts which are given in the enunci- 
ation are represented by dark lines, and those which are added in the course oi 
the demonstration, by dotted lines. These are decidedly improvements, and will 
probably tend to smooth the course of learners.' Pabthenon. 

* We have much pleasure in strongly recommending this book to all our 
readers. It will be found most serviceable to all who are teaching or learning 
Euclid, Mr. Isbistbb has availed himself of the labours of those who have 
striven to render the demonstrations clear to the learner, and he has neither 
spoken slightingly of those labours nor ignored his obligations to them. We 
cannot better describe Mr. Isbister's EucUdthan by saying that to us it appears 
like Mr. Potts's Euclid improved. Without wishing to detract in the slightest 
from the merit to which Mr. Isbistbb is entitled for precision of language, we 
candidly state our belief that the chief point of superiority of his edition of 
Euclid over others of recent date, consists in the technical arrangement. The 
engraver and the printer have proved invaluable auxiliaries to Mr. Isbister, who 
has evidently endeavoured to improve upon improvements.' Pupi l Teach er. 

*The changes introduced are undoubted improvements.' 
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PREFACE. 



The present edition of Euclid's Elements of Geometry, de- 
signed chiefly fbr the higher classes in schools and colleges, 
contains the parts nsuallj read in the Universities, and is 
arranged on the same genend plan which has proved 8o 
successful in the edition of the Four Books published, for 
the use of younger students, imder the name of The School 
Euclid. Like many of its predecessors, it is based on the 
work of Dr. Simson, whose valuable edition has been gener- 
ally followed. The alterations introduced have been chiefly 
conflned to the arrangement, in which, however, considerable 
changes and, it is hoped, improvements have been made. 
Among these the following may be noticed :— - 

1. The references to previous propositions and definitions, 
generally given in the common editions in the margin, are 
here collected immediately after the enunciations. An oppor- 
tunity is thus aflbrded to the student of revising and making 
himself thoroughly master, before he begins the demonstration, 
of the references of which he is about to make use, so that, 
when they occur in their proper. place in the text, their 
application may be at once perceived, without necessitating 
any pause in the reasoning in order to make sure of the 
reference before advancing to the next step in the proof. 

2. In describing the figures, the parts which are given in 
the enunciation are represented by dark lines, and those which 
are added in the course of the demonstration by dotted lines. 
The process of the construction is thus exhibited to the eye, 
and the data and the qucesita of the problem can always be 
distinguished at a glance. 
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8. In the demonfltrationB, the several steps of the proof are 
arranged in a logical form, by giving the premisses and the 
conclusion always in separate lines, and in a different type ; 
the ' construction ' and the ' demonstration * are distinguished 
by separate headings ; and, as a further aid to the student, 
the enunciations are broken into paragraphs, and the demon- 
strations into corresponding divisions, wherever the proposi- 
tion consists of more than one case. 

In this way the constituent parts of a proposition are 
presented separately, part by part ; and the learner, knowing 
exactly where one begina and the other ends, is enabled to 
make himself master of the one before he proceeds to the 
other. 

The editions of Hill, Blakelock, and Williams were among 
the earliest to show the advantages of printing separately 
the parts of a proposition and its demonstration ; a^id they 
have been followed with great success by several modern 
editors. The plan adopted by them, of printing every sen- 
tence, or part of a sentence, which contains a new step in 
the reasoning, in a separate line,* has been followed in the 

* The method of exhibiting the propositions in separate lines, now so 
extensively adopted, was first introdaced in an edition of the * Ele- 
ments' published, in 1726, by the Bev. Henry Hill, who thus refers to 
it in his Preface : — 

* The Method I have taken in writing is entirely new ; wholly dif- 
ferent from any that has hitherto been made choice of by any of the 
interpreters of Euclid, and such as does not so much vequire intent and 
severe thinking as a bare and easie inspection. 

'The better to avoid obscurity and confusion, and that painful attention 
which we have a general aversion to, and which disturbs and distracts 
the mind, I have Mt each and every demonstration out in lines or 
steps ; so that the several mediums that are necessary in order to in- 
vestigate the truth of many propositions, might no ways puzzle or per- 
plex the young geometrician ; but that he may have a clear and perfect 
notion and idea of the most intricate Demonstrations in the Elements 
of Geometry/— -TAc First Six, together with the Eleventh and Twelfth 
Books of Euclid's Elements, demonstrated after a new, plain, and easie 
Method, by Henry Hill, A.M. London: 1726. 
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present edition, but to a greater extent, and with increased 
distinctness. To avoid the confused appearance produced by 
the lines being scattered irregularly over the page, as in pre- 
vious texts of tl]^ * Elements ' on this plan, the lines have been 
printed so as to commence imiformly from the side of the 
page. Every conclusion is what printers technically term 
'indented,' and the applicable part of it — ^ihat is, the part 
made use of or referred to in the subsequent reasoning*— -is,, to 
mark its importance, printed in italics ; the final conclusion,, 
and the thing to be proved or to be done, standing out pro- 
minently from the rest of the page in bold * Clarendon' type, 
so as to keep constantly before the eye the object towards 
which the whole process of the reasoning is directed. 

The notes appended to the text are necessarily brief, but it 
is hoped that they will be found to touch upon most of the 
points of interest connected with the definitions and proposi- 
tions. The notes are followed by a classified index of the 
propositions of each Book, in which all the theorems relating 
to the same subject are, for the convenience of reference and 
comparison, collected in one view. 

In the Appendix the enimciations and corollaries, together 
with questions on the d^nitions, axioms, &c. of each Book 
are printed separately, to assist teachers in reviewing their 
classes, and ta aid the student in the work of self-examination. 
Algebraical and arithmetical solutions of the propositions of 
the Second and Fiilh Books have also been given, and to the 
whole ]s appended a large collection of geometrical exercises 
for solution. For the convenience of those using other 
editions of ' Euclid,' the Appendix ha» been published in a 
separate form. 

A. K. ISBISTER. 
Loin>OB : January 3, 1865. 
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ELEMENTS OF EUCLID. 



BOOK L 

DEFINITIONS. 

I. 
A poniT is that which hath no parts, or which hath no magnitude. 

XL 

A line is length without breadth. 

IIL 

The extremities of a line are points. 

IV. 

A straight line is that which lies evenly between its extreme points. 

V. 

A superficies is that which hath only length and breadth. 

VI. 

The extremities of a superficies are lines. 

VII. 
A plane superficies is that in which any two points being taken, the 
straight line between them lies wholly in that superficies. 

VIII. 
A plane angle is the inclination of two lines to one another in a 
plane, which meet together, but are not in the same direction. 

IX. 
A plane rectilineal angle is j^ 
the inclination of two straight 
lines to one another, which 
meet together, but are not in 
the same straight line. B 

B 
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2 THB XLBMBHTS OF EUCLID. 

N.B. — When seTeral angles are at one point B, any one of them 
is expressed by three letters, of which the letter that is at the vertex of 
the angle, that is, at the point in which the straight lines containing the 
angle meet one another, is put between the other two letters, and one of 
these two is somewhere upon one of those straight lines, and the other 
upon the other line : Thus the angle which is contained by the straight 
lines, AB, CB, is named the angle ABC, or CBA ; that which is con- 
tained by AB, DB» is named the angle ABD, or DBA ; and that which 
IB contained by DB, CB, is called the angle DBC, or CBD ; but, if 
there be only one angle at a point, it may be expressed by a letter 
placed at that point : as the angle at £. 

X. 

When a straight line standing on another straight 
line makes the ac[}aeent angles equal to one another, 
each of the angles is called a right angle ; and the 
straight line which stands on the other is called a 
perpendicular to it. 

XL 

An obtuse angle is that which is greater than 
a right angle. 

xa 

An acute angle is that which is less than a right- 

angle. 

XIII. 

A term or boundary is the extremity of any thing. 

XIV. 
A figure is that which is enclosed by one or more boundaries. 

XV. 
A circle is a plane figure contained by one line, which 
is called the circumference, and is such that aU straight 
lines drawn from a certain point within the figure to the 
circamference are equal to one another. 

XVL 
And this point is called the centre of the circle. 

XVII. 

A diameter of a circle is a straight line drawn through 
the centre, and terminated both ways by the cireum- 
y ferenoe. 
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XVIII. 
A semicircle is the figare contained by a diameter and the part of the 
eiretmiference cat off by the diameter. 

XIX. 
A segment of a circle is the figare contained by a 
straight line, and the circomference it cats off. 

XX. 

Rectilineal figures are those which are contained by straight lines. 

XXI. 
Trilateral figures, or triangles, by three straight lines. 

XXIL 

Qaadrilateral, by four straight lines. 

XXIII. 
Multilateral figures, or polygons, by more than four straight lines. 

XXIV. 

Of three-sided figures, an equilateral triangle is that 
which has three equal sides. 

XXV. 

An isosceles triangle, is that which has only two sides 
equaL 

XXVL 
A scalene triangle, is that which has three unequal sides. 

XXVIL 

A right-angled triangle, is that which has a right 
angle. 

xxvia 

An obtuse-angled triangle, is that which has an 
obtuse angle. 

XXIX. 

An acute-angled triangle, is that whioh has tkoee ae^te 
angles. 







TBS XLB1CBHT8 Or SUGLID. 

XXX. 

Of four-sided figures, a square is that which has all its 
sides equal, and all its angles right angles. 

■ 

XXXL 

An oblong, is that which has all its angles right angles, 
but has not all its sides equal. 



XXXIL 

A rhombus, is that which has all its sides equal, but 
its angles are not right angles. 

XXXIIL 

A rhomboid, is that which has its opposite sides equal 
to one another, but all its sides are not equal, nor its 
\ angles right angles. 

XXXIV. 

All other four- sided figures besides these, are called Trapeziums. 

XXXV. 

Parallel straight lines, are such as are in the same plane, and which 
being produced eyer so &r both wa^ do not meet 



POSTULATES. 

L 

Let it be granted that a straight Ibe may be drawn firom any one 
point to any other point. 

IL 

That a terminated straight line may be produced to any length in a 
straight line. 

III. 

And that a circle may be described from any centre, at any distance 
from that centre. 



BOOK I. AXIOMS. 5 

AXIOMa 

L 

Things which an equal to the same thing, are eqnal to •ne another. 

II. 
If equals be added to equals, the wholes are eqoaL 

III. 
If equals be taken from equals, the reminders are equal 

IV. 

If equals be added to unequals, the wholes are unequal. 

V. 
If equals be taken from unequals, the remainders are unequal 

VL 
Things which are double of the same, are equal to one another. 

VIL 
Things which are halves of the same,, are equal to one another. 

VIII. 

Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 

IX. 
The whole is greater than its part. 

X, 

Two straight lines cannot inclose a space. 

XI. 
All right angles are equal to one another. 

XII. 

' If a straight line meets two straight lines, so as to make the two 
interior angles on the same side of it, taken together, less than two right 
angles, these straight lines being continuallj produced, shall at length 
meet upon that side on which are the angles which are less than two 
right angles.' 



TBB ■LBMUITS OV BUOLID. 
PROP. I. — PaOBLBM. 

To describe an equilateral triangle upon a given finite atratglU line, 

* (References — Def. 16; ax. 1 ; post 1, 3.) 

Let AB be the giTen straight line. 

It is required to describe on AB an equilateral triangle. 
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CONSTRUCTION 

From the centre A, at the distance AB, describe the circle BCD; 
(post. 3) 

from the centre B, at the distance B A, describe the circle ACE ; 

and A:om the point C, in which the circles cut one another, draw the 
straight liiies CA, CB, to the points A, B. (post. 1.) 
Tben ABC iliall be an eqvUftteral triangle* 

DEMONSTRATION 

Because the point A is the centre of the circle BCD, 

therifore AC ia equal to AB ; (def. 16) 
and because the point B is the centre of the circle ACE, 

therefore BC is equal to BA. 
But it has been proved that C A is equal to AB ; 

there/ore CA, CB are each of them equal to AB ; 

but things which are equal to the same thing are equal to one another ( 
(ax. 1) 

therefore CA is equal to CB ; 

wherefore CA, AB, BC, are equal to one another ; 
and the triangle ABC is tberefore equilateral i 

and it is described upon the giren straight line AB. 

Which was required to be done. 



PROP. IL— Problem. 
From a given point to draw a straight line equal to a given straight line, 
(Referenees — Prop. 1. 1 ; post. 1, 2, 3 ; ax. 1, 3 ; det 16.) 

* To b« written out, or repeatod to tho Ttachmr. 
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Let A be the giyeu point, and BC the giyen straight line. 
It is required to draw from A a straight line eqnal to BC. 
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iP 
CONSTRUCTION 

From the point A to B draw the straight line AB ; (post l.) 

upon AB describe the equilateral triangle DAB, (i. 1) 

and produce the straight lines DA, DB, to £ and F ; (post, n.) 

from the centre B, at the distance BC, describe the circle OGH, 

(post. 3) 
and from the centre D, at the distance DG, describe the circle 6KL. 

Tben AZi sliall be equal to BC. 

DEMONSTRATION 

Because the point B is the centre of the circle CGH, 

Uierefnre BC tt equal to BG ; {def. 15) 
and because D is the centre of the circle GKL, 

therefore DL is equal to DG, 
and DA, DB, parts of them, are equal ; 

therefore the remainder AL is eqvai to the remainder BG. (ax. 3.) 
But it has been shown that BC is equal to BG ; 

wherefore AL and BC are each of them equal to BG ; 
and things which are equal to the same thing are equal to one another ; 

therefdre fbe stralfflit line JLK Is equal to BC. (ax. 1.) 

Wherefore firom the given point A a straight line AL has been drawn 
equal to the given straight line BC. 

Which was to be done. 



PROP. Ill— Problem. 
From the greater of two given straight tinea to tut off a part equal to the 

(References — Prop. i. 2; de£ 15; post. 3; ax. L) 

Let AB and C be the giyen straight lines, of whieh AB is greater 
than C. 
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It is required to cat off from AB the greater, a part equal to C, the 
leu. 
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OONSTRUOnON 

From the point A draw the straight line AD equal to C ; (l 2) 
and from the centre A, at the distance AD, describe the circle DEF, 
(post 3.) 

Then AB sliall be equal to C. 

DEMONSTRATION 

Because A is the centre of the circle DEF, 

therefore AE it equal to AD ; (def. 15) 
but the straight line C is likewise equal to AD ; (constr.) 

therefore AE and C are each of them equal to AD ; 

wbereftore the strali^t line AB Is equal to C. (ax. 1.) 

And therefore from AB, the greater of two straight lines, a part AE 
has been cut off equal to C, the less. 

Which was to be done. 



PROP. IV.— Theoeem. 

If two triangles have two sides of the one equal to two sides of the other ^ 
each to each ; and have likewise the angles contained by these sides equal 
to each other : 

then they sliaU likewise have their bases, or third sides, equal; and 
the two triangles shall be equal; and their other angles shall be equcU, each 
to each, viz. those to which the equal sides are opposite, 

(Keferences— Ax. 8, 10.) 

Let ABC, DEF, be two triangles, which have the two sides AB, AC, 
equal to the two sides, DE, DF, each to each, yis. AB to DE, and AC 
toDF; 

and the angle BAC equal to the angle EDF. 
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Tben the base BC shall be equal to the base BV; 

and the triangrle ABC to the triangle BBT, 

and the other angles to which the equal sides are oppo- 
site* shaU be eqoal, each to each, via. the angle ABC to 
the angle BBT, and the angle ACB to BFB. 




DEMONSTRATION 

For, if the triangle ABC be applied to the triangle DEF, 

80 that the point A may be on D, and the straight line AB upon DE ; 

becaose AB is equal to DE, 

therefore the point B ahaU coincide with the point £ ; 

and AB coinciding with DE, 

and the angle BAG bemg equal to the angle EDF, (hyp.) 

therefore AC shaU coincide with DF ; 

and because AC is equal to DF, 

wherefore also the point C shall coincide with the point F. 

But the point B coincides with the point E ; 

wherefore the base BC shaU coincide with the base EF ; 

because the point B coinciding with E, and C with F, 
if the base BC do not coincide with the base EF, 

two straight lines would inclose a space, which is impossible, (ax. 1 0.) 

Therefore the base BC shall coincide with the base BF, 
and be equal to it. 

IVlierefore the whole triangle ABC shall coincide with the 
whole triangle BBT, and be equal to it ; 

and the other angles of the one shall coincide with the remaining ■ 
angles of the other, and be equal to them, vix. : 

the angle ABC to the angle BBF, 
and the angle ACB to the angle BFB. 

Therefore, if two triangles hare two sides of the one equal to two sides 
of the other, &c 

Which was to \>e ^ciawMta^Nft^ 

b3 
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PROP, v.— Theobem. 

The angles at the base of an isoeceUs triangle are equal to one 
another ; 

and if the equal sides be produced, the angles upon the other side of the 
base shall be equal. 

(References — Prop. i. 3, 4 ; ax. 3.) 
Let ABC be an isoBceles triangle, of which the side AB is equal to 
AC, 
and let the straight lines AB, AC, be produced to D and E. 

Then Vie anvle ABC sball be equal to tbe an^le ACB« 
and the an^le CBD to the angle BOB. 




CONSTRUCTION 

In BO take any point F, 

and from A£, the greater, cut off AG equal to AF, the less, (l 3) 

and join FC, GB. 

DEMONSTRATION 

Because AF is equal to AG ; (constr.) 
and AB to AC ; (hypoth.) 

the two sides FA, AC, are equal to the two G A, AB, each to each, 
and they contain the angle FAG common to the two triangles AFC, 
AGB; 

To asiiit th« learner, the figure may be drawn so as to exhibit to the eye the trianglee 
of which it is composed, in the fullowiog manner :— 

A A 





3 C fi C 







/ 
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therefore the base FC i» equal to the base GB, 

and the triangle AFC to the triangle AGB; 

and the remaining angles of the one are eqoal to the remaining 
angles of the other, each to each, to which the equal tides ar« 
opposite, yis. 

tJie angle ACF to Ae angle ABG, 

and the angle AFC to the angle AGB. (i. 4.) 

And because the whole AF, is equal to the whole AG, 
of which the parts AB, AC, are equal ; 

the remainder BF shall be equal to the remainder CG ; (ax. 3.) 

and FC was proved to be equal to GB, 

therefore the two sides BF, FC, are equal to the two CG, GB, each to 
each; 

and the angle BFC is equal to the angle CGB, 

and the base BC is common to the two triangles BFC, CGB; 
wherefore these triangles are equal, and their remaining angles, 
each to each, to which the equal sides are opposite ; 

there/ore the angle FBC is equal to the angle GCB ; 
and the angle BCF is equal to the angle CBG. (i. 4.) 

And, since it has been demonstrated, 

that the whole angle ABG is equal to the whole angle ACF, 

the parts of which, the angles CBG, BCF, are equal ; 

ttaerefore the remaining angle ABO is equal to tlie 

remaining angle ACSf 
wbiob are the angles at the base ef the triangle ABC* 

And it has been proved, 

that the angle 7BC is equal to the angle OC3B, 
whieh are the angles upon the other side of the base. 

Therefore the angles at the base, &c. Q. E. D. 

Cor. Hence every equilateral triangle is alto equiangnlar. 



PROP. YI.— Theobbm. 

If two angles of a triangle be equal to each other ; 
then the sides also which sMend^ or are opposite to, the equal anglss 
§haU be equal to one another. 

(Beferencet — Prop« i. d, 4.^ 
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Let the triangle ABC have the angle ABC equal to the angle ACB. 
Tben the side AB sliall be equal to tbe side AC. 




CONSTRUCTION 

For, if AB be not equal to AC, 

one of them is greater than the other. 

Let AB be the greater ; 

and from it cut off DB equal to AC, the less, (i. 3.) and join DC 

DEMONSTRATION 

Then in the triangles DBC, ACB, 

because DB is assumed to be equal to AC, and BC is common to both, 
the two sides DB, BC, must be equal to tbe two AC, CB, each to each ; 
and the angle DBC is equal to the angle ACB ; (hyp.) 

therefore the hose DC must be equal to the base AB, 
and the triangle DBC to the triangle ACB, (i. 4) 
the less equal to the greater, which is absurd. 
Therefore AB is not uneqitcU to AC, 
that Is AS Is equal to AC. 
Wherefore, if two angles, &c. Q. £. D. 

Cor. Hence erery equiangular triangle is also equilateral. 



PROP. VII.— Theorem. 

Upon the same base and on the same side of t7, there cannot be two 
triangles thcU have their sides which are terminated in one extremity of the 
base equal to each other, and likewise those which are terminated in the 
other extremity. 

(References — Prop. i. 5 ; ax. 9.) 

If it be possible, let there be two triangles, ACB, ADB, upon the 
same base AB, and upon the same side of it, which have their sides 
CA, DA, terminated in the extremity A of the base, equal to one 
another, and likewise their sides OB, DB, that are terminated in B. 
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First. Let the yertez of each of the triangles be irithoat the other. 




CX>N8TRUCnOir 

Join the yertices C and D by the straight line CD. 

DEMONSTRATION 

Because, in the triangle ACD, AC is assumed to be equal to AD, 
therefore the angle ACD must be equal to the angle ADC ; (i. 5) 

bat the angle ACD is greater than the angle BCD ; (ax. 9) 
therefore the angle ADC must be greater also than BCD; 

much more then must the angle BDC be greater than the angle BCD. 

Again, because in the triangle BCD, CB is assumed to be equal to 
BD, 

therefore the angle BDC must be equal to the angle BCD ; (i. 5) 
but the angle BDC has been proved to be greater than the angle BCD ; 

therefore the angle BDC must be both equal to, and greater than the 

angle BCD; 
which is impossible. 

Secondhf. Let the vertex D of the triangle ADB fall within the 
triangle ACB. 




CONSTRUCTION 

Join the yertices C and D, and produce AC, AD to E, F. 

DEMONSTRATION 

Because in the triangle ACD, AC is assumed to be equal to AD, 
thertfore the angles BCD, FDC upon the otAer side of the bast CXS ^ 
must be equal to one another; (i. 5) 
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bat the augle ECD is greater than the angle BCD ; (ax. 9) 
wherefore the angle FDC must likewise be greater than the angle 
BCD; 
much more then must the angle BDC be greater than the angle BCD. 

Again, because in the triangle BCD, CB is assumed to be equal to 
DB, 

there/ore the angle BDC must be equal to the angle BCD ; (i. 5) 
but BDC has been proved to be greater than BCD ; 

wherefore the angle BDC must be both equal to, and greater than^ the 

angle BCD ; 
▼hich is impossible. 

Thirdly. Let the vertex of one triangle be upon a side of the other. 




This case needs no demonstration, for it is evident from inspection that 

the side AC is greater than its part AD. 
Therefore upon the same base and on the same side of it, &c. 

Q. E. D. 



PROP. VIII.— Theorem. 

If two triangles have two sides of the one equal to two sides of the others 
each to each, and have likewise their bases equal; 

then the angle which is contained by the two sides of the one shall be 
equal to the angle contained by the two sides equal to them, of the other. 

(References — Prop. i. 7 ; ax. 8.) 

Let ABC, DEF be two triangles, having the two sides AB, AC, 
equal to the two sides DE, DF, each to each, viz., AB to DE, and AC 
to DF ; and also the base BC equal to the base EF. 

Then the angle 8AC shall be equal to the angle SBF. 

A *D G 
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DEMON8TBA.TION 

For, if the triangle ABC be applied to DEF, 

so that the point B be on £, and the straight line BC upon EF ; 

then because BC is equal to EF, (hyp.) 

therefore the point C ahaU coincide with the point F ; 

wherefore BC coinciding with EF, 

B A and AC shaU coincide with ED and DF ; 

for if the base BC coincides with the base EF, but the sides BA, CA 

do not coincide with the sides ED, FD, but have a different situation as 

EG, FG, 
then, upon the same base EF, and upon the same side of it, there can 
be two triangles that have their sides which are terminated in one 
extremity of the base equal to one another, and likewise their sides 
which are terminated in the other extremity ; 

but this is impossible, (i. 7.) 

Therefore, if the base BC coincides with the base EF, 
the sides B A, AC, cannot but coincide with the sides ED, DF ; 

wberefore the anyle SAC oolnddds with tbe ungle BDr« 
and is equal to it. (ax. 8.) 

Therefore, if two triangles, &c Q. E. D. 



PROP. IX.-— Pboblem. 

To bisect a given rectiUnecd angle, that is, to divide it into two equal 
angles, 

(References — Prop. 1. 1, 3, 8.) 

Let the angle BAC be the giTen reetilineal angle. 
It is required to bisect it 

A 




CONSTRUCTION 

Take any point D in AB, 

from AC cut off AE equal to AD, (i. 3) and }ob\I>l&\ 
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upon the side of it opposite to A, describe the equilateral triangle DBF, 
(i. 1) and join AF. 

Tben tbe strali^t line AJP bisects the angle BAG. 

DEMONSTRATION 

Because AD is equal to AE, (constr.) 

and AF is common to the two triangles DAF, EAF; 

the two sides DA, AF, are equal to the two sides EA, AF, each to each ; 

and the base DF is equal to the base EF ; (constr.) 

there/ore the angle DAF is equal to the angle EAF. (i. 8.) 

Wlierefore the 0Ten rectilineal mnigle BAG is bisected by 
the line AT. Q. E. F. 



PROP. X. — Fboblem. 

To bisect a given finite straight line^ that is, to divide it into two equal 

parts, 

(References — Prop, l 1, 4, 9.) 

Let A B be the given straight line. 

It is required to divide AB into two equal parts. 



I 
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B 



OOKSTBUCTION 

Upon the straight line AB describe the equilateral triangle ABC, (i. 1) 
and bisect the angle ACB by the straight line CD. (i. 9.) 

Then AB shall be divided into two equal parts in the 
point D. 

DEMONSTRATION 

Because AC is equal to CB, (constr.) 

and CD common to the two triangles ACD, BCD , 

the two sides AC, CD, are equal to the two sides BC, CD, each to 

each; 
and the angle ACD is equal to the angle BCD ; (constr.) 

therefore the base AD is equal to the base DB. (i. 4.) 
HTherefore the straight line AB is divided into two equal 
parts in the point D. Q. E. F. 
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PROP. XL — Problem. 

To draw a straight line at right angles to a given straight line, from a 
given point in the same, 

(References — Prop. i. 1, 3, 8; ax. 1 ; def. 10.) 

Let AB be the given straight line, and C the giyen point in it. 

It is required to draw a straight line from the point C at right angles 
to AB. 

F 



A 



A. 



AD £ B 

OONSTBUCnOM 

In AC, take any point D, 

and make C£ equal to CD ; (l 3) 

upon D£ describe the equilateral triangle DFE, (i. 1) 

and join FC. 

Tlien FC, drawn from tbe point C« sliall be at liffbt 
angles to AB« 

DEMONSTRATION 

Because DC is equal to C£, 

and CF is common to the two triangles DCF, ECF ; 

the two sides DC, CF, are equal to the two EC, CF, each to each ; 

and the base DF is equal to the base EF ; (constr.) 

therefore the angle DCF is equal to the angle ECF; (i. 8) 

and thej are adjacent angles. 

But, * when a straight line standing on another straight line makes the 

adjacent angles equal to one another, each of the angles is called a 

right angle ;* (de£ 10) 

therefore each of the angles DCF, ECF, is a right angle, 

vmieretore, from tbe point C, In the stralgbt line A8, 
7C liflui l>een drawn at rlgbt angles to AM. 

Q.E.F. 
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Cor. By help of this problem, it may be demonstrated that two straight 
lines cannot have a common segment 



B 



r 



B 



If it be possible, let the two straight lines ABC, ABD, hare the 
segment AB common to both of them. 

CONSTRUCTION 

From the point B, draw BE at right angles to AB. (i. 11.) 

DEMONSTRATION 

Because ABC is a straight line, 

therefore the angle CB£ is equal to the angle EBA ; (def. 10) 
in the same manner, because ABD is assumed to be a strught line, 

there/ore the angle DBE must be equal to the angle EBA ; 

wherefore the angle DBE must he equal to the angle CBE, (ax. 1) 
the less to the greater, which is impossible. 

Therefore two straight lines cannot have a common segment. 



PROP. XII.— Problem. 

To draw a straight line perpendicular to a given straight line of an 
unlimited lengthy from a given point without it 

(References — Prop. i. 8, 10; post 3; def. 10, 15.) 

Let AB be the given straight line, which may be produced to any 
length both ways, and C the giyen point withoat it 

It is required to draw from C a stnught line perpendicular to AB. 



rfr 



/ 



B 

D 
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OONSTRUCTION 

Take any point D, upon the other side of AB, 

and from the centre C, at the distance CD, describe the circle £GF, 

meeting AB in F, G ; (post 3) 
bisect FG in H, (i. 10) and join CF, CH, CG. 

Tben the straight line CB, drawn flrom the point C* is 
perpendionlar to the ffiven stralflrht lino AB. 

DBHONSTRATION 

Because FH is equal to HG, (constr.) 

and HC common to the two triangles FHC, GHC, 

the two sides FH, HC, are equal to the two GH, HC, each to each ; 

and the base CF is equal to the base CG ; (def. 15) 

therefore the angU CHF is equal to the angle CHG ; (i. 8) 

and they are adjacent angles. 

But ' when a straight line standing on a straight line makes the adjacent 
angles equal to one another, each of them is a right angle ; and the 
straight line which stands upon the other is called a perpendicular to 
it.* (def. 10.) 

Therefore CB is perpenOioiilar to AMf 

and it has been drawn from the point C. Q. £. F. 



PROP. XIIL — THEOREM. 

The angles which one straight line makes with another upon one side of 
Of are either two right angles, or are together equal to two right angles. 

(References — Prop. i. 11; ax. 1, 2; def. 10.) 

Let the straight line AB make with CD, npon one side of it, the 
angles CBA, ABD. 

Then the angles CBA, ABB are either two rig-ht angloi^ 
or are togeliier equal to two right angles. 

Fvrst, let them be equal to one another. 



B 
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DEMONSTRATION 

Then, since the straight line AB, standing on the straight line CD, 
makes the adjacent angles ABO, ABD equal to one another, 
therefore each of them is a right angle; (def. 10) 

wberefbre the angles ABC, ABB, are two rlc^t angles. 

Secondfyf let them not be equal to one another. 



CONSTRUCTION 

From the point B draw BE at right angles to CD. (i. 11.) 

DEMONSTRATION 

Because BE is at right angles to CD, (constr.) 

therefore the angles CBE, EBD are two right angles ; (def. 10) 

and because the angle CBE is equal to the two angles CBA, ABE, 
add to each of these equals the angle EBD ; 

then the angles CBE, EBD, are equal to the three angles CBA, ABE, 
EBD. (ax. 2.) 

Again, because the angle DBA is equal to the two angles DBE, EBA, 
add to each of these equals the angle ABC ; 

then the angles DBA, ABC, are equal to the angles DBE, EBA, ABC. 
(ax. 2.) 

Bat the angles CBE, EBD, have been proved to be equal to the same 

three angles ; 
and things which are equal to the same thing are equal to one another , 

therefore the angles CBE, EBD, are equal to the angles DBA, ABC ; 
(ax.1) 
but the angles CBE, EBD are two right angles ; (constr.) 

therefore the angles BBA, ABC, are together equal to 
two right angles, (ax. 1.) 

Wherefore when a straight line, &c. Q> E. D. 
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PROP. XIV.— Theobbm. 

If^ at a point in a straight line, two other straight lines, upon the oppo^ 
site sides of it, make the adjacent angles together equal to two right angles, 
then these two straight lines shall be in one and the same straight line, 

(References — Prop. i. 13; ax. 1, 3.) 

At the point B in the straight line AB, let BC, BD, upon the oppo- 
site sides of AB, make the adjacent angles ABCf ABD, equal to two 
right angles. 

Then C8 iball be in the same straight line with SB. 



CONSTBUCnON 

For if BD be not in the same right line with BC, 
let BE be in the same right line with it 

DEMON8TBATION 

Because CBE is assumed to be a straight line, and AB meets it in B, 

therefore the adjacent angles ABC, ABE, must be together equal to two 
right angles ; (i. 13) 

but the angles ABC, ABD, are together equal to two right angles ; 

(hyp.) 

therefore the angles CBA, ABE, must be equal to the angles CBA, 
ABD; (ax. 1) 

take away the common angle ABC, 

therefore the remaining angle ABE must be equal to the remaining 
angle ABD ; (ax. 3) 

the less to the greater, which is impossible ; 

therefore BE is not in the same straight line with BC. 

And, in like manner, it may be proved, that no other can be in the 
same straight line with it but BD, 

therefore 8B is in the same straight line with 8C« 

Wherefore, if at a point, &c. Q. E. D. 
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PROP. XV.— Theobbm, 

If two straight lines cut each other, then the vertical or opposite angles 
shall be equal 

(References — Prop. i. 13 ; ax. 1, S.) 

Let the two straight lines AB, CD, cut each other in the point E. 

Tben the angle ABC sball be equal to the angle BBBt 
and the angle CEB to the angle ABS. 




DEMONSTRATION 

Because the straight line AE makes with CD the angles CEA, AED, 

these angles are together equal to two right angles, (i. 13.) 

Again, because the straight line DE makes with AB the angles AED, 
DEB, 

these angles are also together equal to two right angles ; 

and CEA, AED, have been proved to be together equal to two right 
angles ; 

wherefore the angles CEA, AED, are equal to ^ angles AED, DEB ; 
(ax. 1) 

take away the common angle AED, 

then the remaining angle CBA le equal to the remaining 
ai^e BBS. (ax. 3.) 

In the same manner it can be shown, 

that the angle CBB le equal to the angle ABS* 

Therefore, if two straight lines, &c. Q. E. D. 

Cor. 1. From this it is manifest, that, if two straight lines cut one 
another, the angles thej make at the point where thej cut, are toge- 
ther equal to four right angles. 

Cot, 2. And, consequently, that all the angles made by any number 
of lines meeting in one point, are together equal to four right angles. 



PROP. XVI.— Theobbm. 

If one side of a triangle be produced, 

then the exterior angle is greater than either of the interior opposite angles. 

(References — Prop. i. 3, 4, 10, 3i6; ax. 9.) 
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Let ABC be a triangle, and let the side BC be prodnced to D. 

Tlien tbe exterior angle ACB sliall be greater tbaa eltlier 
of the angles ABC or CA8. 




COFSTRUCnON 

Bisect AC in £, (i. 10) and join BE, 

produce BE to F, and make EF eqoal to BE ; (i. 8) 

and join FC. 

DEMONSTRATION 

Because AE is equal to EC, and BE to EF; 

the tvo sides AE, EB, are equal to the two CE, EF, each to each; 

and the angle AEB is equal to the angle CEF, 

because they are opposite, vertical angles ; (i. 15) 

therefore the base AB is equal to the base CF; (l 4) 

and the triangle AEB to the triangle CEF, 

and the remaining angles to the remaining angles, each to each, to 
which the equal sides are opposite; 

wherefore the angle BAE is equal to the angle ECF; 
but the angle ECD is greater than the angle ECF ; 

tberefore tbe angle ACD to greater tbaa tbe angle 



[n the same manner, if the side BC be bisected, and AC be produced 
to G, it may be demonstrated that the angle BCG, 

that tof tbe angle ACB« (l 15) to greater than tbe angle 



Therefore, if one sidi9, &c. Q. E. D. 



PROP. XVII.— Theorem. 

Any two angles of a triangle cure together less than two right angles, 

(References— Prop. i. 13, 16 1 as. 4.) 
Let ABC be any triangle. 
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Then any two of Its angles eball be together leM tlian two 
right angles. 

A 




CONSTRUOnON 

Produce the side BG to D. 

DEMONSTRATION 

Because ACD is the exterior angle of the triangle ABC, 

I therefore the angle ACD is greater than the interior and opposite angle 

ABC; (I. 16) 

■ to each of these unequals add the angle ACB ; 

I then the angles ACD, ACB, are greater than the angles ABC, ACB ; 

i but the angles ACD, ACB, are together equal to two right angles ; 

(I. 13) 

therefore the angles A8C« 8CA9 are less than two right 
angles. 

In like manner, it maj be proved, 

that the angles BAC, ACB« are less than two right 
! angleSf 

and likewise the angles CAB, ABO. 

Therefore any two angles, &c. Q. E. D. 



PROP. XVIII.— Theorem. 

The greater side of every triangle is opposite to the greater angle; i.e., 
i • in any triangle^ if one side be greater than another, then the angle which is 

I ' opposite the greater side is greater than the angle which is opposite the 

i less, 

I 

*' (References — Prop. i. 3, 6, 16.) 

I 

Let ABC be anj triangle of which the side AC is greater than the 
side AB. 
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Then tlie angle ABC sliall be greater tbaa the angle 




CONSTRUCTION 

Because the side AC is greater than the side AB, 
make AJO equal to AB, (i. 3.) and join BD. 

DEMONSTRATION 

Because the angle ADB is the exterior angle of the triangle BDC, 

tiur€fore the angle ADB is greater than the interior and opposite angle 
DCB; (I. 16) 

bat the angle ADB is equal to the angle ABD, (i. 5) 
because the side AB is equal to the side AD, 

Aerefcre the angle ABD is likewise greater than the angle ACB ; 

wberefore mueii more la the angle ABC greater than the 



Therefore the greater side, &c. Q. £. D. 



PROP. XIX.— Theorem. 

7^ greater angle of every triangle is subtended by the greater side, i.e., 
in any triangUf if one angle be greater than another ^ 

then the side which is opposite the greater angle is greater than the side 
whieh ie opposite to the less, 

(References — Prop. i. 5, 18.) 

Let ABC be anj triangle, of which the angle ABC is greater than 
the angle BCA. 

the side AC ehall be greater than the aide 
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For, if AC be not greater than AB, 

AC must either be equal to AB, or less than it 

But AC is not equal to AB, 

because then the angle ABC would be equal to the angle ACB ; (i. 5) 

but it is not, (hyp.) 

therefore AC is not equal to AB. 

Neither is AC less than AB; 

because then the angle ABC would be less than the angle ACB ; (i. 18) 

but it is not ; (hyp.) 

therefore AC is not less than AB ; 
and it has been shown that it is not equal to AB ; 

tberefore AC Is irreater fliaii AB. 
Wherefore, in any triangle, &c. Q. E. D. 



PROP. XX.— Thborem. 
Any two sides of a triangle are together greater than the third side, 
(Beferences — Prop. i. S, 5, 19 ; ax. 9.) 

Let ABC be a triangle. 

Tben any two sides of It to^etlier are greater tbaii the 
tblrd side, tIx., 

the sides BA, AC« irreater than the side BC« 

ABf BC« greater ttMui AC« 

and BCy CAf greater than 




CONSTRncnOM 

Produce BA to the point D, 

and make AD equal to AC ; (l 3) and join DC 

DEMONSTBAllON 

Because DA is equal to AC, 

therefore the angle ADC is equal to the angle ACD ; (l ft) 
but the angle BCD is greater than the angle ACD ; 
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therefore the angle BCD is greater than the angle ADC ; 

and because in the triangle DCB, the angle BCD is greater than the 

angle BDC, 
and that the side which is opposite the greater angle is greater than 

that which is opposite the less ; (i. 19) 

therefore the side DB is greater than the side BC ; 
but DB is equal to BA and AC ; (constr.) 
thov«lte0 tlie aides BA« AC, are greater tbaa BC. 

In the same manner, it may be proved, 
tbat tlie sides AB, 8C, sure greater than CA« 
and BC, CAf are g re a ter tban AB. 

Therefore, any two sides, &c. Q. £. D. 



PROP. XXL— Thbobem. 

If from the ends of a side of a triangle there he drawn two straigkt lines 
to a point within the triangle ; 

then these shall be less than the other two sides of^ triangle, but shaB 
contain a greater angle, 

(References — i. 16, 20; ax. 4.) 

Let the two straight lines BD, CD, be drawn from B, C, the ends of 
the side BC of the triangle ABC, to the point D within it 

Tlieii BB and BC sMall be lees than tlie two sides BA, 
AC, Of the triangle, 

but sliall eontain an angle BBC greater tlian tbe angle 
BAC. 




COKSTRtTCTIOK 

Produce BD to meet AC in E. 

DEMONSTRATION 

Because two sides of a triangle are greater than the third side, (i. 20} 

therefore tiie two sides B A, AE, of the triangle ABE, are greater than 
BE; 

C2 
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to each of these add EC ; 

thm tki sidea B A^ AC, are greater than BE, EC. (ax. 4.) 

Again, hecaoae the two sidet CE, ED, of the triangle CED, are greater 

than CD, 
add DB to each of these ; 

tJkefn the eitUa CE, £B, are greater than CD, DB ; (ax. 4) 
but it has been shown that BA, AC, are greater than BE, EC, 

m«dk m«r« tbwi •!<• BAt AOf greater ttaaa Blip SO* 



Again, because the exterior angle of a triangle is greater than the 
interior and o^KWte angle ; (l 16) 

Aerrfitre Ae opterior amgU BDC <f Ae tiarngk CDE u greater Aam 
C£Ds 

fte the saaie mson, 

dkf ejrterw eu^ CEB rf the tnamgk ABE u ^miler thorn B AC ; 
and it has been shown diat the angle BDC is greater than CEB ; 

tB tiM «Mie a»o 



Tk«reftH«,3ffrantltt«Bds,&e. Q.E.IX 



PROP. XXIL— Pmuhjol 

fbiadbt « #i0i9ir ^toUdb <ftc «dM eUB he ffmai m Arm 
atfiwQW ^amk, m( #f whkm flay ttpo wiMinisr 



( Bd bre nnes - ^Jti| i. i. 8 ; past. :t ; ax. 1 ; deC IM 

li0t X B« C be three driven right linoR, of whkk any two whatever 
«re f-reaiar than the ^urd — ^k^ A and B together gresder tlun C ; A 
aind C tngodier groKter than B ^ and B and C gmBm* t^ian A. 

It is Tefiured tn make a triuTixi^lc baring is udes eqnal to A, R, G, 
ewih to aarib 







"<'*INK3'UI'i"TJnN 



Tl^ a Btmight linr I>F tennmott^d m thr jinini Tl, biQ mlimhei 
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make DF equal to A, FG equal to B, and GH equal to C ; (l 3) 

and from the centre F, at the distance FD, describe the circle DKL ; 

(post 3) 
and from the centre G, at the distance GH, describe the circle HLK ; 
andjoinKF, KG. 

Tlieii the triangle lEro sliall Iftave Its sides equal to 
the tbree straifflit lines A, B, C. 

DEMONSTRATION 

Because the point F is the centre of the circle DKL, 

therefyre FD is equal to FK; (def. 15) 
but FD is equal to the straight line A ; (constr.) 

therefore FR is equal to A. (ax. 1) 

Again, because G is the centre of the circle LKH, 

therefore GH t« equal to GK ; (def. 15) 
but GH is equal to C ; (constr.) 

therefore GK is equal to C ; 

and FG is equal to B ; (constr.) 

therefore the three straight lines KF, FG, GK, are equal to the three 
A, B, C. 

And llierelbre the triangle XVO has its sides lUP, VCK GX« 
equal to the given straight lines A* 8, C. Q. £. F. 



PROP. XXIIL— Problem. 

At a given point in a given straight line to construct a rectilineal angle 
equal to a given rectilineal angle, 

(References— Prop. i. 8, 22.) 

Let AB be the given straight line, and A the given point in it, and 
DCE the given rectilineal angle. 

It is required to make an angle at the point A in the straight line 
A6, equal to the rectilineal angle DCE. 

C A 

A 




VL 
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CONSTRUCTION 

Take in CD, C£, any points D, E, and join D£ ; 

make tbe triangle AFG, the sides of which shall be eqoal to the three 

straight lines CD, DE, CE, so that CD be equal to AF, C£ to AG, 

and DE to FG. (l 22.) 

Tbem tbe untfl.e V ACI aball be equal to tbe 



DEMON8TBATION 

Because DC, CE, are equal to FA, AG, each to each, 
and the base DE to the base FG ; (e<mstr.) 

tbereftore tbe angle BCB la equal to tbe aagle VAAi (jl 8.) 

Wherefore, at the given point A in the straight line AB, the angle FAG 
if made equal to the given rectilineal angle DCE. Q. E. F. 



PROP. XXIV.— Theobem. 

If two triangles have two sides of the one equal to two sides of the 
other, each to each, but the angle contained bff the two sides of one of ikem 
greater than the angle contained by the two sides, equal to Aetn, of Cft« 
other; 

t/ten the base of that which has the greater an^, shall be greater Aan 
the base of the other, 

(References— Prop. i. 3, 4, 5, 19, 23 ; ax. 9.) 

Let ABC, DEF, be two triangles which have the two ddes AB, 
AC, equal to the two DE, DF, each to each — via., AB equal to DE, and 
AC to DF ; but the angle B AC greater than the angle EDF. 

BC abaU be greater tban tbe base 




CONSTRUCTION 



<>f the two sides DE, DF, let DE be the side which is not greater than 
the other. 
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and at the point D, in the straight line DE, make the angle EDG equal 

to the angle BAC ; (i. 23) 
and make D6 equal to AC or PF, (i. 3) and jom EG, GF. 

DEMONSTRATION 

Because AB is equal to DE, and AC to DG, 

the two sides BA, AC, are equal to the two ED, DG, each to each, 

and the angle BAC is equal to the angle EDG ; (constr.) 

therefore the base BC is equal to the base EG. (i. 4.) 

And, hecaose DG is equal to DF, 

there/ore the angle DFG is equal to the angle DGF; (i. 5) 

hut the angle DGF is greater than the angle EGF, 
therefore the angle DFG is greater than the angle EGF ; 
much more then i* the angle EFG greater than the angle EGF. 

And, hecauie the angle EFG of the triangle EFG, is greater than^ its 

angle EGF, 
and that the greater side is opposite to the greater angle ; (i. 19) 

therefore the side EG is greater than the side EF; 
hut EG has been proved to be equal to BC ; 

thnetore 8C Is greater man sr. 
Therefore, if two triangles, &c. Q. £. D. 



PROP. XXV.— Theorem. 

If two triangles have two sides of the one equal to two sides of the otJier, 
ettch to each, but the bdse of one greater than the base of the other; 

then the angle contained by Hie sides of the one which has the greater 

htuct shaU he greater than the angle contained by the sides, equal to them, 

of the other. 

(References — Prop. i. 4, 24.) 

Let ABC, DEF, be two triangles which have the two sides AB, AC, 
equal to the two sides DE, DF, each to each— viz., AB equal to D£, 
and AC to DF ; but the base CB greater than the base EF. 

Tben tlie angle BAC sball be greater tlian the angle SBF. 

A D 
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DEMONSTRATION 

For if the angle BAG be not greater than the angle EDK 

it must either be equal to it or less. 

Now, if the angle BAG be equal to the angle EDF, 

then must the base BG be equal to the base EF ; (i. 4) 
but it is not ; (hyp.) 

therefore the angle BAG is not equal to the angle EDF. 

Again, if the angle BAG be less than the angle EDF, 

then must the base BG be Use than the base EF; (i. 24) 
but it is not ; (hyp.) 

therefore the angle BAG U not Use than the angle EDF; 

and it has been proved it is not equal to it ; 

tberefore the angle ^AXi le irreater than tlie ancle B]>r« 

Wherefore, if two triangles, &;c. Q. E. D. 



PROP. XXVL— Thbobem. 

If two triangUe have two angles of the one equal to two angles of the 
other, each to each, and one side equal to one side; viz*, either the side 
adjacent to the equal angles in each, or the side opposite to them \ 

then the other sides shall be equal, each to each, and also the third an fie 
of the one equal to the third angle of the other, 

(References — Prop. i. 3, 4, 16 ; ax. 1.) 

Let the two triangles ABG, DEF, have the angles ABG, BG A, equal 
to the angles DEF, EFD, each to each ; also one side equal to one 
side. 

First, Let the sides adjacent to the equal angles in each be equal ; 
▼iz., BG equal to EF. 
Then shall the side AB he equal to the side BB* the side 

AC to the side BVf and the angle BAC to the angle 
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CONSTRUCTION 

For if AB be not equal to DE, 

one of them is greater than the other. • 

Let AB be the greater of the tvo, 

and make BG eqoal to D£, (i. 3) and Join GC 

DEMONSTRATION 

Then in the tvo triangles GBC, DEF, 

because BG is assumed to be' equal to DE, 

and BC is equal to £F, (hyp.) 

the two sides GB, BC, must be equal to the two DE, EF, each to each; 

and the angle GBC is equal to the angle DEF ; (hyp.) 

therefore the base GC must be equal to the base DF, 

and the triangle GBC to the triangle DEF, 

and the remaining angles of the one equal to the remaining angles of 
the other, each to each, to which the equal sides are opposite ; 

therefore the angle GCB must be equal to the angle DFE ; (i. 4) 
but the angle DFE is, by the hypothesis, equal to the angle BCA ; 

wherefore also the angle BCG must be equal to the angle BCA, (ax. 1) 
the less to the greater, which is impossible ; 

therefore AB is not unequal to DE, 

that is« AB Is equal to BE« 

Therefore in the triangles ABC, DEF, 

because the two AB, BC, are equal to the two DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF ; (hyp.) 

tberefore the base AC is equal to tbe base BF, 

and tbe tbird anffle BAG to tbe tblrd angle BBF. (i. 4.) 

AVx/, li;t the sides which are opposite to the equal angles iu each 
triangle be equal to one another, viz., AB to DE. 

Tben likewise in tbis ease tbe otber sides sball be equal, 
AC to BVv and BC to B7 \ and also tbe tbird angle BAG 
to tbe tbird angle BBV. 




H 




C3 
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GONSTBUCnON 

For if BC be not equal to EF, 

one of them must be greater than the other. 

Let BC be the greater, 

make BH equal to EF, (r. 3) and join AH. 

UCXON8TBATION 

Then, in the two triangles ABH, DEF, 

because BH is assumed to be equal to EF, 

and AB is equal to DE, (hyp.) 

the two sides AB, BH, must be equal to the two DE, EF, each to each ; 

and the angle ABH is equal to the angle DEF ; (hyp.) 

therefore the base AH must be equal to the base DF, 

and the triangle ABH to the triangle DEF, 

and the remaining angles of the one equal to the remaining angles of 
the other, each to each, to which the equal sides are opposite | 

therefore the angle BHA t> equal to the angle EFD ; (i. 4) 

but the angle EFD is equal to the angle BCA *, (hyp.) 

flier e/ore the angle BHA must be equal to the angle BCA, 

that is, the exterior angle, BHA, of the triangle ABC, must be equal 

to its interior and opposite angle BCA, 
which is impossible ; (i. 16) 

wherrfore BC is not unequal to EF, 

tliat iif BO ii equal to SI*. 

Therefore in the triangles ABC, DEF, 

because AB is equal to DE, (hyp.) 

and BC has been shown to be equal to EF, 

tlie two AB, BC, are equal to the two DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF ; (hyp.) 

tberefore tbe base AO U equal to tbe base DF, and 
tbe tbird angle BAG to tbe tblrd angle SBF. (i. 4.) 

Wherefore, if two triangles, &c Q. E. D. 



PROP. XXVII.— Theorem. 

If a straight line^ falling upon two oilier straight lines, make the 
alternate angles equal to one anotJier, 

then tJiese two straight lines shall he parallel. 

(References — Prop. i. 16 ; def. 35.) 
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Let the straight line £F, -which falls upon the two straight lines, 
AB, CD, make the alternate angles, AEF, £FD, equal to one another. 



Tbtm AB sbaU be parallel to OD. 




CONSTRUCTION 

For, if AB be not parallel to CD, 

AB and CD being produced, shall meet either towards B, D, or towards^ 

A,C; 
let them be produced and meet towards B, D in the point G. 



DEMONSTRATION 

Then GEF must be a triangle, 

and its exterior angle AEF must be greater than the interior and opp^ 
site angle WPQ I (i. 16) 

but the angle AEF is equal to the angle EFG ; (hyp.) 

therefore the angle AEF must be both greater than, and equal to the 
angle EFG ; 

which is impossible. 

Therefore AB, CD, being produced, do not meet towards B, D. 

In like manner it may be demonstrated that 
AB, CD, do not meet towards A, C. 

But those straight lines, in the same plane, which meet neither way, 
though produced erer so far, are parallel to one another ; (def. 35) 

therefore AB U paraUel to CD. 

Wherefore, if a straight line, &c. Q. £. D. 
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PROP. XXVIIL— Thbobbm. 

If a straighi line falling upon two other straight lines, make the exterior 
angle equal to the interior and opposite, upon the same side of the line, or 
make the interior angles upon the same side, together equal to two right 
angles ; 

then the two straight lines shall be parallel to one another, 

(References — Prop. i. IS, 15, 27 ; ax. i. 3.) 

Let the straight line EF, which falls apon the two straight lines AB: 
CD, make the exterior angle EOB eqaal to the interior and opposite 
angle GHD upon the same side ; 

or make the interior angles on the same side BGH, GHD, together 
eqoal to two right angles. 

Tben AB sball be parallel to CIK 




DEMONSTRATION 

Beoaase the angle EGB is equal to the angle GHD, (hyp.) 
and the angle EGB is equal to the angle AGH, (l 15) 

therefore the angle AGH is equal to the angle GHD ; (ax. 1) 
and they are alternate angles, 

tbei^fbre AB i« parallel to CB, (i. 27) 

Again, because the angles BGH, GHD, are equal to two right angles; 

(hyp.) 
and that the angles AGH, BGH, are also equal to two right angles ; 
(I. 13) 

therefore the angles AGH, BGH, art equal to the angles ' BGII, GHD ; 
(ax. I) 

take away the common angle BGH ; 

therefore the remaining angle AGH is equal to the remaining angle 
GHD ; (ax. 3) 

and they lire alternate angles ; 

tlierefore AB Is parallel to CB. (l 27) 

^yjcrefore, if a straight line, &c. <^.lL,\i. 



BOOK I. PBCMP. XXTT. S7 

PROP. XXIX.— Thxobxic 

If a straight Um/oU upon two pamUel straight Hnes^ 

then it wsahes the aitermate angles equal to taeh other: and theexterior angU 
equal to the interior and <^tposite angle upon the same sides and likewise 
the two interior angles upon the same side together equcU to two right angles. 

(References — Prop. i. 13, 15 ; ax. I. 9, 4, 12.) 

Let the right line £F, &11 on the parallel lines AB, CD. 

TlMD the alternate ungie AOK sl&ali be eqpal te tbm 
alternate an^le OBB; 

and the exterior anirle SOS shall he equal to the Interior 
and oppeeite an^le OBB* on the same aide of the line BT ; 

and Uie two Interior ani^lee BOB* OBB* on the same side* 
Shan he together equal to two rivht angles. 




DEHONSTBATIOK 

For if the angle A6H be not equal to GHD» 

one of them most be greater than the other. 

Let A6H be the greater. 

Then because the angle AGH is assumed to be greater than the angle 

GHD, 
add to each of them the angle BGH ; 

there/ore the angles AGH, BGEL, must be greater than the angles BGH, 
GHD; (ax. 4) 

but the angles AGH, BGH, are equal to two right angles; (i. 13) 

therefore the angles BGH, GHD, must be less than two right angles; 

but ' those straight lines which with another straight line falling upon 
them, make the interior angles on the same side less than two right 
angles, will meet together if continually produced;' (ax. 12) 

therefore the straight lines AB, CD, must meet if produced far enough, 

but they never meet, since they are parallel by the hypothesis ; 

therefore the angle AGH is not unequal to the angle GHD, 

that Is^ the angle JkOB Is eq^al to the aaEii:i<e ^BS^ 
which are the alternate anglea* 
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But the angle AGH is equal to the angle EGB; (i. 15) 

therefore the anfle BOB is equftl to the 9ngle 0B]|« (nx. I) 
that IM, the exterior angle i« equal to the interior and 
o]>poeite« 

Add to each of these the angles BGH ; 

therefore tlie angles EGB, BGH, are equal to the angke BGH, GHD; 
(ax. 2) 

but EGB, BGH are equal to two right tfngles ; (i. IS) 

therefore also BOB, OBD, are equal to two right anglef* 

(ax. 1) 
whieh are the two interior angles. 

Wherefore, if a straight line, &c. Q. E. D. 



PROP. XXX.--THEOREM. 

Straight lines which are parallel to the same straight line are parallel to 

one another, 

(References — Prop. i. 27, 29 ; ax. I.) 

Let AB, CD, be each of them parallel to EF. 
Then AB shall he also parallel to CD. 



6/ 



R 



/ 

B SZ V 

C Vj D 

CONSTRUCTION 

Let the straight line GHK cut AB, EF, CD. 

DEMONSTRATION 

Because GHK cuts the parallel straight lines AB, EF, 

ther^ore the angle AGH is equal to the angle GHF. (i. 29.) 

Again, because the straight line GHK cuts the parallel straight lines 
EF, CD, 

titerefore the angle GHF is equal to the angle GKD ; 
and it was shown that the angle AGK is equal to the angle GHF; 

therefore also the angle AGK is equal to the angle GKD ; (ax. 1) 
and they are alternate angles ; 

therefore AB is parallel to CD. (l 27 ) 
Wherefore, straight lines, &c. Q. E. D. 
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PROP. XXXL— Pboblem. 

To draw a straight line through a given point, paraUd to a given 
straight tine. 

(References — Prop. i. 23, 27.) 

Let A be the given point, and BC the given right line. 
It if required to draw a itraight line tbroagh the point A, parallel 
toBC. 

£ A p 
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CONSTBUCnOM 

In BC take any point D, and join AD; 

at the point A, in the straight line AD, make the angle DAE equal to 
the angle ADC ; (i. 23) 

and prodace the straight line EA to F. 
Tben Z7 sliall be parallel to BC. 

DEHONSTBATIOM 

Because the straight line AD, -which meets the two straight lines 

BC, EF, 
makes the alternate angles EAD, ADC, equal to one another, 

ttaerefore BV is parallel to BC (l 27.) 

Wherefore the straight line EAF is drawn throagh the given point A 
parallel to the given straight line BC. Q. E. F. 



PROP. XXXII.— Thbobem. 

If the side of any triangle he produced; 

then the exterior angle is equal to the two interior and opposite angles } 
and the thru interior angles of every triangle are together equal to two 
right angles, 

(References— Prop. i. 18, 29, 31 ; ax. 2.) 

Let ABC be a triangle, and let one of its sides BC be produced to D. 

TtaoB the exterior angle ACD %M equal to tlie two interior 
and opposite angle* CiLB, ABCi 
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and the three Interior anglee of the triangle — ritu, 
BOA« OABf are together equal to two right angles* 




CONSTRUCTION 

Through the point C draw CE parallel to the straight line AB. (i. 81.) 

w 

DEMONSTRATION 

Because AB is parallel to CE, and AC meets them, 

tlierefore the alternate angles BAC, ACE, are equal (i. 29.) 
Again, because AB is parallel to CE, and BD falls upon them, 

tlierefore the exterior angle ECD is equal to the interior and opposite 
angle ABC ; (i. 29) 

but the angle ACE was shown to be equal to the angle BAC ; 
therefore the whole exterior angle ACD is equal to the 
two interior and opposite angle* OABf ABO. (ax. 2.) 

To each of these equals odd the angle ACB ; 

therefore the angles ACD, ACB, are equal to the three angles CBA, 
BAC, ACB; 

but the angles ACD, ACB, arc equal to two right angles; (l 13) 

therefore also the angle* CBA, BAC, ACB« are equal to 
two right angles, (ax. 1.) 

Wherefore, if a side of a triangle, &c. Q. E. D. 

Cor. 1. All the interior angles of any rectilineal figure, together with 
four right angles, are equal to twice as many right angles as the figure has 
sides. 




DEMONSTRATION 

For, any rectilineal figure ABCDE can, by drawing straight lines from 
a point F within the figure to each angle, be divided into as many 
triangles as the figure has sides. 
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By the proposition, the angles of each triangle are equal to two right 
angles;* 

. therefore aU the angles of the triangles are equal to twice as many 
right an^es as there are triangles, that is, as there are sides of ^ 
figure} 

bat the same angles are equal to the angles of the figure, together with 
the angles at the point F ; 

and the angles at F, which is the common vertex of all the triangles, 
are equal to four right angles, (i. 1 5, cor. 2) 

therefore all the angles of the figure, together with four right cmgles, 
are eqmal to twice as many right angles as the figure has sides. 

Cor. 2. AU the exterior angles of any rectilineal figure are together equal 
to four right angles. 




J) — 



DEMONSTRATION 

For, because each interior angle ABC, together with its adjacent ex- 
terior angle ABD, are equal to two right angles, (i. 13) 

Aer^ore aU the interior angles, together with aU the exterior angles, 
are equal to twice as many right angles as there are angles or 
sides, 
bat all the interior angles, together with four right angles, are equal to 
twice as many right angles as the figure has sides ; (cor. 1) 

therefore ati the interior angles, together with all the exterior angles, are 
equal to all the interior angles and four right angles ; (ax. 1) 

take away the interior angles which are common } 

tkertfore all the exterior angles are equal to four right angles, (ax. 3.) 
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PROP. XXXIII—Theoeem. 

The straight lines which join the extremities of two equal and paraUd 
straight lines towards the same parts, are also tliemselves equal and 
paraUeL 

(References— Prop. i. 4, 27, 29.) 

Let AB, CD, be two equal and parallel straight lines, and joined 
towards the same parts by the straight lines AC, BD. 
Then AO, BD, sliall be equal and parallel. 




CONSTRUCTION 

Join the opposite points B and C. 

DEMONSTRATION 

Becaose AB is parallel to CD, and BC meets them, 

therefore the alternate angles ABC, BCD, are equal; (i. 29) 

and because AB is equal to CD, (hjp.) and BC common to the two 
triangles ABC, DCB, 

the two sides AB, BC, are equal to the two DC, CB ; 

and the angle ABC has been shown to be equal to the angle BCD ; 

tberefore tlie base AC i« equal to tbe base MO, (i. 4) 

and the triangle ABC to the triangle BCD, 

and the other angles to the other angles, each to each, to which the 

equal sides are opposite ; 
tJierefore the angle ACB is equal to the angle CBD. 
And because the straight line BC meets the two straight lines AC, BD, 
and makes the alternate angles ACB, CBD, equal to one another, 

tberefore AO is parallel to VB, (i* 27) 
and AC was Sbown to be equal to SDt 

Therefore, straight lines, &c Q. E. D. 



PROP. XXXrV*.— Theorem. 

The opposite sides and angles of parallelograms are equal to each other, 
and the diameter bisects tliem, that is, divides them into two equal parts, 

N.B. A parallelogram is a four-sided figure, of which the oppoiite lides are parallel; 
and the diameter ii the straight line Joining two of its opposite angles. 

(References— Prop. i. 4, 26, 29 ; ax. 2.) 
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Let ACDB be a parallelogram, of which BC is a diameter. 

Tbmk tba opposite sides and ani^les of tbe flfiire sliall bo 

equal to one anotber; 
and tbe diameter sball biseet it. 




DEHOXSTRATION 

Because AB is parallel to CD, and BC meets them, 

therefore the alternate angles ABC, BCD, are equal to one another ; 
(1.29) 

tad because AC is parallel to BD, and BC meets them, 

therefore the alternate angles ACB, CBD, are equal to one another. 

Wherefore in the two triangles ABC, CBD, 

because the two angles ABC, BCA, in the one, are equal to the two 

angles BCD, CBD, in the other, each to each, 
and one side BC, which is adjacent to their equal angles, is common 

to the two triangles ; 

therefore their other sides shall be equal, each to each, 

and the third angle of the one to the third angle of the other 
(i. 26)— viz., 

the side AB to the side CD, and AC to BD, 
and the angle BAC to the angle BDC. 

And because the angle ABC is equal to the angle BCD, and the angle 
CBD to the angle ACB ; 

therefore tlie whole angle ABD is equal to the whole angle ACD; 
(ax. 2) 

and the angle BAC has been shown to be equal to the angle BDC ; 

tberefore tbe opposite sides and anf les of a parallelogram 
are equal to one anotber. 

Also the diameter shall bisect it. 

For because AB is equal to CD, and BC common, 

the two AB, BC, are equal to the two DC, CB, each to each ; 

and the angle ABC has been proved equal to the angle BCD ; 

therefore the triangle ABC is equal to Hie triangle BCD ; (l 4) 

and tbe diameter BO divides tbe parallelogram AXS^'A 
into two eqna.1 parts. ^.^.\^. 
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PROP. XXXV.— Theorem. 

Parallelograms upon tlie same base, and between the same parallels, are 
equal to each other, 

(References — Prop, i 4, 29, 34 ; ax. 1, 3, 6.) 

Let the parallelograms ABCD, EBCF, be on the same base BC, and 
between the same parallels AF, BC. 

Tben tbe paraUelog^ram ABOD sliall be equal to the 
parallelogfram BBCF. 




DEMONSTRATION 

If' the sides AD, DF, of the parallelogrfuns ABCD, DBCF, opposite to 
the base BC, be terminated in the same point D, 

it is plain that each of the parallelograms ABCD, DBCF, is double of 
the triangle BDC ; (i. 34) 

and tberefore the parallelogfranui ABCD, DBCF, are equal 
to one another, (ax. 6.) 





Bat if the sides AD, EF, opposite to the base BC of the parallelogrami 

ABCD, EBCF, be not terminated in the same point ; 
then, because ABCD is a parallelogram, 

therefore AD is equal to BC ; (i. 34) 
for the same reason EF is equal to BC ; 

wherefore AD is equal to EF ; (ax. 1) 

and DE is common ; 

therefore the whole, or remainder* AE, is equal to the whole, or re- 
mainder DF ; (ax. 2 or 3) 



* The words ' whole or remainder ' are uied to suit both figures (2 and 3), since, 
in figure 2, DB is added to AD and EF, which therefore gives the whole AE; and 
in figure 3, DE is taken away from AD and £F, which therefore leaves the re- 
matader AE. 
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and AB is equal to DC. (i. 34.) 
Wherefore, in the triangles EAB, FDC, 

because the two EA, AB, are equal to the two FD, DC, each to each { 
and the exterior angle FDC is equal to the interior EAB, (i. 29) 
therefore the base EB is equal to the base FC, 

and the triangle EAB equal to the triangle FDC. (i. 4.) 

Take the triangle FDC from the trapezium ABCF, 
and from the same trapezium take the triangle EAB ; 
the remainders are therefore equals (ax. S) 

tluit ISf tbe parallelogram ABOD i» equal to tlie paral- 
leloffram BBC]*. 

Therefore, parallelograms upon the same base, &c. Q. E. D. 



PROP. XXXVI.— Theorem. 

ParaUelogranu upon equal bas^ and between the same paraUeh are 
equal to one another, 

(References — Prop. i. 33, 34, 35 { ax. 1.) 

Let ABCD, EFOH be parallelograms upon equal bases BC, FO, and 
between the same parallels AH, B6. 
Then tbe pairallelogram ABCB abaU be equal to tbe 

parallelogram B70B. 




CONSTRUCTION 

From B to E, draw the straight line BE, and from C to H, tbe straight 
line CH. 

DENONSTRATION 

Because BC is equal to FO, (hyp.) and FG to EH, (i. 34) 

therefore BC m equal to EH ; (ax. 1) 
and they are parallels, and joined towards the same parts by the straight 

lines BE, CH ; (hyp.) 
but * straight lines which join equal and parallel straight lines towards 

the same parts, are themselves equal and parallel ; * (i. 83) 

therefore EB, CH, are both equal and paraUeY; 

trAerefore EBCH is a paraikhgram, (i. 34, def .'i 
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Then because the parallelograms ABCD, EBCH, are upon the same 

base BC, 
and between the same parallels BO, AH ; 

therefore the parallelogram ABCD is equal to the paraUehgram EBCH; 
(I. 35) 
for the like reason, the parallelogram EFGH is eqnal to the same 
EBCH; 

therefore tbB parallelogram ABOD ii equal to tbe paral- 
lelogram SFOB. (ax. 1.) 

Wherefore, parallelograms, &c Q. E. D. 



PROP. XXXVIL— Theorem. 

Triangles upon the same base, and between the same paraUelSf are equal 
to one another, 

(References — Prop. i. 31, 34, 35 ; ax. 7.) 

Let the triangles ABC, DBC, be on the same base BC, and between 
the same parallels AD, BC. 

Tben the triangle ABC shaU he equal to the triangle 
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CONSTRUCTION 



Produce AD both ways to the points E, F, 

and through B draw BE parallel to CA, and through C draw CF 
parallel to BD. (i. 31.) 

DEMONSTRATION 

Then, each of the figures EBCA, DBCF, is a parallelogram ; (i. 3^, 

def.) 
and because the parallelograms EBCA, DBCF, are upon the same 

base BC, 
and between the same parallels BC, EF, 

^ere/ore the parallelogram EBCA is equal to the parallelogram DBCF ; 
(I. 35) 

and because the diameter AB bisects the parallelogram EBCA ; 
lAere/bre the triangle ABC is the ^/o/BBCA.*, (;i, ^V) 
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and because the diameter DC bisects the parallelogram DBCF, 

durefof the triangU DBC U the half of DBCF; 
bat ' things -which are halves of the same are equal to one another,' 

(ax. 7) 

tlierelbre the trlanirlo ABC is equal to the trlanf le DBC 

Wherefore, triangles, &c. Q. E. D. 



PROP. XXXVIII.— Theorem. 

Triangles upon equal bases and between the same parallels are equal to 
one another, 

(References — Prop. i. 31, 34, 36 ; ax. 7.) 

Let the triangles ABC, DEF, be on the equal bases BC, EF, and 
between the same parallels AD, BF. 

Then the trlani^le ABC shall be equal to the triangle 



CONSTRUCTION 

Produce AD both ways to the points G, H, 

and through B draw B6 parallel to CA, and through F draw FH 
parallel to ED. (i. 31.) 

DEMONSTRATION 

Then, each of the figures GBC A, DEFH, is a parallelogram ; (i. 34 

def.) 
and because they are upon equal bases BC, EF, 
and between the same parallels BF, GH, 

. therefore these paraUelegrams are equal to one another, (i. 36.) 
And because the diameter AB bisects the parallelograms GBC A, 

therefore the triangle ABC is the half of GBC A ; (i. 84) 
and because the diameter DF bisects the parallelogram DEFH, 

therefore the triangle DEF is the half of DIEIVB. ; 
bat ' things which are halves of the same are equal to one another,' 

(ax 7.) 

th e re f ore the trianirle ABC is equal tothfetaeWttifkbVSEei 

Wherefore, triangles, &c. Q.."^.\i« 
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PROP. XXXIX.— Theobem. 

Equal triangles upon the same base and on the same side qfit, are 
between the same paraUels. 

(References — Prop. i. 31, 37 ; ax. l.J 

Let the equal triangles ABC, DBC, be upon the same base BC, and 
on the same side of it. 

Then they aball be between tbe same paralieie. 




B "0 

OONSTRUCTZON 

From A to D, draw the straight line AD. 
Then AD is parallel to BC, 

For, if it be not, through the point A draw AE parallel to BC, (l 81) 
and join EC. 

DEHONSTBATION 

Then, because the triangles ABC, EBC, are on the same base BC, 
and are assumed to be between the same parallels BC, AE; 

therefore the triangle XBC must be eqtud to the triangle EBC ; (i. 87) 
but the triangle ABC is equal to the triangle DBC ; (hyp.) 

therefore the triangle DBC must be equal to the triangle EBC, (ax. 1) 
the greater to the less, which is impossible; 

therefore AE is not parallel to BC. 

In the same manner, it can be demonstrated that no other line bat AD 
is parallel to BC ; 

ttaerefore AB i« parallel to BO« 

Wherefore, equal triangles upon, &c. Q. E.D. 



PROP. XL — Theorek. 

Equal triangles upon equal bases in the same straight line and towards 
the same parte are between the same paraHele, 

(References — Prop. i. 31, 88; ax. 1.) 

Let the equal triangles ABC, DEF, be upon the equal bases BC, EF, 
in the same straight line BF, and towards the same parts. 
Then the triangle* ABOf l^ET, shall bo between the same 
parallels. 



BOOK I. TBOr. XU. 49 




CONSTRUCTION 

From A to D, draw the straight line AD ; 
then AD is parallel to BF. 

For, if it be not, through A draw AG parallel to BF, (i. 31) and Join 
OF. 

DEMONSTRATION 

Because the triangles ABC, OEF, are apon eqoal bases BC, EF, 
and are assumed to be between the same parallels BF, AG ; 

ikarefore the triangle ABC must be equal to the triangle GEF ; (i. 38) 

but the triangle ABC is equal to the triangle DEF, (hyp.) 

there/ore alao the triangle DEF mtut be equal to the triangle GEF, 
(ax. 1) 

the greater to the less, which is impossible ; 

therefore AG if not parallel to BF. 

And in the same manner it can be demonstrated that there is no otlu^r 
parallel to it but AD ; 

tberefore AB is parallel to 87* 

Wherefore equal triangles, &c. Q. E. D. 



PROP. XLL— Theorem. 

If a parallelogram and a triangle be upon the same base and between the 
eame paraJkU; the paraBehgram shall be double of the triangle. 

(References — Prop. i. 34, 37; ax. 1.) 

Let the parallelogram ABCD, and the triangle EBC be upon the same 
base BC, and between the same parallels BC, AE. 

Tlieii tlie parallelo^fram A8CD atvOl lia 4o«1>le of ttio 
trtongle SBC* 
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CONSTRWCnON 

From A to C draw the straight line AC 

DEMONSTRATION 

Because the triangles ABC, ECB are upon the same hase BC, 
and between the same parallels BC, A]S, 

therefore tfie triangle ABC w equal to the triangle EBC; (i. 37) 

but the diameter AC bisects the parallelogram ABCD, 

therefore the paraHdogram ABCD is double of the triangle ABC, (i. 34) 

wberefore also JLBCB Is double of tbe trtanffle BBC. (ax. 1) 

Therefore if a parallelogram, &c. Q. E. D. 



PROP. XLIL— - Pboblbm. 

To describe a partiBdogram that shall be equal to a given triangle^ and 
have one of its angles equcU to a given rectilineal angle, 

(References — Prop. i. 10, 23, 31, 38, 41; ax. 6; def. i. 34.) 

liet ABC be the given triangle, and D the given rectilineal angle. 
It is required to describe a parallelogram that shall be equal to the 
given triangle ABC, and have one of its angles equal to D. 



L 



CONSTRUCTION 

Bisect BC in E, (i. 10) join AE, 

and at the point E in the straight line EC, make the angle CEF equal 
to D ; (I. 23) 

through A draw AFG parallel to BC, and through C draw CG parallel 
to EF. (i. 31.) 
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Then FBCO is tbe parallelo§Taiii retinired. 

DEMONSTRATION 

Because the base BE is equal to the base EC, and BC parallel to AG; 
therefore the triangle ABE is equal to the triangle AEC ; (i. 38) 

and therefore the triangle ABC is double of the triangle AEC ; 

bat because the parallelogram FECG and the triangle AEC are on the 
same base EC, and between the same parallels EC, AG, 

Aerefore the parallelogram FECG is double of the triangle AEC j 
(I. 41) 

bat * things which are double of the same are equal to one another * 
(ax. C) 

therefore tbe parallelogram FECG Is equal to the triang-le 



and it has one of its angrles CEF equal to the griven angrle B. 

(constr.) 

Wherefore there has been described a parallelogram FECG equal to a 
giyen triangle ABC, having one of its angles CEF equal to the given 
angle D. Q. E. F. 



PROP. XLIII.— Theorem. 

The complements of the parallelograms which are about the diameter of 
anp pctraUelogram, are equal to one another. 

(References — Prop. i. 34 ; ax. 2, 3.) 

Let ABCD be a parallelogram, of which the diameter is AC ; and 
EH, FG, the parallelograms about AC, that is, through which AC 
passes i 

and let BK, KD be the other parallelograms, which make up the 
whole figure ABCD, and are therefore called the complements. 

Then the oomplement BK shall he equal to the comple- 
ment KB> 




B G 



DEMONSTRATION 

Because ABCD is a parallelogram, and AC its diametefi 

d2 
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therefore the triangle ABC is equal to the triangle ADC ; (z. 84) 
and becaase EKHA is a parallelogram, and AK its diameter, 

therefore the triangle AEK is equal to the triangle AHK ; 
and for the same reason, 

the triangle KGC is equal to the triangle KFC. 

And, because the triangle AEK is equal to the triangle AHK, and th« 
triangle KGC to KFC; 

therefore the two triangles AEEl, KGC, are equal to the two triangbsf 
AHK, KFC ; (ax. 2) 

but the whole triangle ABC is equal to the whole triangle ADC ; 

tberelbre tlie remaining complement MiL is equal to tlio 
remaining complement 3U>. (ax. 3.) 

Wherefore, the complements, &c. Q. £. D. 



PROP. XLIV.— Problem. 

To a given straight line to apply a parallelogram^ which shall be equal 
to a given triangle^ and have one of its angles equal to a given rectilineal 

angle. 

(References — Prop. i. 15, 29, 31, 42, 43 ; ax. 9. 12.) 

I^et AB be the given straight line, and C the given triangle, and 
D the given rectilineal angle. 

It is required to apply to the straight line AB, a parallelogram equal 
to the triangle C, and having an angle equal to D. 
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CONSTRUCTION 

Make the parallelogram BEFG equal to the triangle C, (i. 42) 

and having the angle EBG equal to the angle D, 

so that BE be in the same straight line with AB ; 

produce FG to H, 

and through A draw AH parallel to BG or EF, (i. 31) and join HB. 

Then because the straight line HF falis upun the parallels AH, EF, 
therefore the angles AHF, PFB, ve together equal to the two 
right angles ; (l 99} 
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wherefore Ae cmglea BHF, HFE, ore has than two right anglett; (ax. 9) 

bat 'straight lines 'which with another straight line make the interior 
angles upon the same side less than two right angles, do meet if 
produced far enough;' (ax. 12) 

therefore HB, FE, shaU meet, if produced; 

let them meet in K, 

and through K draw KL parallel to EA or FH, (i. 31) 

and produce HA, GB, to the points L, M. 

T&en &8 slia]11>e tbe parallelogram required. 

DEMONSTRATION 

Because HLKF is a parallelogram, of which the diameter is HK, 
and AG, ME, are the parallelograms ahout HK, 
also LB, BF, are the complements ; 

therefore the eomplement'liB is equal to the complement BF; (i. 43) 
but the complement BF is equal to the triangle C ; (constr.) 

wlierefiire XA Is equal to tbe triangle C. 

And because the angle GBE is equal to the angle ABM, (i. 15) 
and likewise to the angle D, 
therefore the angle ABM is equal to the angle B. 

Wherefore the parallelogram LB is applied to the straight line AB, 
and is equal to the triangle C, and has the angle ABM equal to 
the angle D. Q. £. F. 



PROP. XLV.— Problem. 

To describe a parallelogram equal to a given rectilineal figure^ and 
having an angle equal to a given rectilineal angle, 

(References — Prop. i. 14, 29, 30, 42, 44 ; ax. 1,2 ; i. 34, def.) 

Let ABCD be the given rectilineal figure, and E the given rectilineal 
angle. 

It is required to describe a parallelogram equal to ABCD, and having 
an angle equal to E. 

CONSTRUCTION 

Join AC, and describe the parallelogram FH equal to the triangle 
ABC, and having the angle HKF equal to the angle E ; (i. 42) 

and to the straight line GH apply the parallelogram GM equal to the 
triangle ADC, having the angle GHM equal to t\ift «lti^<& "E*. (>. \^:^ 

Then Ute ilgure JPSMS sliall be the pavaXielo vraon t^vvoAqm^i^ 
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DEMONSTRATION 

Because the angle £ is equal to each of the angles FKH, GHM, 

therefore ike angle FKH is equal to the angle OHM; 
add to each of these tl^ajngle EHG ; 

therefore the angles fSS, KHG, are equal to the angles KHG, GHM; 
but FKH, KHG are equal to two right angles ; (i. 29) 

tlterefore also KHG, GHM, are equal to two right angles ; 

and because at the point H in the straight line GH, the two straight 
lines KH, HM, upon the opposite sides of it, make the adjacent angles 
equal to two right angles, 
therefore KH is in tite same straight line with HM. (i. 14.) 

And because the straight line HG meets the parallels KM, FG, 
therefore the aUemate angles MHG, HGF, are equal; (i. 29) 

add to each of these the angle HGL ; 

therefore the angles MHG, HGL, are equal to the angles HGF, HGL ; 

but the angles MHG, HGL, are equal to two right angles ; (i. 29) 
wherefore also the angles HGF, HGL, are equal to two right angles^ 
and therefore FG is in the same straight line with GL. (i. 14.) 

And because KF is parallel to HG, and HG to ML, 

therefore KF is parallel to ML ; (i. 30) 
and KM, FL, are parallels; 

wherefore KFLM is a parallelogram; (i. 34, def.) 

and because the triangle ABC is equal to the parallelogram HF, and 
the triangle ADC to the parallelogram GM; 

flierefore tbe wbole reotUineal figure JLBCB Is equal to 
tlie wliole parallelogram XJPZJU. (ax. 2.) 

Wherefore the parallelogram KFLM has been described equal to the 
given rectilineal figure A6CD, having the angle FKM equal to the 
angle E. Q. E. F. 

Cor. From this it is manifest how to apply to a given right line a 
pai*allelogram« which shall have an angle equal to a given rectilineal 
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ftogle, and shall be equal to a giyen rectilineal figure — viz., by apply 
ing to the given straight line a parallel<^ram equal to the first triangle 
ABC, and having an angle equal to the given angle. 



PROP. XLVI— Problem. 

To describe a square upon a given straight line, 

(References— Prop. i. 3, 11, 29, 31, 34; ax. 1, 3; def. 30.) 

Let AB be the given straight line. 

It is required to describe a square upon AB. 

C 
D 




CONSTRUCTION 

From the point A Iraw AC at right angles to AB, (i. 11) 
and make AD eqail to AB, (i. 3) 
through the point D draw D£ parallel to AB, (i. 31) 
and through B drsw BE parallel to AD. 

Tben APBB sliall he Uke square required. 

DEMONSTRATION 

Because DE is parallel to AB, and BE parallel to AD; (constr.) 
therefore ADEB is a parallelogram; (i. 34, def.) 

wherefore AB i; equal to DE, and AD to BE; (i. 34) 

but BA is equal D AD; (constr.) 

therefore the fair straight lines BA, AD, DE, £B, are equal to one 
another, 

and the paraUehgram ADEB is equilateral. 

Likewise all its aigles are right angles ; 

for, since the strsight line AD meets the parallels AB, DE, 

therefore Ae anfks BAD, ADE are eqtkd to two right angles; (i. 29) 

but BAD is a rifht angle ; (constr.) 

therefore also IDE is a right angle; (ax. 3) 

but * the oppositeangles of parallelograms are equal ;' (i. 34) 
therefore each of the opposite angles ABE, BED, is a right angle ( 



S6 <B> XLiMcan or bcolui. 

mhtrefart Ae paraUelogram AUEB u rtctaxguiir. 
And it hu been demonatrated tbsl il ii cqnilstenl) 

tb^retara A9BS la b Bqiiare, 
■od it is deicribed npon the giTeo nraight lin« AB. Q. E, F. 

Cor. HeDce exery paraUelogram Ibtt bu one righi angle Ium ill ia 
tnglei right anglM. 



PKOP. XLVII.— Tbbosmi. 

Ik any right-angled triangle, At tquart mltieh it dariUd upon At ndt 
mbUading the right angle, it eqiuU to Ae tquartt detaibed tipm At tidtt 
which eatlam At right anglt. 

(Referencei— Prop, l 4, U, 31, 41, 4fli bi. 3, |, 11, del 30.) 

Let ABC be a right-angled triangle, bariDg the nght aag^ BAC 




On BO deteribe the aquare BDEC, (i. it) 

and on BA, AC, the tqatnt OB, HC; 

Ihrongb A dn< AL parallel to BD, or CE, (i. 31) adji^ AD, FC 



Then, became etch of the anglu BAC, BAG, ia a r^ht angle, (hTp., 

def. 30) 
the two itraigbt lines AC, AO, npon the oppotite siUa of AB, make 

Kith it at Ibe point A, the adjacent anglei equal to t|ro right knglc* ; 

Here/ore CA it in Ae tamt itraight inu with AQ ; (I U) 
for the same leaion, 

AB atid AS are in the tamt itraii^ Em. r 
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And because the angle DRC is equal to the angle FBA, each of them 

being a right angle, (ax. 11) 
add to each the angle ABC, 

diat the whole angle DBA if equal to the whole FBC. (ax. 2) 

Hence, in the two triangles ABD, FBC, 

beeaose the two sides AB, BD, are equal to the two FB, B(^ each to 

each, (def. 30) 
and the angle DBA equal to the angle FBC; 

therefore the base AD is equal to the base FC, 

and the triangle ABD to the triangle FBC. (l 4.) 

Again, because the parallelogram BL and the triangle ABD are upon 
the same base BD, and between the same parallels BD, AL ; 

therefore the parallelogram BL is double of the triangle ABD ; (i. 41) 

and because the square 6B and the triangle FBC are upon the same 
base FB, and between the same parallels FB, GC ; 

therefore the square 6B is double of the triangle FBC; 

but the doubles of equals are equal to one another; (ax. 6) 

ihertfore the paraHelogram BL is eqwd to the square GB. 

In the same manner, by Joining AE, BK, it is proved that the paral- 
lelogram CL is equal to the square HC. 

Therefore the whole square BDEC is equal to the two squares GB, HC : 
(ax. 2.) 

and the square BDEC is described upon the straight Hue BC, 
and the squares GB, HC, upon BA, AC; 

wlierefiire tlie square upon tbe aide BC, la equal to tlie 
squares upon tbe sides BA« AC. 

Therefore, iu any right-angled triangle, &e. * Q. £. D. 



PROP. XL VIIL— Theorem. 

If the square described upon one of the sides of a triangle, he equal te 
<fte squares described upon the other two sides of it; 

Aen die angle contained by these two sides is a right angle, 
(References -Prop. i. 3, 8, 11, 47; ax. 1, 2.) 

Let the square described upon BC, one of the sides of the triangle 
ABO, be equal to the squares upon the other sides BA, AC. 
Tben tbe an^le BAC shall be a right ancle. 
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CONSTRUCTION 

From the point A draw AD at right angles to AC, (i. 11) 
and make AD equal to B A, (i. 3) and join DC. 

DEMONSTRATION 

Then, because DA is equal to AB, 

the square of DA is equal to the square of AB; 

to each of these equals add the square of AC, 

therefore the squares ofDAf AC, are equal to the squares q/'BA, 
(ax. 2) 

but because DAC in a right angle, (eonstr.) 

therefore the square qf 1)0 is equal to the squares ofDA^ AC; (i 

and the square of EC is equal to the squares of BA, AC; (hyp.) 
therefore the square of DC is equal to the square of BC; (ax. 1 

wherefore also the side DC is equal to the side BC. 

Hence, in the two triangles DAC, BAG, 

because the side DA is equal to the side AB, (oonstr.) 

and AC common to both triangles, 

the two DA, AC, are equal to the two BA, AC, each to each, 

and the base DC has been prored to be equal to the base BC; 

therefore the anglt^D AC is equal to the angle BAC; (i. 8) 
but DAC is a right angle ; (constr.) 

tlierefbre also BAC is a rlgrlit angle, (ax. 1.) 
Therefore, if the square, &c. Q. £ 
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DEFINITIONS. 



I. 



Evert rigtit*angled parallelogram, or rectangle, is said to be contained 
by any two of the straight lines which contain one of the right angles. 

II- 
In eyerj parallelogram, any of the parallelograms aboat a diameter, 
together with the two complements, is called a Gnomon, 



E 



D 



p 


,' 


y 





K 



B G 



* Thus the parallelogram HG, together with the complements AF, FC, 
is the Gnomon, which is more briefly expressed by the letters AGK^ or 
EHC, which are at the opposite angles of the parallelograms which 
make the Gnomon.* 



PROP. L— Theorem, 

If there he two straight lines, one of which is divided into any number oj 
parts ; 

then the rectangle contained by the two straight lines, is equal to the 
rectangles contained by the undivided /me, and the leoerol parU «f v\«^ 
divided tine. 
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(References — Prop. i. 3, 11, 31, 34.) 

Let A and BC be two straigbt lines; and let BC be dirided into any 
number of parts in D and E. 

Tben the reotangle oontalned 1»y tbe stralglit lines A aad 
8C is equal to tbe reetan^le oontaiaea hj A and US^, 
togeOker wtOn Umt oontained hy A and BBt and A and 



Dfi 




CONSTEUCTTOZr 

From the point B, draw BF at right angles to BC, (i. 11) 

and make B6 equal to A ; (i. 3) 

through G draw GH parallel to BC ; (l 31) 

and through the points D, E, C, draw DK, Eli, CH, parallel to BG. 

DEMONSTRATION 

Then the rectangle BH is equal to the rectangles BK, DL, EH; 
but because BH is contained by GB, BC, 
and GB is equal to A; (constr.) 

therefore BH is contained by A and BC, 

and, because BK is contained by GB, BD, of which GB is equal to A, 

therefore BK is contained by A and BD ; 

and because DL is contained by DK and DE, 
and DK, that is, BG, (i. 34) is equal to A ; 

therefore DL is contained by A and DE ; 

and in like manner EH is contained by A and EC ; 

tberefbre tbe reetangle oontained by A and BO is equal 
to tbe several rectangles oontained by A and BBf by A 
and BB» and by A and BC. 

Wherefore, if there be two straight lines, &c. Q E. D. 



PROP. XL— Theobbm. 

If a straight line be divided into any two parts ; 
then the rectangles amtained by the whole and each of the parts srs i»- 
yr/Aer eguai to the square oftlie whole line. 
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(References — Prop. L 31, 46.) 
liet AB be divided into any two parts in C. 

Tlieii tlie reotangle* oontainod hy AB and BO, 
wltb the reotanfle oontainod hj JLB and AO, 
equal to tbe sqiiare of AB. 

A OB 
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CONSTRUCnOlf 

Upon AB describe the square ADEB, (i. 46) 

and through C draw OF parallel to AD or BE. (x. 31.) 

DEUON8TRATION 

Then AE is equal to the rectangles AF, CE. 
But A£ is the square of AB ; 

therefore the equare ofAB is equal to the rectangles AF, CE. 

But AF is contained by DA, AC, of which AD is equal to AB, 
(def. SO) 

therefore AF is the rectangle contained by AB, AC ; 

and CE is contained by AB, BC, since BE is equal to AB ; 

tbereAnre tbe re<»tangle contained "hj AB* AO9 together 
wlfh the rectangle AB, BC, is equal to tbe square 
of AB. 

If, therefore, a straight line, &c. Q. £. D. 



PROF. III.— Thbobem. 

If a straight line be divided into any two parts; 

then the rectangle contained by the whole and one of the parts is equal to 
the rectangle contained by the two parts, together with the square of the 
aforesaid part, 

(References — Prop. i. 31, 46.) 

Let the straight line AB be divided into any two parts in the 
point C. 



* N.B. To avoid repeating the word contained too frequentif, the rectax\%\ft< 
tained bf two itraigbt liaet, AB and AC, U tometimea %Vmp\i «aa\<Q4 x.Vi« x«stasw^ 
AB,Aa 
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Tben fhe rectangle AB, BC, sball be equal to tbe rect« 
angle AC. CB* togetber wltb tbe eqnare ef OB. 



A 
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OOKETRUCnOir 

Upon BC describe the square CDEB ; (i. 46) 

produce ED to F ; and through A draw AF parallel to CD or BE. 
(I. 31.) 

DEMONSTRATION 

Then the rectangle AE is equal to the rectangles AD, C£. 
But AE is the rectangle contained by AB, BE, of which BE is equal 
to BC, (def. 30) 

therefore AE is the rectangle contained hy AB, BC ; 
and AD is contained by AC, CD, of which CD is equal to BC, 

therefore AD is contained by AC, CB ; 

and CE is the square of BC ; 

tberefore tbe rectangle AB, BC, Is eqaal to tbe rectangle 
AC, CB, togetber wltb tbe square of BC. 

If, therefore, a straight line be divided, &c, Q. E. D. 



PROP. IV. — Theorem. 

If a straight line be divided into any two parts ; 
then the square of the whole line is equal to the squares of the two parts^ 
together with twice the rectangle contained Ity the parts. 

(References — Prop. i. 5, 6, 29, 31, 34, 43, 46.) 

Let the straight line AB be divided into any two parts in C. 
Tben tbe square of AB sball be equal to tbe squares of 
AC, CB, togetber wltb twice tbe rectangle AC, CB. 



H 



G 



C B 



-I— i 



BOOK n. PXOP. XT. 6S 

CONSTRUCTION 

Upon A6 describe the square ADEB, (i. 46) and jcnn DB; 

through C draw CGF parallel to BE or AD, 

and through 6 draw HGK parallel to AB or DE. (i. 31.) 

DEMONSTRATION 

Then, because CF is parallel to AD, and BD falls upon them, 

therefore the exterior angle BGC is equal to Hie interior and opposite 
angle ADB ; (i. 29) 

but, because AB is equal to AD, being the sides of the square A DEB ; 
(def. 30) 

therefore, the angle ADB is equal to the angle CBG ; (i. 5) 
and the angle CGB is therefore equal to the angle CBG; (ax. 1) 

wherefore the side BC is equal to the side CG ; (i. 6) 

but CB is equal also to GK, and CG to BK ; (i. 34) 

therefore the figure CGKB is equilateral, (ax. 1.) 

It is likewise rectangular, 

for since CG is parallel to BK, and CB meets them, 

therefore the angles KBC, GCB, are equal to two right angles ; (i. 29) 

but KBC is a right angle ; (def. 30) 
wherefore GCB is a right angle, 

and therefore also the opposite angles CGK, GKB, are right angles, 

(I. 34) 
wherefore the figure CGKB is rectangular; 

but it is also equilateral, as was demonstrated, 

therefore CGKB is a square ; 

and it is upou the side CB. 

For the same reason, also, 

HF is a square, 
and it is upon the side HG, which is equal to AC ; (i. 34) 

therefore HF, CK, are the squares of AC, CB. 

And, because the co^iplement AG is equal to the complement GE, 

(I. 43) 
and that AG is the rectangle contained by AC, CB, since GC is equal 

to CB; (def. 30) 

therefore also GE is equal to the rectangle AC, CB; 

wherefore AG, GE, are equal to twice the rectangle AC, 0K\ 
and HF, CK, are the squares of AC, CB; 



C4 
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iherefore the four figure» HF, CK, AG, GE, are eqwal to Ae tquaret 
of AC, CB, together wUh twice the rectaa^ AC, CB; 

bat UF, CK, AG, GE, make op the whole figure ADEB, whkh it tiie 
square of AB ; 
tberefdre tbe square of AB Is eqoal to the s^puures of 



Wherefore, if a straight line, &e. 



Q.E.D. 



Cor. From the demonstration, it is manifest that the paralleiograins 
about the diameter of a sqoare are likewise sqnares. 



PROP, v.— Thboreji. 

If a straight Ume be divided into two eqtud parto, amd alto into two 
uMeqwal parte ; 

them the rectangle cotUaimed bg the mnejual parto, togedur widk the wqmare 
of die line between thepointoof section, is eqwd to Ae aqware of haJ^ dte 
line, 

(References — Prop. i. 31, 34, 36, 43, 46; IL 4, Cor.) 

\aX the straight Dne AB be dirided into two equal parts in the point 
O, and into two oneqnal parts at the point D. 

Vb» vaetaagle A3^ BB* toeetlMr wltto the s^wuro of 
CBv alian bo oqool to ttio square of CM* 
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OOVSTBUCnON 

Upon CB describe the sqnare CEFB, (i. 46) and join BE; 
through D draw DHG parallel to CE or BF; (l 31) 
throogfa H draw KLM parallel to CB or EF; 
and through A draw AK parallel to CL or BM. 

DBMOXSTBATIOX 

Then, because the complement CH is equal to the cam 

(1.43) 
to each of these add DM; 
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therefore the whole CM is equal to the whole DF ; 
bat CM 18 eqaal to AL, (i. 36) because AC is equal to CB ; (byp.) 

therefore also, AL is equal to DF ; 
to each of these equals add CH, 

therefore the whole AH is equal to DF and CH. 

Bat AH is contained by AD, DB, since DH is equal to DB ; 
and DF, together with CH, is the gnomon CM6 ; 

therefore the gnomon CMG is equal to the rectangle AD, DB ; (ax. 1) 

to each of these equals add L6, which is equal to the square of CD, 
(ii. 4, Cor.) since CD is equal to LH ; 

therefore the gnomon CMG, together with LG, is equal to the rectangle 
AD, DB, together with the square of CD; 

bat the gnomon CMG and LG make up the whole figure C£FB, which 
is the square of CB ; 

therefore tlie reotanffle AB, BB, toretber wttb the square 
ef OBf U equal to the square of C8« 

Wherefore, if a straight line, &c Q. £. D. 

Cor. From this proposition it is manifest that the difference of the 
squares of two unequal lines AC, CD, is equal to the rectangle con- 
tained by their sum and difference. 



PROP. VI— Theorem. 

If a straight Une be bisected, and produced to any point; 

Aen the rectangle contained by the whole line thus produced, and the part 
of it produced, together with the square of half the line bisected, is equal to 
the square of the straight line which is made up of the half and the part 
produced, 

(References — Prop. i. 31, 36, 43,46; ii. 4, Cor.) 

Let the straight line AB be bisected in C, and produced to D. 
Then the rectangle AB« BB, together wtth the square of 
BC« Shan be equal to the square of CB. 

CONSTRUCTION 

Upon CD describe the square CEFD, (i. 46) and Join DE; 
through B draw BHG parallel to CE or DF; (i. 31) 
through H draw KLM parallel to AD or EF; 
Mud tbrougb A draw AK parallel to CL or DM. 
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DEMONSTUATION 

Because AC is equal to CB, (hyp.) 

therefore the rectangle AL m e^zoz/ to CH, (i. 86) 
but CH is equal to HFj (i. 43) 

therefore also AL is equal <o HF ; 
to each of these add CM ; 

therefore the whole AM is equal to tlie gnomon CMG. 

But AM is the rectangle contained by AD, DB, since DM is equal to 
DB; (II. 4, Cor.) 

therefore the gnomon CMG is equal to the rectangle AD, DB ; 

add to each of these LG, which is equal to the square of CB ; 

therefore the rectangle AD, DB, together with the square ofCB^ is equal 
to the gnomon CMG, and the figure LG; 

but the gnomon CMG and LG make up the whole figure CEFD, which 
is the square of CD; 

tberefore tbe rectangrle AD, BB« togrether wttb tbe square 
of CB« Is equal to tbe square of CB. 

Wherefore, if a straight line, &c. Q. £. Dl 



PROP. VIL— Theorem. 

If a straight line be divided into any two parts; 

then the squares of the whole line and of one of the parts, are equal to 
twice the rectangle contained ly the whole and that part, together with the 
square of tfie other part. 

(References — Prop. i. 31, 34, 43, 46 ; n. 4. Cor.) 

I^t the straight line AB be divided into any two parts in the point C. 

Tben tbe squares of AB, BC, sball be equal to twlee 

tbe rectangle AB« BC, togretber wttJH tbe square of AC. 
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CONSTRUCTION 

Upon AB describe the square ADEB, (i. 46) and jdn BD; 
through C draw CGF parallel to AD or BE, (i. 31) 
and through G draw HGK parallel to A B or DE. 

DEMONSTRATION 

Then, becaose AG is equal to G£, (i. 43) 
add to each of them CK ; 
therefore the whole AK is equal to the whole CE ; 

and therefore AK, CE, are double of AK; 

but AK, CE, are the gnomon AKF, together with the square CK, 

therefore the gnomon AKF, together witJi the square CK, is double of 
AK; 

but twice the rectangle AB, BC, is double of AK, for BK is equal to 
BC J (n. 4, Cor.) 

therefore the gnomon AKF, together with the square CK, is equal to 
twice the rectangle AB, BC ; 

to each of these equals add HF, which is equal to the square of AC ; 

therefore the gnomon AKF, together with the squares CK, HF, is equal 
to twice the rectangle AB, BC, and the square of AC ; 

but the gnomon AKF, together with the squares CK, HF, make up 
the whole figures ADEB and CK, which are the squares of AB 
and BC j 

tberefore tbe squares of iLB and BC are equal to twice 
tlie rectansle iLB, BC, toffetber wltb tbe square of 



Q. E. D. 



Wherefore, if a straight line, &c 



PROP. VIII.— Theorem. 

If a straight line be divided into any two parts ; 

then four times the rectangle contained by the whole linep and one of thi 



parta, together ailh the iquart of the other part, u equal to the 
Iht ttraigkt line which a made up of tile wliok and tItalparL 

(Ref^nc«s — Prop. 1.3,31,34, 36, 43, 4S i n. 4, Coi 

Let the itrtught line AB be divided into any two par 

pmatC. 

T&en tour Omem Ute roctangle AS, SC, MgraUli 

Uie rnqaar* of AC, aball lie eqiiBl to tbe aq 

tb» atralrbt line made up ef AB and BC tOEet 



C_H D 






Prodace AB to D, lo tbat BD be equal to CB ; (l 3) 
upon AD describe the aqniire AEFD ; (i, 46) 
and conatmct two figarei such u id the preeeding. 



Then, because CB is equal to BD, (coualr, ) 

and tb«t CB La eqnal to GE, and BD to KN ; (t. 34) 

thertfore GK it tgaal to EN ; 
for the same reason, PS is equal to RO ; 
and because CB is equal to BD, and GE to EN, 

thtr^ore Ihe Teclangle CK « equal (o BN, and GB to HN ; (. 
bnt CE 14 equal la RN, because they are the complemen 

parallelogram CO ; (l 43) 

therefore also BN is equal to GR, 

and Iher^ore the four reetangki BN, CE, OR, RN, are eqi 
anolher, and to are quadruple of one of them, CE. 

AgaiD, because CB is equal to BD, 

and that BD ii equal to BE, that is CO; (i. 34) 

and becaoae CB ia equ d to GE, that is GP ) 

Aer^ore CO u equal lo OP ; 
and because CO is equal to GP, and PR to BO, 

{tc rectasgU AG u efwil to MP, and PL lo BF i 
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bat MP is eqaal to PL, becaase thej are the oomplementi of the 

parallelogram ML ; (i. 43) 
and AG is equal to RF ; 

therefore the four rectangles AG, MP, PL, RF, are equai to one another, 
and 80 are quadruple of one of them, AG. 

And it was demonstrated that the foar CK, BN, OR, and RN, are 
qoadruple of CK ; 

therefore the eight rectangles which contain the gnomon AOH, are quad"' 
rupU of AK. 

And becaase AK is the rectangle contained by AB, BC, for BK is 
equal to BC, 

therefore fomr times tfie rectangle AB, BC, is quadruple of AK ; 

but the gnomon AOH was demonstrated to be quadruple of AK ; 

therefore four times the rectangle AB, BC, is equal to the gnomon 
AOH; 

to each of these add XH, which is equal to the square of AC ; (n. 4, Cor.) 

therefore four times the rectangle AB, BC, together with the square of 
AC, is equal to the gnomon AOH, and the' square XH ; 

but the gnomon AOH and XH make up the whole figure AEFD, which 
is the square of AD ; 

tberefore fonr times the reotanrle AB* BCf toirether 
wttli tbe square of AC« U equal to tlie square of 

tliat ts« of AS and BC added together In one straiirlit 
line. 

Wherefore, if a straight line, &c. Q. E. D. 



PROP. IX. — Theorem. 

If a straight line be divided into two equcd and also into Hvo unequal 
parts; 

then the squares of the two unequal parts are together double of dte 
square of half the line, and of the square of the line between the points of 
section, 

(Reference— Prop. I. 3, 5, 6, 11, 29, 31, 32, 34, 47.) 

Let the straight line A B be divided into two equal parts in the point 
C, and into two unequal parts in the point D. 
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TlieB the squares of AB« BB, sliaU be toervtber double o# 
tbe equaree of AC« CB. 
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CONSTRUCTION 



From the point C draw C£ at right angles to AB, (i. 11) 
and make it equal to AC or CB, (i. 3) and join £ A, £B ; 
through D draw DF parallel to CE, (i. 31) meeting EB in F ; 
and through F draw FG parallel to AB ; and join AF. 

DEMONSTRATION 

Then, because AC is equal to CE, (constr.) 

the angle E AC is equal to the angle AEC ; (i. 5) 
and because the angle ACE is a right angle, 

the angles AEC, EAC, together make one right angle ; (i. 32) 
and thej are equal to one another ; 

therefore each of the angles AEC, EAC, is half a right angle. 

For the same reason each of the angles CEB, EBC, is half a right 
angle ; 

there/ore the whole AEB is a right angle. 

And, because the angle 6EF is half a right angle, 

and EOF a right angle, for it is equal to the interior and opposite angle 

ECB, (l 29) 

the remaining angle EFG is half a right angle ; 

therefore the angle GEF is equal to the angle EFG, 

wherefore the side EG is equal to the side GF. (i. 6.) 

Again, because the angle at B is half a right angle, 

and FDB a right angle, for it is equal to the interior and opposite angle 

ECB, (1.29) 

the remaining angle BFD is half a right angle ; 

therefore the angle at B is equal to tbe angle BFD, 

wherefore the side DF is equal to the side DB. (i. 6.) 

And because AC is equal to CE, 
the square of AC is equal to the square of CE. 
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therefore the squares o^ AC, CE, are douhh of the square of AC; 

but because ACE is a right angle 
the square of EA is equal to the squares of AC, CE, (i. 47) 

therefore the square o/* E A w double of the square of AC. 

Again, because EG is equal to GF, 
the square of EG is equal to the square of GF, 

therefore the squares of EG, GF, are double of the square of GF ; 
but the square of EF is equal to the squares of EG, GF ; (i. 47) 

therefore the square of EF is double of the square of GF; 
and GF is equal to CD ; (i. 34) 

therefore the square ofEFis double of the square of CD ; 
but the square of £ A is likewise double of the square of AC ; 

therefore the squares ofEA, EF, are double of the squares of AC^ CD. 

And because AEF is a right angle, 
the square of AF is equal to the squares of AE, EF, (i. 47) 

therefore the square of AF is double of the squares of AC, CD ; 

but the squares of AD, DF. are equal to the square of AF, because 
ADF is a right angle, (i. 47) 

therefore the squares of AD, DF, are double of the squares of AC, 
CD ; 
and DF is equal to DB ; 

tlierefore tlie squares of ILD, BB, are double of tlie 
squares of AC, CB. 

Therefore if a straight line, &c. Q. E. D, 



PROP. X.— Theorem. 



If a straight line be bisected, and produced to any point; 

then the square of the whole line thus produced, and the square of the 
part of it produced, are together double of the square of half the line 
bisected, and of the square of the line made up of the half and the part 
product 

(References — Prop. i. 5, 6, 11, 15, 29, 31, 32, 34, 46 Cor. 47.) 

Let the straight line AB be bisected in C, and produced to the 
point D. 

Tben tbe squares of AB, BB, sliall be double of tlie 
squares of AC, CB. 
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CONSTBUCnON 

From the point C draw CE at right angles to AB ; (l 11) 
make it eqaal to AC or CB, (i. 3) and join AE, £B ; 
through E draw EF parallel to AB, (i. 31) 
and through D draw DF parallel to CE. 
Then because the straight line EF meets the parallels EC, FD, 
the angles CEF, EFD, are equal to two right angles ; (i. 29) 

there/ore the angles BEF, EFD, are less than two right angles ; 

hut ' straight lines which with another straight line make the interior 
angles upon the same side less than two right angles, do meet if pro* 
duced far enough ;* (ax. 12) 

there/ore EB, FD, wiU meet, if produced towards B and D ; 

let them meet in G, and join AG. 

DEMONSTRATION 

Then, because AC is equal to CE, 

the angle CE A is equal to the angle E AC ; (i. 5) 
and the angle ACE is a right angle, 

therrfore each of the angles CEA, EAC, is half a right angle, (l 8S.) 

For the same reason each of the angles CEB, EBC, is half a right 
angle ; 

therefore the whole AEB is a right angle. 

And because EBC is half a right angle, 

the angle DBG which is vertically opposite is also half a right amgkf 
(I. 15.) 

bat BDG is a right angle, because it is equal to the alternate angle 
DCE; (1.29.) 

therefore the remaining angle DGB is half a right angle, and is 
therefore equal to the angle DBG ; 

wherefore also the side BD is equal to the side DG. (i. 6.) 
Again, because EGF is half a right angle, 
and that the angle at F is a right angle, because it is equal to the 

opposite angle ECD, (i. 34.) 
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the angle FEO is half a right angle, and therefore equal to the 
angle EOF; 

wherrfbre also the side OF is equal to ihe side FE. 

And because EC is equal to CA, 
the square of EC is equal to the square of C A ; 

iherrfore the squares of EC, CA, are double of the square of CA ; 

but the square of EA is equal to the squares of EC, CA ; (i. 47) 

therefore the square ofEA is double of the square of AC. 

Agun, because OF is equal to EF, 
the square of OF is equal to the square of EF ; 

and thertfore the squares of GF, FE, are double of the square ofEF; 
but the square of EO is equal to the squares of OF, EF; (i. 47) 

therefore the square of EG is double of the square o/*EF; 
and EF is equal to CD ; (i. 34) 

wherefore the square of EG is double of the square of CD i 

But it was demonstrated that the square of EA is double of the square 
of AC ; 

iherrfore the squares of AE, EG, are double of the squares of AC, CD; 
but the square of AO is equal to the squares of AE, EO ; (i. 47) 

ihertfore the square of AG is double of the squares of AC, CD ; 
but the square of AO is also equal to the squares of AD, DO ; (i. 47) 

thertfore the squares of AD, DO, are double qfthe squares of AC, CD ; 

but DO is equal to DB; 

therefore the squares of A3^f US, are double of tlie 
•qiiaree of AC, CB. 

Wherefore, if a straight line, ^c, Q. E. P. 



PROP. XL^Pboblek, 

To divide a given straight line into two parts, so that the rectangle cow 
tained by the whole and one of the parts shall be equal to the t^uare of the 
other part, 

(References — Prop. i. 3, 10, 46, 47 ; u. 6.) 

Let AB be the giyen straight line. 

It if required to diyide AB into two parts, so that the veota&i^ 
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contained bythevhole and one of the psrto thall be eqoal to thei 
of the other part 
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coMgTBnonov 

Upon AB describe the square ABDC ; (i. 46) 
bisect AC in E, (x. 10) and join BE ; 
produce C A to F, and make £F equal to £B ; (i. 8) 
and apon AF describe the square FGHA. (L 46.) 

Then AB aliall be divided in B« ee tbat tlie reetangli 
BB« is equal to tbe square of AB. 

Produce GH to E. 

DEM0N8TBATI0N 

Then, because the straight line AC is bisected in £, and prodc 
the point F, 

the rectangle CF, FA, together with die square of AE, is equal 
square of EVi (n. 6) 

but EF is equal to EB ; 

therefore the rectangle CF, FA, together with the square of AE, it 
to the square of EB ; 

and the squares of BA, AE, are equal to the square of EB, i 
because the angle £ AB is a right angle ; 

therefore the rectangle CF, FA, together with the square of AE, u 
to the squares ofBA, AE ; 

take away the square of AE, which is common to both ; 

therefore the remaining rectangle CF, FA, is equal to the square q 

But the figure FK is the rectangle contained by CF, FA, since 

equal to FG; (def. SO) 
and AD is the square of AB ; 

therefore the figure FK is equal to AD ; 

take away the common part AK, 

and the remainder FH is equal to the rewuUnder ED; 
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bat HD 18 the rectangle contained by AB, BH, for AB is equal to BD ; 
and FH is the square of AH ; 

tbereAnre the reotaairle JUBf BB, Is equal te tbe square of 



Wherefore the straight line AB is divided in H, so that the rectangle 
AB, BH, is equal to the square of AH. Q. £. F. 



PROP. XIL— Theobem. 

In obtuseHmgled triangles, if a perpendicular be drawn from either of 
the acute angles to the opposite side produced ; 

then the square of the side subtending the obtuse angle is greater than the 
squares of the sides containing the obtuse angle, by twice the rectangle con' 
tained by the side upon which, when produced, the perpendicular falls, and 
the straight line intercepted without the triangle between Cfte perpendicular 
and the obtuse angle, 

(References — Prop. 1. 12, 47 ; n. 4.) 

Let ABC be an obtuse-angle triangle, having tbe obtuse angle ACB; 
and from the point A let AD be drawn perpendicular to BC produced. 
(I. 12.) 

Tben the eqnare of AM eball be gre at e r num tbe squares 
of AC» CBy by twiee the rectangle BCt en. 



]>SMONBTBATI0N 

Because the straight line BD is divided into two parts in the point C, 

the square of BJ> is equal to the squares of BC, CD, and twice the rect' 
angle BC, CD ; (il 4) 

to each of these equals add the square of DA ; 

* 

then the squares of BD, DA, are equal to ihe squares ofBC, CD, DA, 
and twice the rectangles BC, CD ; 

but the square of B A is equal to the squares of BD, DA, (i. 47) because 
the angle at D is a right angle ; "^ 

E 2 
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and the square of CA is equal to the squares of CD, DA ; (l 47) 

there/ore the square ofBA it equal to the squares of BC, CA, itndtunce 
the rectangle BC, CD; 

fbat ISf tbe square of BA Is greater than tlie squares of 
BC« CJLf by twice tbe rectangle BCt OB. 

Wherefore, in obtuse-angled triangles, &c. Q. £. D. 



PROP. XIII.— Theobem. 

In every triangle, the square of the side subtending either of ^e acute 
angles, is less than the squares of the sides containing that angle, hy twice 
the rectangle contained hy either of those sides, and the straight line inter- 
cepted between the perpendicular let faXL upon it from the opposite angle, 
and the acute angle, 

(References — Prop, l 12, 16, 47 ; n. 8, 7, I2.) 

- Let ABC be any triangle, and the angle at B one of its acute angles; 
and upon BC, one of the sides containing it, let &11 the perpendicular 
AD from the opposite angle, (i. 12.) 

Tiien tlie square of AC opposite to the angle Bf sball be 
less tban tbe squares of CB, BA* by twloe tbe rectangle 



A 



DEM0N8TBATI0N 

First, Let AD fiaU within the triangle ABC. 

Theni because the straight line CB is diyided into two parts in the 
point D, 

the squares qf CB, BD, are equal to twice the rectangle contained by 
CB, BD, and the square of DC; (n. 7) 

to each of these equals add the square of AD ; 

iher^ore the squares of CB, BD, DA, are equal to twice the rectangle 
CB, BD, and the squares of AD, DC •, 
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bnt the square of AB is equal to the squares of BD, DA, (l 47) because 

the angle BD A is a right angle ; 
and the square of AC is equal to the squares of AD, DC ; 

Aarefore the aquares q/'CB, BA, are equal to the equare of AC, and 
twice the rectangle CB, BD ; 

tliAt iMt tbB square of AC alone U less than tlie squares 
of CB« BAf iKf twlee tlie reotaagle CB* BB. 



Secomdhf, Let AD &11 without the triangle ABC. 




Then, because the angle at D is a right angle, 
the angle ACB is greater than a right angle ; (l 16) 

and therefore the square of AB is equal to the squares qf AC, CB, and 
twice t/te rectangle BC, CD; (n. 12) 

to each of these equals add the square of BC, 
dien the squares of AB, BC, are equal to the square of AC, and twice 
the square of BC, and twice the rectangle BC, CD ; 

but because BD is divided into two parts in C 

the rectangle DB, BC, is equal to the rectangle BC, CD, and the square 
of BC I (II.8) 

and the doubles of these are equal ; 
that is, twice the rectangle DB, BC, is equal to twice the rectangle 
BC, CD, and twice the square of BC; 

therefore the squares ofAB, BC, are equal to the square of AC, and 
twice the rectangle DB, BC; 

wberefore the square of AC alone Is less than the sqnares 
of ABf BCf by twlee the reetangle BB* BC. 

Las^, let the side AC be perpendicular to BC. 
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DBHOMBTRATION 

Then BC is the straight line between the perpendicnlar and the acute 

angle at B ; 
and it is manifest that the squares of AB, BC» are equal to the square 

of AC, and twice the square of BC. 
Therefore, in every triangle, &c. Q. E. D. 



PROP. XIV.— Pboblem. 

To deacribe a square that shaU be equal to a given rectilineal figure, 

(References— Prop. i. 3, 10, 45, 47; u. 5.) 

Let A be the given rectilineal figure. 

It is required to describe a square that shall be equal to A. 





CONSTBUCnOM 

Describe the rectangular parallelogram BCDE equal to the rectilineal 

figure A, (i. 45.) 
If, then, the sides of it, BE, ED, are equal to one another, it is a square, 

and what was required is now done. 
But if they are not equal, produce one of them, BE to F, and make EF 

equal to ED ; 
bisect BF in O, (i. 10) and from the centre G, at the distance GB, 

or GF, describe the semicircle BHF, 
produce DE to meet the circumference in H. 

Tlien tlie square deaoiibed upon SB aliall be equal to the 
ffiTen reetUineal figure £u 

Join GEL 

DEMONSTRATION 

Because the straight line BF is divided into two equal parts in the point 
G, and into two nneqaal parts in £, 
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Ike rectangle BE, £F, together with the square of £0, is equal to the 
aquareqfQFi (iL 5} 
but GF is equal to GH; (def. 15} 

Aer^/bre the rectangle BE, EF, together with the square o/EQ, is equal 
to the square of GH ; 

bat the squares of HE, EG, are eqnal to the square of GH ; (l 47} 

thertfore the rectangle BE, IF, togeAer wiA the square q^EG, is equal 
the squares o/HE, EG ; 

take away the square of EG, which is common to both, 

and the remaining rectangle BE, EF, is equal to the square of EH. 

But the rectangla contained by BE, EF, is the parallelogram BD, 
because EF is eqnal to ED ; 

therefore BD is equal to the square of EH ; 

but BD is eqnal to the rectilineal figure A ; 

tli#v«ltoo tiM r«€tiliae«l flffore A la eqval to flie nqjamre 
OfBB. 

Wherefore a square has been made equal to the given rectilineal figure 
A — yix., the square described upon EH. Q. E. F. 
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DEFINITIONS. 



I. 



EavAL circles are those of which the diameters are equal, or from Ha 
centres of which the straight lines to the circumferences are equal* 




XL 



A straight line is said to toach a circle when 
it meets the circle, and being produced does not 
cut it 



IIL 

Circles are said to touch each other which meet, but do not ent each 
other. 



IV. 

Straight lines are said to be equally distant from the 
centre of a circle, when the perpendiculars drawn to 
them from the centre are equal. 




V. 

And the straight line on which the greater perpendicular &lls,i8 said 
to be farther from the centre. 




VL 

A segment of a circle is a figure contained by a 
straight line, and the ciTCumfetenc^ "which it cuts oSL 
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VIL 



?1 



I 



The angle of a segment is that vhioh is contained by the straight line 
and the circumference. 



VIIL 

An angle in a segment is the angle contained by 
two straight lines drawn from any point in the circom- 
ference of the segment, to the extremities of the straight 
line which is the base of the segment 




IX. 

An angle is said to insist or stand upon the circumference intercepted 
between the straight lines that contain the angle. 



X. 

A sector of a circle is the figare contained by two 
itraight lines drawn from the centre, and the circtxm- 
- iierence between them. 




XL 

Similar segments of circles are those 
in which the angles are equal, or which 
contain equal angles. 




^ 



Bd 
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PROP. L— 'Pboblbm. 

To find the centre of a given circle, 

(References — Prop. i. 8, 10, 11.) 

Let ABO be the given circle. 
It it required to fibid its centre. 




CONSTBUCnON 

Draw within the circle any straight line AB, and bisect AB in D ; 

(I. 10) 
from the point D draw DC sit right angles to AB (x. 11), produce it to 

£, and bisect C£ in F. 

Tben tbe point T sliall be flie oentre of Um dvtfla JkSC 

DEM0N8TBATI0N 

For, if it be not, let, if possible, 6 be the centre, and join GA, GDi 

GB. 
Then, because DA is eqnal to DB, (constr.) and DG common to the 

two triangles ADG, BDG, 
the two sides AD, DG, are eqnal to the two BD, DG, each to each ; 
and the base GA is assumed to be eqnal to the base GB, (l det 15) 

because they are drawn from the centre G ; 

therefore the angle ADG must be eqwd to the angle GDB ; (l 8) 

but ' when a straight line standing upon another straight line makes the 
adjacent angles equal to one another, each of the angle/i is a right 
angle;' (i. def. 10) 

therefore the angle GDB must he a right angle; 
but FDB is a right angle; (constr.) 

wherefore the angle FDB muet be equal to the angle GDB, 
the greater to the less, which is impossible ; 

therefore G is not the centre of the circle ABC. 

Id the same manner it can be shown, that no other point but F b the 
centre ; 



\ 
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therefore T Is tbe eentre of tlie elrde AMC9 

which was to be found. 

Cor. — From this it is manifest, that if in a circle a straight line bisect 
another at right angles, the centre of the circle is in the line which 
bisects the other. 



PBOP. IL— -Theorem. 

If any two points be taken in the circumference of a circle^the straight 
line which joins them shall faU within the circle. 

(References — Prop. i. 5, 16» 19 ; m. 1.) 

Let ABC be a circle, and A, B, any two p(»nts in the circmnference. 

Tlien the stralflfht Une dirawn flrom A to B shall fall 
wttbln the elrele. 




CQMSTBUCTION 

Find D the centre of the mrde ABC, (m. 1) and join AD, DB ; in 

the cireumference AB take any point F ; 
Join DF, and let it oat the straight line AB in £. 

DEMONBTBATION . ^ 

Because I>A is equal to DB, (i. def. 15) 
the angle DAB isequal tothe angle DBA; (i. 5) 

and because AE, a side of the triangle DAE, is produced to B, 

the exterior angle DEB is greater than the interior and opposite angle 
DAE; (L 16) 

but the angle DAE was prored to be equal to the angle DB£ ; 

therefore the angle DEB is also greater than the angle DBE ; 

but to the greater angle the greater side is opposite ; (i. 19) 

eier^fiinJ>BisgreeiterihamJ>Ei I 

but DB IB equal to DF; (t, def. 15) ' 
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therefore DF U greater than DE, 
wherefore the point E lies within the circle. 

Id the same manner it may be proved that erery point in AB lies 
within the circle ; 

fberelbre the stral^lit line £LB lies wlttiln thm olrele. 

Wherefore, if any two points, &c Q. E. D. 



PROP. IIL— Thborem. 

If a straight line drawn through the centre of a circle bisect a straight 
line in it which does not pass through the centre, it shail cut it at right 
angles ; and conversely, if it cut it at right angles, it shaU Insect it. 

(References— Prop. I. 5,8, 26; m. 1.) 

Let ABC be a circle, and let CD, a straight line drawn through the 
centre, bisect any straight line AB, which does not pass through the 
centre, in the point F. 

Tben CD iliall out £LB at rlgtat angles. 

c 




CONSTBUCnON 

Take E the centre of the circle (m. 1), and join EA, EB. 

DEMONSTRATION 

Then, becaose AF is equal to FB G^yp.}* and FE common to the two 

triangles AFE, BFE, 
there are two sides in the one equal to two sides in the other, each to 

each ; 
and the base EA is equal to the base EB ; (i. def. 16) 

therefore the angle AFE is equal to the angle BFE ; (i. 8) 

but *when a straight line standing upon another stnugfat line makes tht 
adjacent angles equal to one another, each of them is a riglit aa^i 
(I. def. 10) 
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iherefort each ofihe angles AFE, BFE, U a right angle; 
whmrefore the straifflit line CD, drawn ttironrli tbe oentre. 

biseotlnff another AS tbat does not pass tiirouffta tbe 

centre, onts tbe same at rigbt angles. 

But let CD cat AB at right angles. 
Tben CD staall also blseot It, tbat is« AT sbaU be eqnal 
tors. 

The same constraction being made ; 

because £A, EB, from the centre are equal to one another* 

the angle EAF is equal to the angle EBF ; (i. 5} 

and the right angle AFE is equal to the right angle BFE ; (l def. 

10) 
hence, in the two triangles EAF, EBF, 
there are two angles in the one equal to two angles in the other, each 

to each; 
and the side EF, which is opposite to one of the equal angles in each, is 

common to both ; 

therefore the other sides are equal; (i. 26) 

tberefore AJP Is eqnal to VB. 
Wherefore, if a straight line, &;c Q. E. D. 



PROP. IV.— Thbokem. 



If in a circle two straight lines cut one another which do not both pass 
through the centre^ they do not bisect each other. 

(References — Prop. in. 1, 3.) 

Let ABCD be a circle, and AC, BD, two stnught lines in it which 
cut one another iq the point £, and do not both pass through the 
centre. 

Tben AC, BB, sball not bisect one anotber. 

CONSTBUCnON 

For, if it be possible, let AE be equal to EC, and BE to ED. 

If one of the lines pass through the centre, it is plain that it cannot be 

bisected bj the other which does not pass through the centre: 
but if neither of them pass through the centre, 
take F tbe centre of tbe circle, (lit 1) and Join 'EE. 
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DEMONSTBATION 

Because FE, a straight line through the centre, is assnmed to bisect 

another AC "which does not pass through the centre, 

therefore it most cut it at right angles; (in. 3) 

wherefore F£A must he a right angle. 
Again, because the straight line FE is assumed to bisect the straight 

line BD which does not pass through the centre, . 

therefore it must cut it at right angles ; (in. 3) 

whertfore FEB nntst be a right angle ; 
but FE A was shown to be a right angle ; 

therefore FEA must be equal to ihe angle FEB, 
the less to the greater, which is impossible; 

tberefore AC, BB, do not btojocit one another. 
Wherefore, if in a circle, &c. Q. E. D. 



PROP, v.— Theokem. 

If ttoo circles cut one another, they shall not have the same centre, 

(References — i. def. 15.) 

Let the two circles ABC, CDG, cut one another in the points B, C. 
Tben tbey sball not l&aTe the same centre. 




CONSTRUCTION 



For, if it be possible, let B be their centre ; joia EC, and draw ai^ 
straight line EFG meeting them i« F and G. 
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SEMONSTRATIOM 

And because E is assumed to be the centre of the eirde ABC, 

EC must be equal to EF ; (X. def. 15} 
again, beosose E is assumed to be the centre of the circle CDG, 

EC muet be equal to EG ; 
but EC was shown to be equal to £F ; 

therefore EF must be equal to EG ; 
the less to the greater, which is impossible ; 

tlierefore B Is not tbe centre of tlie elndes ABC* CDO. 
Wherefore, if two eirdes, &c Q. E. D. 



PBOP. VL— Thsobbh. 

If one circle touch another internalfyy they shall not have the same 
centre, 

(References — i. def. 15.) 

Let the circle CDE, toudx the circle ABC internally in the 
point C. 
Tben tbey eliall not liiiTe tbe Mune centre. 




CONSTBUCnON 

For, if they can, let the centre be F ; join FC, and draw any straight 
line FEB meedng them in E and K 

DSMONBTRATIOV 

Because F is assumed to be the centre of the circle ABC, 
therefore CF must be equal to FB i (i. def. 16) 

also, because F is assumed to be the centre of the circle CDE, 

therefore CF must be equal to FEj 

bat CF was shown to be eqaal to FB ; I 
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iherrfore F£ mu8t he equal to FB ; (ax. l) 
the less to the greater, which is impossible ; 

wtaerefore T is not tlie centre of tbe dnfles ABC, CDB. 
Therefore, if two circles, &c. Q. £. I>. 



PROP. VIL— Theorem. 



If any point be taken in the diameter of a circkf which is not the 
centre ; 

then of all the straight lines which can he drawn from it to the circum- 
ferencCf the greatest is that in which the centre is, and the other part of 
that diameter is the least ; and^ of any osiers, thai which is nearer to the 
line which passes through the centre is always greater than one more remote ; 
and from the same point there can be drawn only two straight lines to the 
circumference that are equal to each other, one upon each side of the shortest 
lint. 

(References — Prop, l 4, 20, 23, 24.) 

Let ABCD be a circle, and AD its diameter, in which let anj point 
F be taken which is not the centre ; let the centre be E. 

Tben of all the stralfftat lines TB, VCf VOf 4b0.p tliat can 
be dirawn fk^om F to the oircnrnferenoep FA wtaieta passes 
thronrh the centre, shall be the greatest ( 

and FB, the other part of the diameter AD, shall be the 
least ( 

and of the others, FB, the nearer to FA, shall be greater 
than FC, the more remote % and FC greater than FO. 




CONSTRUOnOM 

Jo/a BE, CE, GE. 
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DEM0N8TBATIOX 

Becaose two sides of a triangle are greater than the third, 

therefore BE, £F, are greater than BF; (i. 20) 
but A£ is equal to EB ; (i. def. 15} 

therefore AE, EF, that is AF, is greater than BF. 

Again, in the triangles BEF, CEF, 

because BE is equal to CE, and EF common to both, 

the two sides BE, EF, are equal to the two CE, EF, each to each ; 

but the angle BEF is greater than the angle CEF ; (ax. 9) 

therefore the base BF is greater than the base CF; (i. 24) 

for the same reason, CF is greater than GF. 

Again, because GF, FE, are greater than EG, (l 20) and EG is equal 

to ED; 

therefore GF, FE, are greater than ED; 
take awaj the common part FE, 

and the remainder GF is greater than the remainder FD ; (ax. 5) 

therefore FA U tbe greatest of all tbe strolg'tat lines firom 

T to tlie clrcomferenoep 
and XV is tbe leasts 
and BF is greater than CF^ and CF than OF. 

Also there can be drawn onlj two equal straight lines from the point 
F to the circumference, one upon each side of the shortest line FD. 

CONSTBUCTION 

At the point E, in the straight line EF, make the angle FEH equal to 
the angle GEF, (i. 23) and join FH. 

DEMON8TBATION 

Then in the triangles GEF, HEF, 

because GE is equal to EH, (i. def. 15) and EF common to both, 
the two sides GE, EF, are equal to the two HE, EF, each to each ; 
and the angle GEF is equal to the angle HEF; (constr.) 

therefore the base FG is equal to the base FH ; (i. 4) 
but besides FH, no straight line can be drawn from F to the circum« 

ference equal to FG ; 
for, if there can, let it be FK ; 
and because FK is assumed to be equal to FG, and FG is equal to FEU 

therefore FK must be equal to FH ; (ax. 1) 
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that is, a line Dearer to that which passes through the centre, is equal 

to one which is more remote; 
which has been proved to be impossible. 
Therefore, if any point be taken, &c. Q. E. D. 



PROP. VIII.— Theorem. 

If any point be taken without a circle, and straight lines be drawn from 
it to the circumferencef whereof one passes through the centre ; 

then of those which fall upon the concave circumferencef the greatest is 
that which passes through the centre ; and of the rest, that which is nearer 
to the one passing through the centre, is always greater than one more 
remote; but of those which fall upon the convex circumference, the least is 
that between the point without the circle and the diameter ; and of the rest 
that which is nearer to the least is always less than one more remote ; and 
onfy two equal straight lines can be drawn from the same point to ihe 
circumference, ome upon each side of the line which passes through iAe 
centre, 

(References — Prop. i. 4, 20, 21, 23, 24 ; m. 1.) 

Let ABC be a circle* and D any point without it, from which let the 
straight lines DA, DE, DF, DC, be drawn to the circomllerence 
whereof DA passes through the centre. 

Tbeiif of those wbiota taU npon ttae eoiie«ve part of the 
ciromnltorenoe A8FC| AD which passes thronvh the 
centre shall be the greatestt and the nearer to tt ts 
always greater than the more remotCf ▼!*•« Ba ttian 
DF, and DF than DC. 

bnt of those which fiOl upon the convex circumference 
B&XO, the least shall be DO between the point D and 
the diameter AO i and the nearer to it is always less 
than the more remote* vias., DX than D&, and D& than 
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CONSTRUCTION 

Take M the centre of the circle ABC, (m. 1} and join ME, MF, MC, 
ME,ML,MH. 

DEMONSTRATION 

And because AM is eqnal to EM, 
add MD to each, 

therefore AD is equal to EM, MD ; (ax. S) 

but EM, MD, are greater than ED ; (l 20} 

tkertfore oho AD is greater than ED. 

Agam, in the triangles EMD, FMD, 
because ME is eqiud to MF, and MD common to both, 
EM, MD, are equal to FM, MD, each to each, 
bat the angle EMD is greater than the angle FMD ; (ax. 9) 
there/ore the base ED is greater than the base FD. (i. 24.) 
In like manner it may be shown that FD is greater than CD ; 

therefove DA is tbe greatest liney 

ana SB is greater tbaa 3>Fp and Dl* tbait BO. 

And because ME, EID, are greater than MD, (i. 20) 
and MK is equal to M6, (i. def. 15) 
the remainder KD is greater than the remainder 6D ; (ax. 5) 

ihat is, 6D is less than KD ; 

and because ME, DK, are drawn to the point K within: the triangle 
MLD, from M, D, the extremities of its side MD, 

there/ore MK, KD are less than ML, LD ; (i. 21) 
bat MK is equal to ML; (i. def. 15) 

therefore the remainder DK is less than the remainder DL. (ax. 5.) 

In like manner it may be shown that DL is less than DH ; 

tberefiire BO is the least, and BX less than BX^ and 
B& than BB. 

Also, there can be drawn only two equal straight lines from the point 
D to the circumference, one upon eadi side of the Hne throu^ the 
centre. 

CONSTRUCTION 

At the point M, in the straight line MD, make the angle DMB equal to 
the angle DMK, (l 23) and join DB. 

DEMONSTRATION 

Then, in the triangles KMD, BMD, 
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because MX is equal to MB, and MD common to both, 

the two sides KM, MD, are equal to the two BM, MO, each to each ; 

and the angle KMD is equal to the angle BMD; (constr.) 

therefore the hose DK is equal to the base DB ; (i. 4) 

but besides DB there can be no straight line drawn from D to the cir- 
cumference equal to DK. 

For, if there can, let it be DN; 

and because DK is assumed to be equal to DN, and DK has been shown 
to be equal to DB, 

therefore DB must he equal to DN, 

that is, a line nearer to the least is equal to one more remote, 

which has been proved to be impossible. 
If, therefore, anj point, &c. Q. £. D. 



PROP. IX.— Theorem. 

If a point he taken within a circle, from whieJi there can be drawn more 
than two equal straight lines to the circumference; then that point is the 
centre of tJie circle. 

(References — m. 7.) 

Let the point D be taken within the circle ABC, fh>m which to the 
circumference there can be drawn more than two equal straight lines, 
viz. DA, DB, DC. 

Tbeii tbe point D iliall be the eentre of the olrele* 




CONSTRUCTION 

For, if not, let £ be the centre ; join DE, and produce it to the circum- 
ference in F, 6. 

DEMONSTRATION 

Then FG is a diameter of the circle ABC ; (i. def. 17} 
and because in FG, the diameter of the circle ABC, there is taken the 
point D, not the centre, 

therefore DG must be the greatest line from the point J) to the ctrciim- 
Jerente, and DC greater than DB, and DB than DA 5 (ja, 7) 
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bat these lines are likewise eqnal, (byp.) which is impossible. 
therefore YtUiuAiht centre of the circle ABC. 

In like manner it maj be demonstrated that no other point but D is the 

centre ; 

tberefbre S Is tlie oentre of the eirtke ABC. 
Wherefore, if a point be taken, &c. Q. E. D. 



PROP. X.— Theobbm. 

One circvmference of a circle cannot cut another in more l^it two 
pointe. 

(References — m. 3, 5, 9.) 

Let the two circles ABO, DBF, intersect one another. 
Tben tl&elr drcmnitoenoes cannot cut eaob otber in more 
Hiaa two points. 

A 




CONSTBUCnON 

If it be possible, let the circnmference FAB cut the circumference DEF 

in more than two points, viz. in B, G, F ; 
take the centre K of the circle ABO, (m. 3) and join KB, KG, KF. 

DEMONSTBATION 

And because within the circle DEF there is taken the point K, from 
which to the circumference DEF fall more than two equal straight 
lines KB, KG. KF, 

the point K must be the centre of the circle DEF, (m. 9} 

but K is also the centre of the circle ABC ; 

therefore the point K must be the centre of two circles that cut one 
another, 

which is impossible, (m. 5.) 

Tlierefbre one oirenmltoenoe of a olrele eaim»% «aX wdi 
other in more than two points. Q^'E».T). 
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PROP. XI.— Theobek. 

ffon$ circle touch another iniemaUp in any point, the etraight line which 
joins their centres, heing produced^ shall pass through that point. 

(Beferenoet — Prop. x. 90.) 

Let the circle ADE toacH the circle ABC internally in the point A. 

Tben tbe stralglit line wtalcb Joins tbelr centres, belac 
prodnoedf sbaU pass tbrougli tbe point of contact A. 




CONSTBUCTION 

For, if not. let it fall otherwise, if possible, as FODB ; let F be 
the centre of the circle ABC, and G the centre of ABE. Join AF 
and AG. 

DEMOMSTRATIOir 

Because two sides of a triangle are together greater than the third side 

therefore AG, GF, are greater than F A ; (l 20} 

bat FA is assumed to be equal to FB, (i. def. 16) both being from the 
same centre ; 

therefore AG, GF, must be greater than FB i 
take away the common part FG ; 

then the remainder AG must be greater than the remainder GB ; 
but AG is assumed to be equal to GD ; (i. del 16) 

iher^are GD mmt be greater Aon GB, 

the less than the greater, which is impossible ; 

thertfore the straight line which joins the centres, being produced, cannot 
fall otherwise than upon the point A. 

that ISf It mnst pass tbronffb tbe point of contact of the 
two circles. 

Therefore, if two circles, &c. Q. £. D. 
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PROP. XIL— Theorem. 

If two eirelea touch each other externaJfyt the straight lm$ whSehJoma 
Adr centres shall pass through the point of contact 

(References — Prop. i. 20.) 

Let the two circles ABC, ADE, touch each other externally in the 
point A. 

Tben tbe stndffbt line wblob Joliis tbeir oentreSf sbaU 
pass tbrouffb tbe point of oontaot JL, 




CONSTRUCTION 

For, if not, let, if possible, F and G be tbe centres, and the line joining 
them pass otherwise as FCDG ; and join FA, AG. 

DEMONSTRATION 

Then, because F is assumed to be the centre of the circle ABC, 

thertfore AF must be equal to FC $ 

also, because G is assumed to be the centre of the cirde ADE* 
Aerefore AG miat be equal to GD ; 
and therefore FA, AG, must be equal to FC, DG ; 

wherefore the whole FG must be greater than FA, AG; 

but FG is also less than FA, AG ; (i. 20) which is impossible. 

Aerefore the straight line wMch joins Ute centres of the circles^ shtdl not 
pass otherwise than trough A ; 

that ISv It must para tbrougb tbe point of contact of tbe 
two circles. 

Therefore, if two circles, &c. Q. E. D. 



PROP. XIII.— Theorem. 

One circle cannot touch another in more points than one, wheAer it 
touches it an the inside or the outside. 

(References — Prop. i. 10, 11 ; m. 1, 2, II ; Cor. 2, 11.) 
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Fir»t Let the circle EBF toach the circle ABC internally in the 
point B. 
Then B8r eannot tontili ABO in any otber potnti 





coNSTBUcnoir 

If it be possible, let EBF touch ABC in another point D ; 
join BD, and draw GH bisecting BD at right angles, (i. 10, 11) 

DEMONSTRATIOir 

Because the points B, D, are assumed to be in the circumference of 
each of the circles, 

ihe straight line BD must faU within each of the circles EBF, ABO ; 
(in. 2) 

and their centres are in the straight lineGH, which bisects BD at right 
angles ; (ni. I, Cor.) 

therefore GH must pose through the point of contact ; (m. 11) 

but GH does not pass through the point of contact, because the points 
B, D, are without the straight line GH ; which is absurd ; 

therefore the ohreie WMW eannot toneh the elrele ABO on 
the Inelde In more points than one. 

Secondly, Let the circle ACE touch the circle ABC externally in 
the point A. 

Then AOX eannot toneh ABO in anj otiier point* 




CONSTBVCnON 

If it be poMible, let ACK touch ABC in another point C J(nn AC. 
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DEMONSTRATION 

Then, because the points A, C, are assumed to be in the circmnference 
of the circle ACK, 

the ttraight line AC mustfaU within the circle ACE; (m. 2) 

but the circle ACK is without the circle ABC ;• (hyp.) 

dierefore the straight line AC must he without the circle ABC ; 

bat, because the points A, Cf are assomed to be in the circumference of 
the circle ABC, 

the straight Kne AC mvst be within the circle; (m. 2) 

which is absurd ; 

tlierefare tlie oirole ACS oannot tonob tiie drole ABC 
on the outside In more tiiaii one point. 

And it has been shown that one circle cannot touch another on the inside 

in more points than one. 
Wherefore one circle, &c. Q. £. D. 



PROP. XIV.— Theorem. 

Equal straight lines in a circle are equally distant from the centre ; and 
conversely, those which are equdUy distant from the centre, cure equal to 
me another. 

(References — Prop. 1. 12, 47 ; m. 1, 3, de£ 4.) 

Let the stnught Unes AB, CD, in the circle ABDC, be equal to one 
another. 
Tlien tliey sball be eqnaUy distant flrom tlie oentro* 

CONSTRUCTION 

Take £ the centre of the circle ABDC, (lu. 1) 
and firom it draw £F, £G, perpendiculars to AB, CD, (i. 12) and join 
£A. £C. 

DEMONSTRATION 

Then, because the straight line £F passing through the centre, cuts the 
straight line AB, which does not pass through the centre, at right 
angles, it also bisects it ; (uu 3) 

therefore AF is equal to FB, and AB dpuWe of Af i 
for the same reason 

CD is double of CGi 
but AB is equal to CD ; (hyp.) 

therefore AF is equal to CG. (ax. 7.) 
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And because AE is equal to EC, (i. def. 15) 
* the square of AE is equal to the square of EC ; 

bat the squares of AE, FE, are equal to the square of AE, because the 

angle AFE is a right angle ; (i. 47) 
and for the same reason, the squares of EG, GC, are equal to the square 

of EC ; 

therefore the squares of AJP, FE, are equal to the squares of CG, GE ; 

of which the square of AF is equal to the square of CG, because AF 
is equal to CG ; 

therefore the remaining square of EF is equal to the remaining square 

o/EG, (ax. 3) 
and therefore the straight line EF is equal to EG; 

but * straight lines in a circle are said to be equally distant from the centre, 
when the perpendiculars drawn to them from the centre are equal ; * 
(hi. def. 4) 
therefore AB, CBf are equally distant from tbe centre B. 

Next, let the straight lines AB, CD, be equally distant from the 
centre, that is, let FE be equal to EG. 

Then AM sliall be equal to CD. 

The same construction being made, it may be demonstrated as before, 

that AB is double of AF, and CD double of CG, 

and that the squares of EF, FA, are equal to the squares of EG* GC ; 

of whic \ the square of FE is equal to the square of EG, because FE is 
equal to EG ; (hyp.) 

therefore the remaining square of AF is equal to the remaining square 
ofCG'y (ax. 3) 

and therefore the straight line AF is equal to CG ; 

but AB was shown to be double of AF, and CB double of CG ; 

wberefore AB Is equal to CB. 
Therefore, equal straight lines, &c. Q. £. D. 
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PROP. XV.— THEOBBlfe 

Hie diameter is the greatest straight line in a circle, and, of all oUterSf 
that which is nearer to the centre is always greater than one more remote f 
and the greater is nearer to the centre than the less, 

(References — Prop. i. 12, 20; ni. def. 5.) 

I/et ABCD be a circle, of which the diameter is AD, and the 
centre £ ; and let BC be nearer to the centre than FG. 



Tben AB sball be greater tliaii 

wliieh Is not a diameterf 
and SC Bliall be irreater tliaii VO. 



anj straigbt line SC, 




CONSTBUOnOKr 

From the centre £ draw £H, £K^ perpendicnlars to BC, F6, (i. 12) 
and join £B, £C,£F. 

DEMONSTRATION 

Then, becaose A£ is equal to £B, and £D to £C, (l defl 15) 

therefore AD is equal to £B, £C; (ax. 2) 
bat £B, £C, are greater than BC ; (i. 20) 

wliereflnre also JkD Is greater than SC. 

And becaase BC is nearer to the centre than FG, (hyp.) 

Aerefore £H is less than £K ; (in. def. 5) 

bat, as was demonstrated in the preceding proposition, 

BC is double of BH, and FG double of FK, 

and ike squares ofEK, HB, are equal to the squares ofEK, EF, 

bat the square of £H is less than the square of £E, because £H is less 
than£K; 

therefore the square of BH is greater than the square of FK, 
and the straight line BH greater than FK ; 

and therefore SC Is greater than TQ, 

T2 
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Next, let BC be greater than FG. 

Tben SC abaU be nemnat to tbe eoBlM than V«K 

SB fflMiW 1m teas tlUUl XK« 

The same constnictioii being made, becanae BC la greater than FG, 

therefore BH is greater than KF ; 

and the sqmires of BR, HE, are equal to ike tgwartM qfFlL, KE, 

bat the square of BH is greater than the square €i FK, because BE 
greater than FK| 

therefore the square of EH is less than die sqmare ^EK, 
and the straiskt UneEBless dum £K« 

and tliarefore BC la nearer to tlie eeatre than T 

(m. defl 5.) 

Wherefore, the diameter, &c. Q. E. D. 



PROP. XVL— Thbobbk. 

7^ straight Une which is drawn at right angles to the diameter oj 
circle, from the extremity of it, falls widumt the circles 

and no straight line can be drawn from the extremity between t 
straight line and the circumference, which does not cut the circle, or, wh 
is the same thing, no straight Une cdn make so great an acute angle w 
the diameter at its extremity, or so small an angle with the straight I 
which is at right angles to it, as not to cut the circle, 

(References — Prop. i. 5, 12, 17, 19 ; m. 2, def. 2.) 

Let ABC be a circle, the centre of which is D, and the diame 
AB. 

Tben tbe stralgbt line drawn at rlgbt anglee to i 
flrom Ita eztremltj A, aball Ibll witbont tbe elrole. 




C0N8TBUCTI0N 

For, if it does not, let it fall, if possible, within the circle, as AC s 
and draw DC to the point C. where it meeta the clTcomference. 
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DEMONSTRATION 

Because DA is equal to DC, (l def. 15) 

the angle D AC is equal to the angle ACD $ (L 5} 

but DAC is a right angle, (hyp.) 
therefore ACD mnst he a right angle, 

and ihertfore tie angles DAC, ACD, must be equal to two right angles ; 
which is impossible ; (i. 17) 
therefore the straight line drawn from A ai right angles to B A, does not 
fall within 0ie circle. 

In the siame manner it may he demonstrated that it does not fall upon 
the circumference; 

therefiire tiie stralffbt line flrom A at rlffbt aaffles to 8A, 
mast fldl witiioat tbe otrolep as AS. 

Also, between tbe stralgbt Une A8 and tbe cironmfDrenoef 
no stralgbt line ean be drawn flrom tbe point A wbicb does 
aot out tbe oirole* 




CONSTRUCTION 

For, if possible, let FA be between them, 

and firom the point D draw DG perpendicular to FA, (i. 12) 

and let it meet the circumference in H. 

DEMONSTRATION 

Because AGD is assumed to be a right angle, and DAG less than a 
right angle $ (i. 17) 
therefore DA must he greater than DG ; (i. 19) 

but DA is equal to DH ; (i. def. 15) 

therefore DH must be greater than DG, 
the less than the greater, which is impossible ; 
tberefore no straiffbt line ean be drawn flrom tbe point A, 
between AS and tbe oiroumferenoe, wbiob does not out 
tbe oirole % 

or, which amounts to the same thing, however great «u ticxxXft ?kiv^<^ ^ 
straight line makes with the diameter at the poVnt k,ot\iQ^«^«^ 



i 
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small an angle it makes ^ith AE, the circnmference shall pass 

between that straight line and the perpendicular AE. 

' And this is all that is to be understood, when in the Greek text, and 

in translations from it, the angle of the semicirele is said to be greater 

than any acute rectilineal angle, and the remaining angle less than any 

rectilineal angle.' Q. £. D. 

Cor. — From this it is manifest, that the straight line which is drawn 
at right angles to the diameter of a circle, fh)m the extremity of it, 
touches the circle ; (nx. de£ 2) and that it touches it only in one point, 
because, if it did meet the circle in two, it would fiedl within it. (m. 2.) 

* Also it is erident that there can be but one straight line which 
touches the circle in the same point.' 



PROP. XVII.— Pboblem. 

To draw a straight line from a given point, either withowt or in the ctr- 
cumferencef which ahaU touch a given circle, 

(References— Prop, l 4, 11 ; hl 1, 16, cor.) 

First, let A be a given point without the given circle BCD. 
It is required to draw a straight line from A which shall touch the 
circle. 




CONSTBUOTION 

Find the centre E of the circle, (m. 1) and jom AE ; 
and Arom the centre E, at the distance AE, describe the circle AFG $ 
from the point D draw FD at right angles to AE*, (i. 11) and join 
EBF, AB. 

Tben AB sliall tovdii tbe drde BCD. 

DEMONSTRATION 

Because E is the centre of the circles BCD, AFG ; 

therefore EA is equal to EF, mu/ ED to EB; (l def. 15) 
hence, in the two triangles AEB, FED, 
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because the two sides A£, EB, are equal to the two FE, ED, each to 

each; 
and they contain the angle at E common to both triangles; 

therefore, the base DF is equal to the base AB, 

and the triangle FED to the triangle AEB, 

and the other angles to the other angles; 

therefore the angle EBA is equal to the angle EDF; (l 4) 

but EDF is a right angle, (constr.) 

wherefore EBA is a right angle ; (ax. 1} 

and EB is drawn from the centre ; 

but ' a straight line drawn from the extremity of a diameter, at right 
angles to it, touches the circle ; ' (m. 16, cor.) 

tberefore AB toudlieii tlie drclev 

and it is drawn from the given point A. 

But if the given point be in the circumference of the circle, as the 

point D, 
draw DE to the centre £, and DF at right angles to DE ; 

tnen Dl* tonobes tbe elrole. (m. 16, cor.) Q. E. F. 



PROP. XVIII.— Theorem. 

If a straight Une touch a circle^ the straight Kne drawn from the centre 
to the point of contact^ shall be perpendicular to the line touching the 
circle. 

(References— Prop. 1. 17, 19 ; m. 1.) 

Let the straight line DE touch the circle ABC in the point C; 
take the centre F, (m. 1) aud draw the straight line FC. 

Tben FC sliall be perpendioiilar to 1^^ 




G E 



CONSTRUCnOH 

For, if it be not, from the point F draw FB6 perpendicular to DE. 
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DBMONSTSATION 

And becanse FGC is assumed to be a right angles 

therefore GCF mu8t be an acute angle ; (l 17) 
and to the greater angle the greater side is opposite ; (i. 19) 

therefore FC must he greater than FG, 
bat FO is eqoal to FB, (i. de£ 15) 

therefore FB must be greater than FG, 
the less than the greater, which is impossible; 

wherefore FG is not perpendicular to DE. 

In the same manner it may be shown, that no other is perpendicular to 
it besides FC; 

tHat Isy rc Is perpendioQlar to nMm 

Therefore, if a straight line, &c. Q. £. D. 



PROP. XDL— Thbobbm* 

If a straight Une touch a circle, and from the point of contact a 
straight line he drawn at right angles to the touching line, the centre of 
the circle shall be in that line. 

(References — Prop, iil 18.) 

Let the straight line DE touch the circle ABC in C ; and from C let 
CA be drawn at right angles to DE. 
Then tbe centre of tbe drole sliall be in OJL, 




CONSTRUCTION 

For, if not, let F be the centre, if possible, and join CF. 

DEMONSTRATION 

Because DE touches the circle ABC, and FC is drawn from the 
assumed centre to the point of contact, 
therefore FC must be perpendicular to DE ; (m. 18) 

and therefore FCE must be a right angle; 
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but ACE is a rigHt angle, (hyp.) 

therefore the angle FCE must be equal to the angle ACE, (ax. 1) 
the less to the greater, which is impossible. 

wherefore "F is not the centre of the circle ABC. 

In the same manner, it may be shown that no'Other point which is not 
in CA,is the centre; 
tliat la. tbe oentre of the circle la In OA« 

Therefore, if a straight line, &c. Q. E. D. 



PROP. XX.— Theorem. 



Tlie angle at the centre of a circle is double of the angle at the circum- 
ference vpon the same base, that is, upon the same part of the circum' 
ferenee, 

(Beferences — Prop, l 0, 83.) 

Let ABO be a circle, and BEC an angle at the centre, and BAG an 
angle at the circumference, which have the same circumference BC for 
their base. 

Tben tbe angle SBC aball be double of tbe angle BAC. 

A 




First, let the centre E of the circle be vnAin the angle BAC. 

CONSTRUCTION 

Join AE, and produce it to the circum ference in F. 

DEMONSTRATION 

Because EA is equal to EB, 
the angle EAB is equal to the angle EBA, (i. 5) 

therefore the angles EAB, EBA are double of the angle EAB; 

bat the angle BEF is equal to the angles EAB, EBA ; (i. 32) 

thertfore also the angle BEF is double of tAe angle EAB ; 

p3 
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for the rame reason, the angle FEC is double of the angle EAC i 

tbereflir* tba wliale angte MMO i» double of tbm wiMlo 
anffle BAC. 

Secondly, let the centre E of the circle be without the angle BAG. 




CONSTBUCnOM 

Join AE, and produce it to meet the circnmferenee in F. 

DEM0N8T&1TI0N 

It may be demonitrated, as in the first case, 

that the angle FEC it doMi of the angle FAO, 

and that FEB, a part of FEC, is double of FAB, a part qf FAC ; 

tlierefore the remaining angle 9MO le double of tbe re* 
maining angle BAG. 

Therefore, the angie at the centre, &o. Q. E. D. 



PROP* XXL— Theobem. 
The angles in the same segment of a circle are equal to one another, 

(Beferences— Prop. nr. 1, SO.) 

Let ABCD be a circle, and BAB, BED, angles la the same segment 
BAED. 
Tiien tlie angle* BAB, BBBf sliall be equal to one 
other. 




First, let the segment BAED be greater ihaa a semidroki 



I 
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CONSTRUCTION 

Take F the centre of the circle ABCD, (m. 1) and join BF, FD. 

DEMONSTRATION 

And, hecattse the angle BFD is at the centre, and the angle BAD at 
the circumference, and that they have the same part of the circum- 
ference, viz. BCD for their base ; 

therefore the angle BFD ie double of the angle BAD ; (m. 20) 

for the same reason, 

the angle BFD is double of the angle BED ; 

tberefore tbe anfte BAB Is equal to tbe angle BSB. 

(ax. 7.) 

Next, let the segment BAED be not greater than a semicircle. 




CONSTRUCTION 

Draw AF to the centre, and produce it to C, and join CE. 

DEMONSTRATION 

Then the segment BADC is greater than a semicircle, 

ifterefore by the first case, the angles B AC, BEC, in it, cure equal} 

.fot the same reason, because CBED is greater than a semicircle, 

the angles CAD, CED, are equal; 

therefore tbe wliole angle BAB la eqnal to tne wbole 
angle BBB. (ax. 2.) 

Wherefore, the angles in the same segment, &c. Q. E. D. 



PROP. XXII.— Thxorbm. 

The opposite angles of any quadrilateral figure inserted in a cirele, are 
together equal to two right angles. 
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(Beferences — Prop. i. 32 ; hl 21.) 

Let ABCD be a qoadrilateral figure in the circle ABCD. 

Then any two of Its opposite anflos sliall be tofeHier 
equal to two right antfes. 




CONSTBUCnON 

Draw the diagonala AC and D^. 

DEMONSTRATION 

Because the three angles of ererj triangle are equal to two right 
angles, (l 32) 

the three angles of the triangle CAB, viz, the angles CAB, ABC, BC A, 
Ure equal to two right angles ; 

but the angle CAB is equal to the angle CDB, (m. 21) because they 

are in the same segment CD AB ; 
and the angle ACB is equal to the angle ADB, because they are in the 

same segment ADCB ; 

therefore ^ whole angU ADC is equal to the anigles CAB, ACB ; 
to each of these equals add the angle ABC; 

therefore the three angles ABC, CAB, BCA, are equal to the two 
angles ABC, ADC ; (ax. 2) 
but ABC, CAB, BCA, are equal to two right angles ; 
tnerefore also tiie angles ABC* ABC« are equal to two 
rlgbt angles. 

In the same manner, it may be shown that . 
tlie angles BAB» BCB» are equal to two rlgbt angles* 

Therefore, the opposite angles, &e. Q. £. D. 



PROP. XXHI — Thbobxm. 



Upon the same straight line^ and tqton the same side of it, there cannoi 
be two similar segments of circles^ not coinciding unA one another. 
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(Beferences — Prop. 1. 16 j m. 10, def. 11.) 

If it be possible, let the two similar segments of circles^ viz, ACB, 
ADB, be upon the same side of the same straight line AB, not coin* 
ciding with one another. 




CONSTBUCnON 

Then, becanse the circle ACB cuts the circle ADB, in the two points 
A,B, 
they cannot cat one another in any other point; (m. 10) 

therefore one of the segments ACB, ADB, mustfaS within the other. 

Let ACB fail within ADB, and draw the straight line BCD, and join 
CA,DA. 

DEH0N8TBATION 

Because the segment ACB is assomed to be similar to the segment 

ADB, (hyp.) 
and that similar segments of circles contain eqoal angles ; (in. def. 

11) 

the angle ACB must be equal to the angle ADB, 

the exterior to the interior, which is impossible; (l 16) 

Therefore there cannot be two similar segments of circles upon the 
same side of the same line, which do not coincide. Q. £. D. 



PROP. XXIV.— Theobem. 

Similar segments of circles upon equal straight lines are equal to one 
another, 

(References — Prop. in. SS.) 

Let AEB, CFD, be similar segments of circles upon the equal straight 
lines AB, CD. 

Tben tli0 nofrmeat ASB sball be equal to tbe segment 



K 



K 




P. 
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SKMOVmULTIOW 

For if the legment AEB be applied to the ■egment CFD, so 

the point A maj be on C» and the atraight line AB on CD; 
then, becanae AB ia equal to CD, 

Uupamt B thaU coincide with the point D ; 

and the atral^ line AB coinciding with CD, 

ihe $egment AEB coineides wiA the segment CFD, (m. 23) 

wad tharetor e tlia aeffment ASB la equal to tlia aefm 
07D. (ax. 8.) 

Wherefore, aimilar a^rnentf, &c. Q. E. I 



PROP. XXV.— PBOBtEH. 

A tegmeni of a circle being gioen, to describe the circle of which 
thesegment 

(References — Prop. x. 4, 6, 10, 11, 23 ; m. 9,) 

Let ABC be the given segment of a circle. 

It ia required to describe the circle of which it is the segment 




OONSTBUCnON 

Bisect AC in D, (l 10) and from the point D draw DB at right ac 
to AC $ (z. 11) and join AB. 

First, let the angles ABD, BAD, be equal to one another. 
TlMa B aliall be tbe eentre of tlie eirele required. 

DEMONSTRATION 

Because the angle ABD is equal to the angle BAD, (hyp.) 

therefore DA is equal to DB ; (l 6) 

but DA is equal to DC, (constr.) 
therefore DB is equal to DC, 

ofu/tAe Oree straight lines DA, DB, DC, ore all equoli 



in 

and beeaose from die point D more than two eqvmi straight lines DA. 
DB, DC, can be drawn to the dreomferenee ABC, 

tbfBrmtbm B la tbe eentre mt tte drda. (m. 9.) 

Hence, if with the centre D, at the distance of any of the three, DA, 
DB, DC, a circle be described, 

it witt poMM Artmgh tke odkr two pomUt amd 6t fie eireU r^q ui rtd, 
Seamdfy, let the angles ABD, BAD, be not eqnal to one another. 

B 





CONSTRUCTION 



At the point A, in the straight line BA, make the angle BAE eqnal to 

the angle ABD, (i. 23} 
produce BD, if necessary, to E, and join EC. 

nien B flliall be tba oentre of tlia eirole T^qjatr^&B 



DEMONSTRATION 



Becaose the angle ABE is equal to the angle BAE, (constr.) 

the straight Kne BE is equal to E A ; (i. 6) 

and in the triangles ADE, CDE, 
becaose AD is equal to DC, and DE common to both, 
the two sides AD, DE, are equal to the two CD, DE, each to each ; 
and the angle ADE is equal to the angle CDE, for each of them is a 
right angle ; (constr.) 

therefore the base AE is equal to the base EC ; (L 4) 
but AE was shown to be equal to EB, 
wherefore also EB is equal to EC ; (ax. 1) 

and the three straight lines EA, EB, EC, are therrfore equal to one 
another; 

and becanse from the point E, more than two eqnal straight lines, EA, 
EB, EC, can be drawn to the circumference ABC, 

tiierefore B la tbe centra of the elrcleb (m. 9.) 

Hence, if with the centre E, at the distance of any of the three AR« 
EB, EC, a circie be described, 
t/ wiSpass through the other pointy and 6e the circle requirad. 
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In ihejirtt cafe, U ii evident that, because the centre D la in AC, 

therefore the eegmemt ABC is a eemieircle. 
In the second ctae, if the ang^ ABD be greater than the anfjie 

BAD, the centre E fiUli without the segment ABC, 

which is therefore lees than a eemieircU i 

but if the angle ABD be lets than BAD, the centre £ ftUa withm the 
segment ABC, 
which is therefore greater than a semicircle. 

Wherefore a segment of a circle being giren, the circle is described of 
which it is a segment Q. E. F. 



PROP. XXVL— Theobem. 

In equal circlest equal angles stand upon equal circumferences, whether 
they be at the centres orattiie circumferences, 

(References— Prop. z. 4 $ in. 24, de£ 1, 11.) 

I^t ABC, DEF, be eqoal circles, baring the eqnal angles B6C, 
EHF, at their centres, and BAG, EDF, at their circnmferences. 

Then tba olronmrerenoe BXC aliall be eqnal to tlia oir- 
omnDsranoe SXiV. 





Join BC and EF. 



CONSTRUCTION 



DEKONSnUTZON 

Becanse the circles ABC, DEF are equal, the straight lines drawn from 
their centres are equal ; (in. def. 1) * 

thertfore the two sides BO, GC, are equal to the two EH, HF, each to 
eaehf 

Mad the angle Mt O is equal to the angle at H \ Oij^^ 
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iherrfore the base BC is equal to ihe base EF. (l 4.) 

And because the angle at A is eqnal to the angle at D, (hjp.) 

the segment BAG is similar to the segment EDF ; (m. def. 1 1 ) 

and they are upon equal straight lines BC, EF ; 
bat similar segments of circles upon equal straight lines are equal to 
one another ; (m. 24) 

^lerefore die segment BAG is equal to the segment EDF ; 

but the whole circle ABG is equal to the whole DEF ; (hyp.) 

therefore the remaining segment BKG is equal to the remaining segment 
ELF, (ax. 3) 

and the otroumferenoe BXC to the dromnferenoe ll&r. 

Wherefore, in equal circles, &c « Q. E. D. 



PROP. XXVII.— Theorem. 

In equal circles, the angles which stand upon equal circumferences are 
equal to one another , whether they be at the centres or at the circumferences, • 

(References — Prop. i. 23 ; ni. 20, 26.) 

Let the angles BGG, EHF, at the centres, and BAG, EDF, at the 
circumferences of the equal circles ABG, DEF, stand upon equal cir- 
cumferences BC, EF. 

Then the angle BOC shall he equal to the angle aBF, and 
the angle BAG to the angle BBF. 

A n 




If the angle BGG be equal to the angle EHF, 

it is manifest that the angle BAG is also equal to EDF. (m. 20, and 
ax. 7.) 

But, if not, one of them is greater than the other; let BGG be the 
greater. 

CONSTRUCTION 

At the point G, hi the straight line BG, make the angle BGK «nsf»\ \& 
the an^ie EHF. (i. 23,) 
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DEMONSTRATION 

Because eqoal angles stand upon equal circumferences when they are 

at the centre ; (m. 26) 

therefore the circumference BK must he equal to the circumference EF ( 
but EF is equal to BC ; (hyp.) 

therefore aha BK muet he equal to BC, (az. 1) 
the less to the greater, which is impossible ; 

therefore the angle B6C is not unequal to the angle EHF ; 

tbat iif tbe angle BOC la equal to tbe angle HBP. 

And the angle at A is half of the angle BGC, (ni. 20) 
and the angle at D is half of the angle EHF ; 

therefore the angle at* A to equal to the angle at B« 

(ax. 7.) 



PROP. XXVIII.— Theobem. 

In equal circles^ equal straight lines cut off equal circumferences^ the 
greater equal to the greater, and the less to the less, 

(References — Prop. i. 8 ; m. 1, 26, def. 1.) 

Let ABC, DEF, be equal circles, and BC, EF, equal straight lines 
in them, which cut off the two greater circumferences BAC, EDF, and 
the two less, BGC, EHF. 

Then the greater olronniDBrenoe BAC ehall be eqnal to the 
greater BBF, and the leaa BOC to the leee BBF. 





Q H 

CONSTRUCTION 

Take E, L, the centrei of the circles, (m. 1) and Join BK, KC, EL, 
LF. 

DEMONSTRATION 

Because the circles ABC, DEF, are equal, the straight lines from their 
centres are equal ; (m. def. 1) 
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therefore BK, KC, axe equal to EL, LF, each to eachf 

and the base BC is equal to the base £F ; (hyp.) 

therrfore the angle BKC is equal to the angle ELF; (i. 8) 

bat equal angles stand upon equal circumferences, when they are at the 
centres ; (m. 26) 

therefore the drcimiftreBoe BOC to equal to the drcmn- 
Ibrenoe BBF| 

but the whole circle ABC is equal to the whole £DF ; (hyp.) 

therefore the remaining parts of the circumferences are equaJ* 

that to, BAG to equal to BBF. 

Therefore, in equal circles, &c. Q. £. D. 



PROP. XXIX.»Theorem. 

In equal circles equal circumferences are subtended hy equal straight 
Unes, 

(References — Prop. i. 4 ; m. 1, 27.) 

Let ABC, DEF, be equal circles, and let the circumferences BGC, 
EHF, also be equal ; and join BC, EF. 

Then the etraiffht line BC shall be eqnal to the straight 
UneBl*. 

A I> 





CONSTRUCTION 

Take K, L, the centres of the circles, (m. 1) and Join BE, EC, EL, 
LF. 

DEMONSTRATION 

Because the circumference BGC is equal to the circumference EHF, 

therefore the angle BKC is equal to the angle ELF ; (m. 27) 

and because the circles ABC, DEF, are equal, the straight lines from 
their centres are equal; (ni. def. 1) 
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tJierefore BK, EC, are equal to EL^ LF, each to each ; 
and they contain eqaal angles ; 

tberefore tbe base BC is equal to the base IIF. (i. 4.) 
Therefore, in equal circles, &c. Q. £. D. 



PROP. XXX— Problem. 

To Insect a given circumference, that is, to divide it into tioo equal 
parts, 

(Iteferences — Prop, l 4, 10, 11 ; m. 1 cor., 28.) 

Let ADB be the given circumference. 
It is required to bisect it. 

D 



CONSTRUCTION 

Join AB, and bisect it in C j (i. 10) 

from the point C draw CD at right angles to AB. (i. 11.) 

Then the ofronmltoence ABB shall be bisected In the 
point B. 

Join AD, DB. 

DEMONSTRATION 

In tho triangles ACD, BCD, 

because AC is equal to CB, and CD common to both, 
the two sides AC, CD, are equal to the two BC, CD, each to each ;' 
and the angle ACD is equal to the angle BCD, because each of them is 
a right angle ; 

there/ore the base AD is equal to the base BD ; (i. 4) 

but equal straight lines cut off equal circumferences, (m. 28) the greater 

equal to the greater, and the less to the less; 
and AD, DB, are each of them less than a semicircle, because DC passes 

through the centre ; (in. 1 cor.) 

therefore the circumference AD is equal to the circumference DB ; 
wherefore the drcnmferenoe ABB ts btseoted In B. 

Q.E. F. 
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PROP. XXXL— Theorem. 

In a circle, the angle in a semicircle is a right angle; but the angle in a 
segment greater than a semicircle is less than a right a^gle; and the angle 
m a segment less than a semicircle is greater than a right angle, 

(References— Prop. i. 5, 17, 82 ; in. 22.) 

Let ABCD be a circle, of which the diameter is BC, and the centre 
£ ; and draw CA, dividing the circle into the segments ABC, ADC, 
and join BA, AD, DC. 

Then t&e aaffle In tbe semioirole BAG sliall be a riffbt 
angle; 

and tbe angle In tbe segment A8Cf wbiob to greater 
tban a semioirole, sball be less tban a rigbt angle i 

and tbe angle in tbe segment ABC* wbiob to less tban 
a semioirole, sbaU be greater tban a rigbt angle. 




CONSTBUOnON 

Join A£, and produce BA to F. 

DEMONSTRATION 

Because BE is equal to £A, (i. def. 15) 

the angle BAB is equal to EBA; (l 5) 
also, because AE is equal to EC, 

the angle EAC is equal to the angle ECA ; 

wherefore the whole angle BAC is equal to the two angles ABC, ACB; 

but FAC, the exterior angle of the triangle ABC, is equal to the two 
angles ABC, ACB ; (i. 32) 

there/ore the angle BAC is equal to the angle FAC ; (ax. 1) 
and each of them is therefore a right angle; (i. def. 10) 

wberefore tbe angle BAC in a semioirole to a rigbt angle. 

And because the two angles ABC, BAC, of Oeiq Vfosv^t^ K&^^ ^^ 
together lets tban two right angles, (i. \7) 
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and that B AC has been prored to be a right angle ; 

therefore ABC is less than a right angle; 

and tberefore the angle In a segment A8C9 greater tban 
a eemlelroie» to lese tban a rlgbt angle* 

And because ABCD-is a qaadrilateral figure in a circle, any two of its 
opposite angles are equal to two right angles ; (in. 22 ) 

therefore the angles ABC, ADC, are equal to two right angles i 

and ABC has been proved to be less than a right angle; 

wberefore the other ABC to greater than a right angle* 

Besides, it is manifest that the circumference of the greater segment 
ABC &lls without the right angle CAB, but the circmnference of the 
less segment ADC falls within the right angle CAP. 

* And this is all that is meant, when in the Greek text, and the 
translations firom it, the angle of the greater segment is said to be 
greater, and the angle of the less segment is said to be less than a 
right angle.' 

Cor. — From this it is manifest that if one angle of a triangle be 
equal to the other two it is a right angle, because the angle adjacent to 
it is equal to the same two ; (l 32} and when the adjacent angles are 
equal* they are right angles, (i. defl 10.) 



PROP. XXXIL— Theorem. 

If a straight line touch a circle, and from the point of contact a straight 
Une be drawn cutting the circle; 

then the angles made by this line wiOi the line touching the circle shall be 
equal to the angles which are in the alternate segments of the circle, 

(References — Prop. i. 11, 13,32; ra. 19, 22, SI.) 

Let the straight line £F touch the circle AJ3CD in B, and from the 
point B let the straight line BD be drawn cutting the circle. 

Then the angles which BD makes with the touching line £F shall be 
equal to the angles in the alternate segments of the circle i 

that to» the angle rSB shall he eqnal to the angle which 

to in the segment BASf 
ana the angle BBS to the angle in the segment BCB. 
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CONSTRUCTION 

From the point B draw BA at right angles to £F ; (i. 11) 

and take any point C in the circumference BD, and join AD, DC, CB. 

DEMON8TBATIOM 

• 

Because the straight line EF touches the circle ABCD in the point B, 
and BA is drawn at right angles to the touching line from the point of 

contact B, 

the centre of the circle ABCD is in B A ; (m. 19} 

therefore the angle ADB in a semicircle^ is a right angle, (m. 31) 
and consequently the other two angles BAD, ABD, are equal to a right 
angles (1.32) 

but ABF is likewise a right angle ; (constr.) 

therefore the angle ABF is equal to the angles BAD, ABD ; (ax. 1) 

take fh>m these equaJs the common angle ABD ; 

tberefore tbe rematnlinr angle BSF Is equal to tlie angle 
BAB, wblob to In Oie alternate segment eC tlie eirole. 

(ax. 3.) 

Add because ABCD is a quadrilateral fig^ure in a cirele, 

the opposite cut^ea BAD, BCD, are equal to two right angles; (m. 
22) 

tmt the angles DBF, DBE, are likewise equal to two right angles ; 
(L 13) 

therefore the angles DBF, DBE, are equal to the angles BAD, BCD ; 

and DBF has been proved equal to BAD ; 

tberefore tbe remaining angle BBB to eqnal to the angle 
BCBf wliieii to in the altemato eegment of the oireie* 

(ax. 3.) 

Wherefore, if a straight line, &c. Q. E. D. 
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THE ELEMENTS OF EUCLID. 



PROP. XXXIII Problem. 

Upon a given straight line to describe a segment of a circle, containing 
an angle equal to a given rectilineal angle, 

(References— Prop. i. 4, 10, 11, 23, 81 ; m. 16 cor., 31, 32.) 

Let AB be the given straight line, and the angle C the given recti- 
lineal angle. 

It is required to desotibe upon the given straight line AB, a segment 
of a circle, containing an angle equal to the angle C. 

Firstf let the angle C be a right angle. 



^_ '. 



P B 



CONSTRUCTION 

Bisect AB in F> (l 10) and from the centre F, at the distance FB, 
describe the semicircle AHB. 

Tben ABB flball be the leffment required. 

DEMONSTRATION 

Because AHB is a semicircle, 
therefore the angle AHB in it is a right angle, and therefore equal to 

C; (m.31) 
wberefore the an^le In the segment ABB to eqnal to the 
grlven anffle C> 

Secondly, let C be not a right angle. 






CONSTRUCTION 

At the point A in the straight line AB, make the angle BAD eqnal to 

the angle C, (i. 23) 
and from the point A draw A£ at right angles to AD ; (l 11) 
bisect AB in F, (i. 10) and from F draw FG at right angles to AB, 

(i. 11) and join GB ; 
from the centre G, at the distance GA, describe the circle AHB. 

Then ABB to the segment required* 
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DEMONSTRATION 

In the triangles AF6» BFG, 

because AF is equal to FB, and F6 common to both, 
the two sides AF, FG, are equal to the two BF, FG, each to eaeb} 
and the angle AFG is equal to the angle BFG ; (i. def. 10) 
Aerefore the base AG is equal to the base GB; (i. 4) 
and the circle AHB shall pass through the point Bi 

and because from the point A, the extremity of the diameter AE, AD 
is drawn at right angles to AE, 

iherrfore AD touches the circle AHB ; (ni. 16, cor.) 
and because AB drawn from the point of. contact A cuts the circle, 

the angle DAB is equal to the angle in die alternate segment AHB; 
(in. 32) 
but the angle DAB is equal to the angle C ; (constr.) 

therelbre Oie angle C to equal to Oie angle In the segment 



Wherefore, upon the given straight line AB, the segment AHB of a 
circle is described which contains an angle equal to the given angle 
C. Q. E. F. 



PROP. XXXIV.— Pboblem. 

To cut off a segment from a given circle which shall contain an angle 
equal to a given rectilineal angle* 

(References — Prop. i. 23 ; m. 17, 32.) 

Let ABC be the given circle, and D the given rectilineal angle. 
It is required to cut off a segment from the circle ABC that shall 
contain an angle equal to the angle D. 



CONSTRUCTION 



Draw the straight line ^F tQnchin^ the circle ABC in the point B; 
(ill. 17) 
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and at the point B, in the straight line BF make the angle FBC equal 
to the angle D. (i. 23.) 

Then tbe seffment BAG sHall oonMfa aa aaffle equal to 
tbe grlveii anffle B. 

DEMOy8TRAl*lON 

Because the straight line £F touches the circle ABO, and BO is drawn 
from the point of contact B, 

therefore the angle FBC is equal to the angle in the alternate segment 
BAG of the circle! (in. 32) 

but the angle FBC is 6qual to the angle B; (constr.) 

tberefbre the angle In tlie sefment BAG is equal to the 
angle B. (ax. 1.) 

Wherefore the segment BAC is cut off from the given circle ABC 
containing an angle equal to the given angle D. Q. E. F. 



PROP. XXXV.— Theorem. 

If two straight lines within a circle cut one another ; 
then the rectangle contained by the segments of one of them is equal to the 
rectangle contained by the segments of the other. 

(References — Prop. i. 12, 47 ; ii. 5; iiL 1, 3.) 

Let the two straight lines AC, BD, within the circle ABCD, cut one 
another in the point E. 

Then the rectangle contained by AB, Bd aball be equal 
to the rectangle contained by BB« BB. 

1 




First, let AC, BD, pass each of them through the centre. 

DEMONSTRATION 

Then because E is the centre, 

therefore AE, EC, BE, ED, are all equal to one another, (i. def. 15) 

and therefore the rectangle Aflf BC, to equal to the reot- 
angrle Bfl^ BB. 
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Secondly^ let one of them BD pass through the centre, and cut the 
other AC, which does not pass through the centre, at right angles in 
the point £. 

D 




CONSTBUCnON 

Then if BD be bisected in F, F is the centre of the circle ABCD. 
Join AF. 

JDEMONSTRATION 

Because BD, whioh passes through the centre, cuts the straight line 
AC, which does not pass through the centre, at right angles in E, 

Hiarefort AE, EC, cart equal to one another, (m. 3) 

and because the straight line BD is cut into two equal parts in the 
point F, and into unequal parts in the point £, 

ihe rectangle BE, ED, together with the square of EF, is equal to the 
square of FB; (n. 5} that is to the square of FA ; 

hut the squares of AE, £F, are equal to the square of FA ; (i. 47} 

therefore the rectangle BE, ED, together with the square ofRF, is equal 
to the squares of XE, EF ; (ax. 1) 

take awaj the common square of EF, 

and the remainders are equal, that is, 

tbe reotanffle BSp BBf is equal to ttie sqaare of AB« tliat 
is to tbe reetanf le AMf BC. 

Thirdly, let BD, which passes through the centre, cut the other 
AC, which does not pass through the centre, in E, but not at right 
angles. 

CONSTRUCTION 

Then, as before, if BD be bisected in F, F is the centre of the circle. 
Join AF, and from F draw F6 perpendicular to AC. (j. 13.) 

DEMONSTRATION 

Then AO is eqaaj to QC ; (m. 3) 

n 9 
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therefore the rectangle A£, EG, together with the equare of EG, is equal 
to the square of KQ ; (n. 5) 

to each of theie equals add the aqnare of OF ; 

therefore the rectangle AE, EC, together with the squares q/'EG, OF, 
is equal to the squares ofAQ, OF ; (az. 2) 

but the squares of £0, OF, are equal to the square of EF ; (i. 47) 
and the squares of AG, OF, are equal to the square of AF ; 

therrfore the rectangle AE, EC, together with the square qf EF, is equal 
to the square of AF; that is^tothe square of FB; 

but the square of FB is equal to the rectangle BE, ED, together with 
the square of EF ; (n. 6) 

thertfore the rectangle AE, EC, together with the square of EF, is equal 
to the rectangle BE, ED, together with the square of EF ; (az. 1) 
take away the common square of EF, 

and tbareltoe tbe remaining rectangle AB* BCf U eqnal to 
tbe remaining rectangle MMt BB. (az. 3.) 

Lastly^ let neither of the straight lines AC, BD, pass through the 
centre. 




CONSTRUCTION 



Take the centre F, (iii. 1) and through E, the intersection of the 
straight lines AC, DB, draw the diameter GEFH. 



DEMONSTRATION 



Because the rectangle AE, EC, is equal, as has been shown, to the 

rectangle GE, EH ; 
and for the same reason, the rectangle BE, ED, is eqtud to the same 

rectangle GE, EH } 
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tlierefore tlia reotanfle AB* BCf U eqnal to tlia reetanffle 

BMf BB. (ax. 1.) 
Wherefore, if two straight lines, &c. Q. £. D. 



PROP. XXXVI.— Thborem. 

If ficm awf point without a circle^ two straight UneM be draum, one of 
which cuts the drcle, and the other touches it ; 

then the rectansfe contained by the whole line which cuts the circle^ and 
tJte part of it without the circle, shall be equal to the square of the line 
which touches it 

(References — Prop. 1. 12, 47 ; n. 6 ; m. 1, 3, 18.) 

Let D be any point without the circle ABC ; and let DC A, DB, 
be two straight lines drawn from it, of which DC A cats the circle, and 
DB touches the same. 

Tlieii tbe reetanyle AB, BC, sliall be eqnal to tbe square 
of BB. 

Either DC A passes through the centre, or it does not 
First, let it pass through the centre £• 




CONSTRUCTION 

From the point £ to B, draw the straight line £B. 

DEMONSTRATION 

Then the angle £BD is a right angle ; (ni. 18) 

and because the straight line AC is bisected in £, and produced to the 

point D, 

the rectangle AD, DC, together with the square of EC, is equal to the 
square of ED; (n. 6) 
bat C£ is equal to EB ; 
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therefore the rectangle AD, DO, together with the gquareo/JSB, is equal 
to the square of ED; 
bat the square of ED is equal to the sqaares of EB, BD, because EBD 
is a right angle ; (l 47) 

there/ore the rectangle AD, DC, together vnth the square of EB^ is equal 
to the squares of EB, BD; (ax. 1) 

take away the common square of EB ; 
tberefore fbe remaining rectangle ABf BC| U eqnal to tbe 
square of tbe taaffent B8. (ax. 3.) 

Secondly, let DOA not pass through the centre of the circle ABC. 




CONSTRUCTION 

Take the centre E, (in. 1) and draw £F perpendicular to AC, (i. 12) 
and join EB, EC, ED. 

DEMONSTBATION 

Because the straight line EF, which passes through th^ centre, cuts the 
straight line AC, which does not pass through the centre, at right 
angles, it shall likewise bisect it ; (m. 3) 

therefore AF is equal to FC ; 

and because the straight line AC is bisected in F, and produced to D, 

the rectangle AD, DC, together toith the square of FC, is equal to the 
square of FD; (ii. 6) 

to each of these equals udd the square of F£ ; 

therefore the rectangle AD, DC, together with the squares of CF, FE, 
is equal to the squares ofDFf FE ; (ax. 2) 

bat the square of ED is equal to the squares of DF, FE, because EFD 

is a right angle ; (i. 47) 
and for the same reason the square of EC is e<^ual to the squares of 

CF, FE; 

therefore the rectangle AD, DC, together idth the square of EC* is 
equal to the square of ED ; Tax. 1) 
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bat CE is equal to EBs 
tJterefore the rectangle AD, DC, together with the epicure ofEB, is equal 
to the square ofED, 

bat the squares of EB, BD, are eqaal to the square of ED, because 
EBD is a right angle ; (i. 47) 

therefore the rectangle AD, DC, together with the square of EB, is 
equal to the squares o/'EB, BD ; 

take away the common square of EB ; 

fberefore tlie remaining reotanffle AB, BC* Ui equal to 
tlie square of B8. (ax. 3.) 

Wherefore, if from any point, &c. Q. E. D. 

Cor. — If from any point without a circle, there be drawn twt) 
straight lines cutting it, as AB, AC, the rectangles contained by the 
whole lines and the parts of them without the circle, are equal to one 
another. 




Thus the rectangle BA, AE, is equal to the rectangle CA, AF, 
for each of them is equal to the square of the straight line AD, which 
touches the circle. 



PROP. XXXVIL— Theorem. 

If from a point without a circle there be drawn two straight lines, 
one of which cuts the circle, and the other meets it; if the rectangle 
contained by the whole line which cuts the circle^ and the part of it without 
the circle be equal to the square of the line which meets it; 

then that line shall tou^h the circle. 

(References — Prop. i. 8 ; in. 1, 16 cor., 17, 18,36.) 

Let any point D be taken without the circle ABC, and fVom it let 
two straight lines, DCA and DB, be drawn, of which DCA cuts the 
circle, and DB meets it» 



U the lectMi^ AD, DC, be cqil to Ae nt c cT BB^ 




<X>HSTBIJCnOH 

Dimw the straig^ line DE, touching the circle ABC in E ; (m. 17) 
find F, the centre of the circle, (m. 1) and j<un FE, FB» FD. 

DEMONSTRATION 

Then FED is a right angle; (m. 18) 

and becaose DE touches the circle ABC, and DC A cots it; 

therectangle AD, DC, is equal to the square of DE; (m. 36) 

but the rectangle AD, DC, is, by hypothesis, equal to the square of 
DB; 
therefore the square of DE is equal to the square of DB ; (ax. I) 

and the straight line DE equal to the straight Une DB ; 
and FE is equal to FB. (i. del 15.) 

Hence in the two triangles DEF, DBF, 

because DE is equal to DB, and £F to FB, 

the two sides DE, EF, are equal to the two DB, BF, each to each; 

and the base FD is common to the two triangles ; 

thertfore the angle DEF is equal to the angle DBF; (l 8) 
but DEF was shown to be a right angle, 

there/bre also DBF is a right angle ; (as. 1) 
and FB, if produced, is a diameter* 
and the ' straight line which is drawn at right angles to a diameter, from 

the extremity of it, touches the circle;' (m. 16 cor.) 

tlierefiyre BB touotaes fbe olrole ABC. 

Wherefore, if from a point, &c. Q. E. D. 
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BOOK IV. 



DEFINITIONS. 




A RECTILINEAL figure 18 Said to be inscribed in another 
rectilineal figure, when all the angular points of the in- 
scribed figure are upon the sides of the figure in which 
it is inscribed, each upon each. 



II. 

In like manner a figure is said to be described about another figure* 
when all the sides of the circumscribed figure pass through the angular 
points of the figure about which it is described, each through each. 




III. 

A rectilineal figure is said to be inscribed in a circle, 
when all the angular points of the inscribed figure are 
upon the circumference of the circle. 

IV. 

A reetilineal figure is said to be described about a ch'cle, 
when each side of the circumscribed figure touches the 
circumference of the circle. 



V. 

In like manner, a circle is said ta be inscribed in a reetilineal figure, 
when the circumference of the circle touches each side of thft ^<^qx%. 

o3 
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VI. 

A circle is said to be described about a rectilineal 
figure, when the circumference of the circle passes 
through all the angular points of the figure about which 
it is described. 

VIL 

A straight line is said to be placed in a circle, when the extremities 
of it are in the circumference of the circle. 




PROP. I.— Problxu. 

In a gioen circle to place a straight line equal to a given straight Une 
which is not greater than the diameter of the circle. 

(References — Prop. i. 3.) 

Let ABC be the given eirde, and D the given straight line not 
greater than the diameter of the circle. 
It is required to place in the circle ABC a straight line equal to D. 




CONSTRUCTION 

Draw BC the diameter of the circle ABC ; 
then, if BC is equal to D, the thing required is done ; 
for in the circle ABC a straight line BC is placed equal to D. 
But, if it is not, BC is greater than D ; (hyp.) 
make C£ equal to D, (i. 3} 

and from the centre C, at the distance C£, describe the circle AEF 
and join C A. 

Then CA Sliall be equal to B. 

DEMONSTRATION 

Because C is the centre of the circle AEF, 
therefore CA is equal to C£ ; (l def. 16) 
but D is equal to CE ; (constr.) * • 
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tberefbre B Is equal to OA« (ax. 1) 

Wherefore, iu the circle ABC, a straight line CA is placed equal to 
the given straight line D, which is not greater than the diameter of 
the circle. Q. E. F. 



PROP. II.— Problem. 

In a given circle to iMcribe a triangle equiangular to a given triangle. 

(References — Prop. i. 23, 33; ni. 17, 32.) 

Let ABC he the given circle, and DEF the given triangle. 
It is required to inscribe in the circle ABC a triangle equiangular to 
the triangle DEF. 





CONSTRUCTION 

Draw the straight line GAH touching the circle in the point A ; (nu 

17) 
and at the point A, in the straight line AH, make the angle HAC 

equal to the angle DEF; (i. 23) v 
and at the point A, in the straight line ^A6, make the angle GAB 

equal to the angle DFE, and join BC. 

Tl&eB ABC sliall be tbe triangle reqnlred. 



DEMONSTRATION 

Because HAG touches the circle ABC, and AC is drawn from the 
point of contact, 

the angle HAC is equal to the angle ABC in tbe alternate segment of 
the circle; (in. 32) 

but HAC is equal to the angle DBF; (eonstr.) 

there/ore also the angle ABC is equal to DEF ; (ax. 1) 

for the same reason, the angle ACB is equal to the angle DFE ; 

therefore the remaining angle BAC is equal to the remaining angle EDF; 
(i. 32, and ax. 1) 

wherefore tlie triangle ABC is equiangular to tbe triangle 



and it is insoribed in tbe circle ABC. Q. £. F. 
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PROP. IIL— Pbobixx. 

About a given circle to deecribe a triangle equiangular to a given iriangk, 

(References— Ph>p. i. 13, 23, 32; m. 1, 17, 18.) 

Let ABC be the given circle, and DEF the given triangle. 
It is required to describe a triangle about the circle ABC equiangular 
to the triangle DEF. 




fl F £ 6 



COH8TRUCTION 

Produce EF both ways to the points G, H; 

find the centre K of the circle ABC, (in. 1) and from it draw any 

straight line KB ; 
at the point K, in the straight line KB, make the angle BEA equal to 

the angle DEG, (i. 23) 
and the angle BKC equal to the angle DFH; 
and through the points A, B, C, draw the straight lines LAM, MBN, 

NCL, touching the circle ABC. (m. 17.) 

Tben &MV sball be ttie triangle required. 

DEMONSTRATION 

Because LM, MN, NL, touch the circle ABC in the points A, B, C, 
to which from the centre are drawn KA, KB, KC, 

the angles at the points A, B, C, are right angles ; (in. 18) 
and because the four angles of the quadrilateral figure AMBK are 

equal to four right angles, for it can be divided into two triangles; 
and that two of them, KAM, KBM, are right angles, 

the other two AKB, AMB, are equal to two right angles ; (ax. 3) 

but the angles DEG, DEF, are likewise equal to two right angles ; 
(I. 13) 

therefore the angles AKB, AMB, are equal to the angles DEG, DEF, 
(ax. 1) 

of which AKB is equal to DEG ; (constr.) 

wherefore the remaining angle AMB, is equal to the remaining angle 
DEF. (ax. 3.) 
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In like manner, it may be demonstrated that the angle LNM is equal to 
DF£; 

and therefore Ae remaining angle MLN is equal to the remaining angle 

EDF ; (I. 32, and ax. 3} 

w9ierefbre tbe triangto UMOr U eq^Uaafiiter to Cho trtaaglo 

Bar I 
and it is deaoriboa about tlia eirOlo ABO. Q. E. F. 



PROP. IV.— Pboblem. 

To inscribe a circle in a given triangle. 

(References •» Prop. i. 9, 12, 26; m. 16.) 

Let the given triangle be ABC. 

It is required to inscribe a circle in ABC. 



COMSTBUCnON 

Bisect the angles ABC, BCA, by the straight lines BD, CD, meeting 

one another in tbe point D, (i. 9; 
from which draw DE, DF, DO, perpendiculars to AB, BC, CA ; (i. 12) 
from the centre D, with the distance DE, describe the circle EFO. 

Tben tbe eirde B70 sball be inaeribed in tbe triangle 
ABC, 

DEM0N8TBATI0N 

Because the angle EBD is equal to the angle FBD, for the angle ABC 

is bisected by BD, 
and that the right angle BED is equal to the right angle BFD ; (as. 

11) 
then, in the triangles EBD, FBD, 
the two angles of the one are equal to two angles of the other, each^ 

to each $ 
and the side BD, which is opposite to one of the equal angles in each, 

is common to both ; 
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therefore their other sides are equal ; (i. 26) 

wherefore D£ is equal to DF ; 

ibr the same reason, DO is equal to DF ; 
therefore D£ is equal to DG ; (ax. 1) ^ 

whirefore die three etraight lines DE, DF, DG, tire equal to om 

another; 
and tikt circle described Jrcm the centre D, at the distance of one of 

them, DE, wiUpass through the extremities of the other two. 

And because the angles at the points E, F, G, are right angles, 
and the straight line which is drawn ft'om the extremity of a diameter 
at right angles to it, touches the circle ; (lii. 16) 

therefore the straight lines AB, BC, CA, do each qf them touch the 
circle / 

smd fberefdre fbe circle BFO in Inscrlbea In tbe trtangle 

Q. E. F. 



PROP, v.— Problem. 

To describe a circle about a given triangle, 

(References — Prop. i. 4, 10, 11 ; in. 31.) 

Let the given triangle be ABC. 

It is required to describe a circle about ABC. 






CONSTRUCTION 

Bisect AB, AC, in the points D, E, (i. 10) 

and firom these points draw D^ EF, at right angles to AB, ACL 

(1. 11.) 
DF, EF, produced meet one another ; 
for, if they do not meet, they are parallel, 

wherefore AB, AC, which are at right angles to them, are parallel ; 
which is absurd ; 
let them meet in F, and join FA \ 
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also if the point F be not in BC, join BP, CF j 
and from the centre F, at the distance of FA, describe the circle 
ABC. 



Tben fbe olrole ABC siiaU be described about tbe triangle 



DEMONSTRATION 

Because AD is equal to DB, and DF common, and at right angles to 
AB, 

therefore the base AF ie equal to the base FB. (l. 4.) 

In like manneri it may be shown that CF is equal to FA ; 
therefore BF is equal to FC ; (ax. 1) 

wlierefore FA, FB, FC, are equal to one another , 
and the circle described from the centre F, at the distance of one of 
them, FA, wiUpass through the extremities of the other two, 

Yberefore fbe oirole ABC to described about tbe triangle 
ABC. Q. £. F. 

Cor. And it is manifest that, when the centre of the circle falls within 
the triangle, each of its angles is less than a right angle, each of them 
being in a segment greater than a semicircle ; (in. 31) 

but when the centre is in one of the sides of the triangle, the angle 
opposite to this side is a right angle, being in a semicircle ; 

and if the centre fall without the triangle, the angle opposite to the 
side beyond which it is, is greater than a right angle, being in a segment 
less than a semicircle. 

Wherefore, conyersely, if the given triangle be acute-angled, the 
centre of tlie circle falls within it ; 

if it be a right-angled triangle, the centre is in the tide opposite to the 
right angle ; 

and, if it be an obtuse-angled triangle, the centre falls without the 
triangle, beyond the side opposite to the obtuse angle. 



PROP. VL — Problem. 

To inscribe a square in a given circle, 

(References •» Prop. i. 4, 11 ; iii. i. 81.) 

Let ABCD be the given circle. 

It is required to inscribe a square in ABCD. 
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CONSTRUCTION 

Draw the diameters AC, BD, at right angles to one another ; (m. 1, 

and 1. 11} 
and join AB, BC, CD, DA. 

Tben tlia ttgwt^ ABCB aball be Iiiserl1>e4 in tbe eirele 
ABCB. 

* 

DEMONSTRATION 

Because BE is eqnal to ED, for E is the centre, 

and that £ A is common, and at right angles to BD ; * 

the base BA ia equal to the bate AD ; (l 4) 

and for the same reason, BC, CD, are each of them equal to BA or 
AD; 

therefore the quadrilateral figure ABCD is equilateral 

It is also rectangolar ; 

for the straight line BD, being the diameter of the circle ABCD, 
BAD is a semicircle ; 

wherefore the angle BAD is a right angle; (in, 81) 

for the same reason, each of the angles ABC, BCD, CD A, is a right 
angle; 

therefore Ae quadrilateral figure ABCD is rectangular, 
and it has been shown to be eqoilateral ; 

therefore the quadrilateral figure ABCD is a square ; (i. def. 30) 
and it tonches the circnmferences of the circle at each of its angles. 

Therefore tlie square ABCB is iaaoribed in fbe clreie 

Q.E. F. 



PROP. VII.— Problem. 
To describe a square about a given circk, 
(References— Prop. i. 28, 34; in. 17, 18.) 
f^et ABCD be the given circle. 
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It is required to describe a square aboat it. 



CONSTRUCTION 

Draw two diameters, AC, BD, of the circle ABCD at right angles 

to one another ; 
and through the pomts A, B, C, D, draw FO, GH, HK, KF, teaching 

the circle; (in. 17} 

Then tbe flgnre OBXF, aliall be deserilMa about the 
eirele ABCB. 

DEMONSTRATION 

Because FG touches the circle ABCD, and EA is drawn from the 
centre £ to the point of contact A, 

Ae angles at A are right angles ; (m. 18) 
for the same reason, 

the angles at the points B, C, D, are right angles ; 
and because the angle ABB is a right angle, as likewise is EBG, 

therefore GH is parallel to AC ; (l 28) 
for the same reason, 

AC is parallel to VKi 

and in like manner it may be demonstrated that GF, HK, are each of 
them parallel to BED ; 
therefore the figures GK, GC, AK, FB, BK, are parallelograms ; 

and therefore GF is equal to HK, (uuf GH to FK ; (i. 84) 

«nd because AC is equal to BD, and that AC is equal to each of the 
twoGH, FK; 

and BD to each of the two GF, HK ; 
therefore GH, FK, are each of them equal to GF, or HK ; 

wherefore the quadrilateral Jigure GHKF is equilateral. 

It is also rectangular; 

for GBEA being a parallelogram, and AEB a right angle, 

therefore AGB is likewise a righi angle f (i. 34) 

in the same manner, it may be shown that the angles at H, K, F, are 
right angles ; 
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tlierefore the quadrilateral figure GHKF is rectangular} 
and it was demonstrated to be equilateral ; 

there/ore GHKF is a square ; 
and all its sides touch the circumference of the circle ; 

wfeterefore tbe squaro OBXl* is desorllied about tbe 
olrole ABCD. Q- £• F* 



PROP. VIIL— Problem. 

To inscribe a circle in a given square. 

(References— Prop. i. 10, 29, 31, 34 ; in. 16, cor.) 

Let ABCD be the given square. 

It is required to inscribe a circle in ABCD. 



CONSTRUCTION 

Bisect each of the sides AB, AD, in the pomts F, E ; (i. 10) 
and through E draw EH parallel to AB or DC ; (i. 31) 
and through F draw FK parallel to AD or BC, cutting EH in G ; 
from the centre G, at the distance GE, describe the circle EFHK. 

Tben tbe circle SFHX sball be iiueribeii in tbe square 



DEMONSTRATION 

Because each of the figures AK, KB, AH, HD, AG, GC, BG, GD, is 
a parallelogram (constr.) 

their opposite sides are equal; (i. 34) 

and because AD is equal to AB, (i. def. 30) and that AE is the half 
of AD, and AF the half of AB, 

therefore AE is equal to AF ; (ax. 7) 

and the sides opposite to these are eqoal, 

where/ore FG is equal to G£ s 
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in the same manner it may be demonstrated that GH, 6K, are each 
of them equal to F6 or GE ; 

therefore the four straight lines GE, GF, GH, GK, are equal to one 
another; 

and the circle described from the centre Q, at the distance of one of 
them, GE, wHJ pass through the extremities of the other three* 

And because the angles at the points E, F, H, K, are right angles ; 
(1.29) 

and that the straight line which is drawn fh>m the extremity of a 
diameter, at right angles to it, touches the circle; (ni. 16, Cor.) 
therefore each of the straight lines AB, BC, CD, DA, touches the circle 
EFHK, 

wberefinre tbe olrole SFBX Is iiiMsrlbed In tbe s^iaare 

Q. E- F. 



PROP. IX.— Problem. 

To describe a circle about a given square* 

(References — Prog. i. 6, 8.) 

Let ABCD be the given square. 

It is required to describe a circle about ABCD. 




CONSTRUCTION 

Join AC, BD, catting one another in E ; 

then, from the centre E, at the distance of EA, describe the circle 

ABCD. 

Tben tbe circle ABCS sliall be desertbed abmit tbe s^iaare 



DEMONSTRATION 

Because, in the two triangles, DAC, BAC, DA is equal to AB (i. del 

SO), and AC common, 
the two sides DA, AC, are equal to the two BA, AC, each to each ; 
and the base DC is equal to the base BC ; 

therefore the angle DAC is equal to the ongle BkC \ ^i. %'^ 
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and the angle DAB m bisected by the straight line AC. 
In the same manner it may be demonstrated that the angles ABC, BCD, 
CD A, are severally bisected by the straight lines BD, AC. 

Hence, because the angle DAB is equal to the angle ABC, (i. defl SO) 
and that the angle EAB is the half of DAB, and EBA the half of 

ABC; 

the angle EAB is equal to the angle EBA ; (ax. 7) 

therefore the side EA is equal to the side EB. (i. 6.) 
In the same manner it may be demonstrated that the straight lines EC, 
ED, are each of them equal to E A or EB ; 
therefore the four straight lines EA, EB, EC, ED, are equal to one 

another ; 
and the circle described from the centre E, of (^ distance of one of 
them, EA, wiUpass the extremities of the other three; 

wberefbre tiM olrole ABCS U desoribed about tAie sqvare 

Q. E. F. 



PROP. X.— Pbobleu. 



To describe an isoscdes triangle, having each of the angles at the base 
double ofAe third angle, 

(RefeKncet — Prop. I. 5, 6, 32 ; n. 11 ; m. S2, 37 ; iv. 1, 5.) 

CONSTRUCTION 

Take any straight line AB, and divide it in the point C, so that the 

rectangle AB, BC, may be equal to the square of CA ; (n. 11) 
and from the centre A, at the distance AB, describe the circle BDE, 
in which place the straight line BD equal to AC, which is not greater 
than the diameter of the circle BDE ; (iv. 1 ) and join DA. 

Tben tAie trtanfle JkMD sball be suob as Is reqniredv 
tbat ISf eaob of tAie angles AXD, dOJOB sball bo doable 
•f tbm angle BAD* 
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Join DC, and abont the triangle ADC describe th« eirde ACD. 
(IV. 6.) 

DBHOM8TBATION ' 

Because the rectangle AB, BC, is equal to the square of AC, and that 
AC is equal to BD, (constr.) 

the rectangle AB, BC, is equal to the square ofSiD ; (ax. 1} 

and because from the point B without the circle ACD, two straight 

lines BCA, BD, are drawn to the circumferences, one of which 

cuts, and the other meets the circle, 
and that the rectangle AB, BC, contained by the whole of the cutting 

line, and the part of it without the circle, is equal to the square of 

BD, which meets it ; 

the straight line BD touches the circle ACD ; (m. 37) 

and because BD touches the circle, and DC is drawn firom the point 
of contact D, 

the angle BDC is equal to the angle DAC in the altemcUe segment of 
the circle; (ill. 32) 

to each of these add the angle CD A ; 

therefore the whole angle BDA is equal to the two angles CD A, DAC ^ 
(ax. 2) 

but the exterior angle BCD is equal to the angles CD A, DAC; 
(1. 32) 

therefore also BDA is equal to BCD ; (ax. 1) 

but BDA is equal to the angle CBD, (i. 5) because the side AD is 
equal to the side AB ; 
therefore CBD, or DBA, is equal to BCD ; (ax. 1) 

and consequent^ the three angles BDA, DBA, BCD, are equal to one 
another. 

Again, because the angle DBC is equal to the angle BCD, 
thfsideDB is equal to the side DC ; (i. 6) 

but BD was made equal to CA ; 

therefore also CA is equal to CD ; (ax. 1) 
and the angle CDA is equal to the angle DAC ; (i. 5) 
therefore the angles CDA, DAC, together are double of dte axgU 
DAC; 

but BCD is equal to the angles CDA, DAC ; (l 32) 
there/ore also BCD is double of DAC ; 

and BCD was proved to be equal to eacli of tkie aii%\e& 'ft'bK^TS^k^ 



14S THE pfffiigii or giici.ni. 



Wherefore aa bofoelef triaagie ABD hif been dctcri b ed, hmTiog 
each of aoglef ai the baie dooble of the third angle. Q. E. F. 



PROP. XL— Pboblex. 

To mseribe <m eqtdlateral amd equiangwiar pentagtm im a gwm eMe. 

(Referencef — Prop, l 9 ; m. 26, 27, 29 ; it. 2, 10.) 

Let ABODE be the given circle. 

It if required to inscribe an equilateral and equiangular pentagon in 
the circle ABCDB. 



A 

/\ 

/ \ 

I \ 

H G 




CONSTBUCnON 

Detoribe an itoicelef triangle FGH, haying each of t^e angles at G, H, 

double of the angle at F ; (iv. 10) 
and in the circle ABODE inscribe the triangle AOD, equiangular to 

the triangle FOH, (iv. 2) 
so that the angle OAD may be equal to the angle at F, and each of 

the angles AOD, ODA, equal to the angle at G or H ; 

wher^ore each ofthi angles AOD, ODA, U double of the angle CAD ; 

bisect the angles AOD, ODA, by the straight lines OE, DB; (i. 9) 
and Join AB, BO, DE, EA. 

Tben ABOlMi alimll be tbe eqailateral and equlaagiilar 
pentafoii required. * 

DEMONSTRATION 

Because each of the angles AOD, ODA, is double of OAD, and that 
they are bisected by the straight lines OE, DB, 

ihe five angles DAO, AOE, EOD, ODB, BDA, are equal to one 
another I 

but equal angles stand upon equal circumferences •, (in. 26) 
therefore the fire circunferences AB, BO, CD, DE, EA, ttre equal ta 
one another i 
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and eqaal circumferences are subtended by equal straight lines ; 
(m. 29) 

therefore the five straight lines AB, BC, CD, D£, £A, are equal to 
one another ; 

wberefore tlie pentagon ABCBS Is equUateraL 

It is also equiangular ; 

for, because the circumference AB is equal to the circumference 
DE, if to each be added BCD, 

the whole ABCD is equal to the whole EDCB ; (az. 2) 

but the angle A£D stands on the circumference ABCD, and the angle 
BA£ on the circumference EDCB; 

therefore the angle BAE is equal to Ae angle AED ; (m. 27) 

for the same reason, 
edch of the angles ABC, BCD, CDE, is equal to the angle BAE or AED ; 

tliereflbre tlie peatagron A8CSB Is eqalanffiilar. 

And it has been shown that it is equilateral ; 
wherefore, in the given circle, an equilateral and equiangular 
pentagon has been inscribed. Q. £. F. 



PROP. XIL— Problem. 

To describe an equilateral and equiangular pentagon about a given 
circle, 

(References — Prop. i. 4, 8, 26, 47; m. 17, 18, 27 ; iv. 11.) 

Let ABCDE be the given circle. 

It is required to describe an equilateral and eqmangular pentagon 
about the circle ABCDE. 

CONSTRUCTION 

Let the angular poxUts of a pentagon, inscribed in the circle, by the 
last proposition, be in the points A, B, C, D, E, so that the circum- 
ferences AB, BC, CD, DE, EA, are equal ; (iv. U) 

and through the pomts A, B, C, D. E, draw GH, HK, KL, LM, MG, 
touching the circle, (iii. 17.) 

Tben tbe flgure OBXZiM sball be tbe equilateral and 
eqaiangalar peiiCairon required. 

Take the c^tre F, and join FB, FK, FC, FL, FD. 

DEMONSTRATION 

Because the straight line KL touches the circle ABCDE in the point 
C, to which FC is drawn from the centre P, 
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FC 18 perpendicular to KL ; (m. 18) 
there/ore each of the angles atCis a right angle i 



for the same reason, 

the angles at the points B, D, are right angles ; 
and because FCftL is a right angle, . 

the square of FK is equal to the squares of FC, CK ; (i. 47) 

for the same reason, the square of FK is equal to the squares of FB, 
BK; 

there/ore the squares of FC, CE, are equal to the squares ofYB, BK ; 
(ax. 1) 

of which the square of FO is equal to the square of FB ; 
therefore the remaining square of CK is equal to the remaining 
square of BK ; (ax. 3) 

and the straight line CK equal to BK. 

Hence in the two triangles BFK, CFK, 
because FB is equal to FC, and FK common to both, 
the two BF, FK, are equal to the two CF, FK, each to each ; 
and the base BK was proved equal to the base KC ; 
therefore the angle BFK is equal to the angle KFC, (i. 8) and the 
angle BKF to FKC ; (i. 4) 

wherefore the angle BFC is double of the angle KFC, and BKC double 
qf FKC i 
for the same reason, 

the angle CFD is double of the angle CFL, and CLD double qf CLF; 

and because the chrcumference BC is equal to the circumference 

CD, 

the angle BFC is equal to the angle CFD ; (ni.S7) 
and BFC is double of the angle KFC, and CFD doable of CFL ; 

thertfore the angle KFC is equal to the angle CFL, (ax. 7) 

and the right angle FCK is equal to the right angle FCL^ 
Hence in the two triangles FKC, FLC, 
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there are two angles of one equal to two angles of the other, each to 

each, 
and the side FC, which is adjacent to the equal angles in each, is 

common to both ; 

therefore the other sides shall be equal to the other sides, and the 
third angle to the third angle ; (l 26} 

therefore the straight line KG if equal to CL, and the angk FSC to tlie 
angle PLC ; • 

and becaose KG is equal to GL, 

there/ore KL ia double of KC ; 
in the same manner it may be shown that 

BK is double qfBK. 

And because BK is equal to KG, as was demonstrated, and that KL is 
double of KG, and HK double of BK, 

therefore HK is eqwd to KL ; (ax. 6) 
in like manner, it may be shown 

that 6H, GM, ML, are each of them equal to HK or KL ; 

therefore tlie pentagon OBXXiM U eqnllateraL 

It is also equiangular ; 

for, since the angle FKG is equal to the angle FLG, 
and the angle HKL double of the angle FKG, and KLM. double of 
FLG, as was before demonstrated, 

the angle HKL if equal to KLM ; (ax. 6) 

and in like manner, it may be shown that each of the angles KHG, 
HGBi, GML, is equal to the angle HKL or KLM ; 

therefore the five angles GHK, HKL, KLM, LMG, MGH, are equal 
to one another, 

therefore the pentagon OBXXiM Is eqiilaiiynlar» 

and it is equilateral, as was demonstrated ; 

and it is described about the circle ABGDE. Q. E. F. 



PROP. XIIL— Pboblbii. 
To inscribe a circle in a given eq^Lilateral and equiangvJtar pentagon, 
(References— Prop. i. 4, 9, 12, 26 j ra. 16.) 

Let ABGDE be the given equilateral and equiaxkg^siXBX ^Ti^A^xu 
// 18 required to inscnbe a circle in the pentagqik Kl^CTyBk* 

u 
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CONSTRUCTION 

Bisect the angles BCD, CDE, by the straigbt lines OF, DF ; (i. 9) 
and from the point F, in which they mee^ draw the stnught lines 

FB, FA, FE ; 
draw also the lines FG, FH, FK, FL, ^d FM, peipendicolar to the 

sides of the pentagon ; (i. 12) 

and from the centre F, at the distance FG, describe the circle 
GHKLM. 

Tben OSUL&M sball be Inscribed as re^vlred In ttte 
pentagron iLSUDlKL 

Dl^MONSl^ftATION 

Because in the two triangles BCF, DCF, 

BC is equal to CD (hyp.), and CF common^ 

the two sides BC, CF, are equal to the two DC, CF, each to each ; 

and the angle BCF is equal to the aaigle DCF ; (constr.) 

therefore the base BF is equal to the base FD, (jl 4) 

and the other angles to the other angles, to which the equal sides are 
opposite ; 

there/ore the angle CBF is equal to the angle CDF ; 

and because the angle CDE is double of CDF, 
aDd that CDE is equal to CBA, and CDF to CBF ; 

CBA is also double of CBF ; 

therefore the angle ABF is equal to the angle CBF 

wherefore the angle ABC is bisected by the straight line BF. 
In the same manner it may be demonstrated that 
the angles BAE, AED, are bisected by the straight lines AF, FE. 

And because the angle HCF is equal to KCF, and the right angle 

FHC equal to the right angle FKC ; 
then in the two triangles FHC, FKC, 
there are two angles of the one equal to two angles of the other, each 

to each ; 
and the side FC, which is opposite to one of the equal angles in each, 
is common to hoth ; 
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therefore the other sides shall be equal, each to each ; (i. 26) 

wherefore the perpendicular FH is equal to the perpendicular FK. 

In the same manner it may be demonstrated that FL, FM, FG, are 
each of them equal to FH or FK ; 

therefore t^e five straight linos FG, FH, FK, FL, FM, are equal to 
one another; 

where/ore the circle described from the centre F, at the distance of one 
of them, FG, wUlpass through the extremities of the other four. 

And because the angles at the points G, H, K, L, M, are right angles, 
and that a straight line drawn from the extremity of the diameter of a 
circle at right angles to it, touches the circle ; (m. 16) 

therefore each of the straight lines AB, BC, CD, DE, EA touches the 

circle; 
wberefdre fhe olrole OBXZiM Is insoilbed In tbe pen* 

tagron ABCSB. Q. E. F. 



PROP. XIV.— Problem. 

To describe a circle about a given equilateral and equiangular pentagon. 

(References — Prop. i. 6, 9.) 

Let ABODE be the g^ven equilateral and equiangular pentagon. 
It is required to describe a circle about it. 




CONSTRUCTION 

Bisect the angles BCD, ODE, by the straight lines FC, FD, (i. 9) 
and from the point F, in -which they meet, draw the straight lines FB, 

FA, FE, to the points B, A, E ; 
from the centre F, at the distance FA, FB, FC, FD, or FE, describe 

the circle ABODE. 

Tben ABCBS sball b9 described as reqnired aboi^^ \3^<^ 
fivon pemta^iK 

h2 
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DEXOirfTBATIOV 

It may be demonttrated, as in the same manner as in the preceding 
proposition, that 

the angles CBA, BAE, AED, are bisected by the straight Imes FB, 
FA, FE ; 

and because the angle BCD is equal to the angle CDE, 

and that FCD is the half of the angle BCD, and CDF the half of 

CDE; 

the angle FCD is equal to FDC ; (ax. 7) 

wherefore the side CF if equal to the side FD. (l 6.) 

In like manner it may be demonstrated that FB, FA, FE, are each of 
them equal to FC or FD *, 

therefore the five straight lines FA, FB, FC, FD, FE, are eqnal to 

one another ; 
and the circle described from the centre F, at the distance of one qf 

them, shall pass through the extremities of the other four, 

wlierefore the oirda ABOBB la described abent tbe equi- 
lateral and eqnlaafnlar pentagon ABCSa. Q. E. F. 



PROP. XV.— Pboblejl 

To inscribe an equilateral and equiangular hexagon in a given circle, 

(References — Prop, l 5 cor., IS, 15, 32 ; zil 1, 26, 27, 29.) 

Let ABCDEF be the given circle. 

It is required to inscribe an equilateral and equiangular hexagon 



m It. 




coNSTBTrcnoir 

Find the centre O of the circle ABCDEF, (m. 1) and draw the 
diameter AGD { 
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and from D as a centre, at the distance DO, describe the circle 

EGCH; 
join EG, CG, and produce them to the points B, F ; and join AB, BC, 

CD, DE, EF, FA. 

mien ABCBBT aliall bo an eqiillateral and equiangular 
liezaron insorlboa as required In the siven circle. 

DEMOMSTBATION 

Because G is the centre of the circle ABCDEF, 

dierrfore GE is equal to GD ; 
and because D is the centre of the circle EGCH, 

dierefore DE is equal to DG ; 

wherefore GE is eqoal to ED, (az. 1) 

and the triangle EGD ia equilateral; 

and therefore its three angles EGD, GDE, DEG, are equal to one 
another ; (l 5 cor.) 
but the three angles of a triangle are equal to two right angles ; 
(1.32) 

Aerrfore the angle EGD if the third part of two right angles; 

in the same manner it may be demonstrated that 

the angle DGC tf alto the third part of two right angles; 

and because the straight line GC makes with EB the adjacent anglei^ 
EGC, CGB, equal to two right angles, (i. 13) 
the remaining angle CGB is the third part of two right angles ; 

therefore the angles EGD, DGC, CGB, are equal to one another ; 

and to these are equal the yertical opposite angles BGA, AGF, FGE ; 
(I. 15) 

Oterefore the six angles EGD, DGC, CGB, BGA, AGF, FGE, are 
equal to one another ; 
but equal angles stand upon equal circumferences ; (m. 26) 

Aerefore the six ciremtferences AB, BC, CD, DE, EF, FA, are equal 
to one another ; 

and equal circumferences are subtended by equal straight lines; 
(in. 29) 

therefore the six straight lines are equal to one another, 

and the hexagon ABCBBV ia eqoilateraL 

It is also equiangular; 

for, since the circumference AF is equal to ED, 

to each of these add the circumference ABCD ; 

therefore the whole eireumferenee FABCD is equal to the whole 
EDCB A ; 
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aod the MDfjie FED ftaods apoa die cireamftiaiee F ABCD^ aad tibe 
angle AFE opoa EDCBA; 

therefore the aagU AFE ueqmaHoYfSbi (m. S7) 

in the fame manner it maj be demoostzmted that 

the ddur emglee ofAe hexagm ABCDEF art taek of^iem eqmai «i 

the angk AFE or FED ; 

tliara to re the liezacmi AB€a>SF Is miilanflart 

and it is e<{ai]ateral, as was shown ; 

and it is inscribed in the given circle ABCDEF. Q. R F. 

Cor. From this it is manifest that the side of the hexagon is eqnal 
to the straight line firom the centre, that is, to the wemidiameter of the 
circle. 

And if through the points A, B, C, D, E, F, there be drawn straight 
lines touching the circle, an eqailateral and eqniangfolar hexagon shall 
be described about it, which may be demonstrated from what has been 
said of the pentagon ; and likewise a circle may be inscribed in a 
given eqailateral and eqaiangolar hexagon, and circumscribed about it, 
by a method like that used for the pentagon. 



PROP. XVL— Problem. 

To inscribe an equilateral and equiangular quindeeagon m a given cirde, 

(References— Prop. m. 27, 30; nr. 1, 2, 11.) 

Let ABCD be the given circle. 

It is required to inscribe an eqailateral and equiangular quindeoagon 

in it. 



CONSTRUCTION 

Let AC be the side of an equilateral triangle inscribed in the circle 

ABCD, (IV. 2) 
and AB the side of an equilateral and equiangular pentagon inscribed 
in the same $ (ir, 11) 
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bisect the cireomference BC in £, (m. 30) and join BE, EC ; 
draw straight lines equal to these, and place them contiguoas to each 
other round the circle, (iv. 1.) 

Hien ABCBV sball be an equilateral and eqnlangnlar 
qulndecaffon described as required In tbe circle ASCII. 

DEMONSTRATION 

Because of such equal part^ as the whole circumference ABCDF 

contuns fifteen, the circumference ABC, which is the third part of 

the whole, contains five ; 
and the circumference AB, which is the fifth part of the whole, contains 

three; 

Aerefore their difference BC contains two such parts, 

but BC was bisected in E ; (constr.) tl^erefore BE, EC are each of 
them the fifteenth jpart of the whole circumference ABCD ; 

wberefore tbe flgmre A8SCBF Is. eqnllateraL 

And because each of its angles stands upon thirteen-fifteenths of the 
circnmferasce, 
tbereflore fbe flgmre jBLaSCBV Is eqQlangmlar- (ni. 27.) 

Wherefore an equOateral and equiangular quindecagon has been 
inscribed in the circle ABC. Q. E. F. 

And in the same manner as was done in the pentagon, if through the 
points of division made hy inscribing the quindecagon, straight lines 
be drawn toneliing the circle, an equilateral and equiangular quin- 
decagon shall be described ahout it ; and likewise, as in the pentagon, 
a circle may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it. 



BOOK V. 



DEFINITIONS. 



A LEBB magnitnde is said to be a part of a greater magnitnde» when 
the less measures the greater; that is, when the less is contained a 
certain number of times exactly in the greater. 

n. 

A greater magnitude is said to be a multiple of a less, when the 
greater is measured by the less; that is, when the greater contains 
the less a certain number of times exactly. 

m. 

Ratio is a mutual relation of two magnitudes of the same kind to 
one another, in respect of quantity. 

IV. 

Magnitudes are said to have a ratio to one another, when the less 
can be multiplied so as to exceed the other. 

V. 

The first of four magnitudes is said to hare the same ratio to the 
second, which the third has to the fourth, when any equimultiples what- 
soeyer of the first and third being taken, and any equimultiples what- 
soever of the second and fourth ; if the multiple of the first be less than 
that of the second, the multiple of the third is also less than that of the 
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I 

fourth ; or, if the mnltiple of the first be equal to that of the second, 
the mnltiple of the third is also equal to that of the fourth ; or if the 
multiple of the first be greater than that of the second, the multiple 
of the third is also greater than that of the fourth. 

VI. 

Magnitudes which haye the same ratio are called proportionals. 

When four magnitudes are proportionals, It is usually expressed by saying, the first 
is to the second, as the third to the fourth. 

vn. 

When of the equimultiples of four magnitudes (taken as in the fifth 
definition), the multiple of the first is greater than that of the second, 
but the multiple of the third is not greater than the multiple of the 
fourth ; then, the first is said to haye to the second a greater ratio than 
the third magnitude has to the fourth ; and, on the contrary, the third 
is said to haye to the fourth a less ratio than the first has to the second. 

vni 

Analogy, or proportion, is the similitude of ratios. 

IX. 
Proportion consists in three terms at least. 

X. 

When three magmtudes are proportionals, the first is said to haye to 
the third the duplicate ratio of that which it has to the second. 

XL 

When four magnitudes are continual proportionals, the first is said to 
haye to the fourth the triplicate ratio of that which it has to the second. 
and so on, quadruplicate, &c., increasing the denomination still by 
unity, in any number of proportionals. 

Definition A, to wit, of compound ratio. 
When there are any number of magnitudes of the same kind, the 
first is said lo haye to the last of them the ratio complbnnded of the 
ratio which the first has to the second, and of the ratio which the 
second has to the third, and of the ratio which the third has to the. 
fourth, and so on unto the last magnitude. 

H 3 
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For example^ if A, B, C, D be four magnitades of the same kind, 
the first A is said to have to the last D, the ratio oompoanded of die 
ratio of A to By and of the ratio of B to C» and of the ratio of C to 
D ; or, the ratio of A to D is said to be compoiinded of the ratios of 
A to B, B to C and C to D. 

And if A has to B the same ratio which E has to F ; and B to C 
the same ratio that G has to H ; and C to D the same ratio that E has 
to L ; then, by this definition, A is said to have to D the ratio com- 
pounded of ratios which are the same with the ratios of £ to F, G to 
H, and K to L. And the same thing is to be nnderstood when it is 
moic brieflj expressed hj saying, A has to D the ratio compounded of 
the ratios of E to F, G to H, and K to L. 

In like manner, the same things being supposed, if M has to N the 
same ratio which A has to D ; then, for shortness' sake, M is said to 
have to N the ratio compounded of the ratios of .E to F, G to H, and 
KtoL. 

xn. 

In proportionals, the antecedent terms are called homologous to one 
another, as also the consequents to one another. 

Qeomoten make nse of tbs following tedmioal words, to signify oertain ways. of 
changing either the order or magnitude of proportionals, so that they oontinoe still 
to be proportionals. 

xm. 

PermutanaOf or cdtemando, by permutation or alternately. This 
word is used when there are four proportionals, and it is inferred that 
the first has the same ratio to the third which the second has to the 
fourth ; or that the first is to the third as the second to the fourth : as 
is shown in Prop. xvi. of this Fifth Book. 

XIV. 

InvertendOt by inyersion ; when there are four proportionals, and it 
is inferred that the second is to the first as the fourth to the third. 
— Prop. B. Book v. 

XV. 

Componendo, by composition ; when there are four proportionals, 
and it is inferred that the first together with the second, is to the 
second, as the third together with the fourth, is to the fourth.—Prop. 
xvm. Book V. 
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XVI. 

Dividendo, by diyision ; -^hen there are four proportionals, and it 
is inferred, that the excess of the first above the second, is to the 
second, as the excess of the third above the fourth, is to the fourth. 
—Prop. xvn. Book v. 

xvn. 

ConvertendOf by conversion ; when there are four proportionals, 
and it is inferred, that the first is to its excess above the second, as 
the third to its excess above the fourth. — ^Prop. R Book v. 

XVIIL 

Ex €equali (sc. distantia), or ex <Bquo^ from equality of distance ; 
when there is any number of magnitudes more than two, and as many 
ot-hers, such that they are proportionals when taken two and two of each 
rfuik, and it is inferred, that the first is to the last of the first rank of 
magnitudes, as the first is to the last of the others. Of this there are 
the two following kinds, which arise from the different order in which 
the magnitudes are taken, two and two. 

XIX. 

Ex eequali, from equality. This term is used simply by itself, when 
the first magnitude is to the second of the first rank, as the first to the 
second of the other rank ; and as the second is to the third of the 
first rank, so is the second to the third of the other ; and so on in 
order ; and the inference is as mentioned in the preceding defini- 
tion ; whence this is called ordinate proportion. It is demonstrated in 
Prop. XXII. Book v. 

XX. 

Ex aquidi in proportione perturbata seu inordinatd, from equality in 
perturbate or disorderly proportion.* This term is used when the first 
magnitude is to the second of the first rank, as the last but one is to the 
last of the second rank ; and as the second is to the third of the first 
rank, so is the last but two to the last but one of the second rank ; and 
as the third is to the fourth of the first rank, so is the third from the 
last to the last but two of the second rank ; and so on in a cross order ; 
and the inference is as in the 18th Definition. — Prop. xjun. Book v. 

* Prop. 4. Lib. 11 Arcliimedis de sphsrsL «t c^^isv^xo. 



156 THB SLBMERTS €» XUCUD. 



AXIOMS. 



Eqaimnltiples of the same, or of equal magnitiides, are eqiial to 
one another. 

n. 

Those magnitndes, of which the same or eqoal magnitades aro 
eqnimnltiples, are equal to one another. 

m. 

A multiple of a greater magnitude is greater than the same multiple 
of a less. 

IV. 

That magnitude, of which a multiple is greater than the same mul- 
tiple of another, is greater than that other magnitude. 



PROP. I.— Thbobbm. 

Ifcmy number of magnitudes be eqtUmvUiples of as manif others, each qf 
each; 

then what multyi>le soever any one of them is of its part, the same 
multiple shall all the first magnitudes be of all the others. 

Let any number of magnitudes AB, CD be equimultiples of as maaij 
others £, F, each of each. 

Tben wbatsoever multiple A8 la of B* tbe same multiple 
•ball A8 and CD toflretber be of B and r toretber. 

A O B G H D 



CONSTBUCTION 

Because AB is the same multiple of E that CD is of F, as many mag- 
nitudes as there are in AB equal to E, so manj are there in CD 
equal to F ; 

divide AB into magnitudes equal to E, viz. AG, OB ; and CD into 
CH, HD, equal each of them to F. 
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DEMONSTRATION 

Becanse the number of the magnitades CH and HD is eqnal to the 

number of the others AG and GB ; 
and AG is equal to E, and CH to F ; 

therefore AG and CH together are equal to E amd F together } 

for the same reason, because GB is equal to E, and HD to F ; 
therefore GB and HD together are equal to E and F together ; 

wherefore aa many magnitudes as there are in AB equtU toE,so manif 
are there in AB, CD together, equal to E and F together; 

tbereforOf wtiatBoever multiple A8 la of B* tbe same 
mnltliile la A8 and CB tofl^etber, of B and V toflretber. 

Therefore, if anj magnitudes, how many soever, be equimultiples of as 
many, each of each ; whatsoever multiple any one of them is of its 
part, the same multiple shall all the first magnitudes be of all the 
other : For the same demonstration holds in any number of mag- 
nitudes, which was here applied to twa Q. K D. 



PROP, n.— Thbobbm. 

ff the first magnitude be the same multiple of the second that the third 
is of the fourth, and the fifth the same multiple of the second that the 
sixth is of the fourth ; 

then shall the first together with the fifth be the same multiple of the 
second, that the third together with the sixth is of the fourth. 

Let AB the first be the same multiple of C the second, that DE the 
third is of F the fourth ; and BG the fifth the same multiple of C the 
second, that EH the sixth is of F the fourth. 

Tbeii sball AO, tbe first toretber witb tbe flftbf be tbe 
same multiple of C tbe seoohdf tbat mBL^ tbe tblrd to- 
cetber wItb tbe slztb, Is of r tbe foortb. 

A B ODE H 



DEMONSTRATION 



Because AB is the same multiple of C that DE is of F ; 

there are as many magnitudes in AB equal to Cos there are m DE 
equai to F; 
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in like manner, as m&nj as there are in BG equal to C, so many are 
there in EH equal to F ; 

therefore as many as there are in the whole AG eqtuU to C« so numy 
are there in the whole DH equal to F; 

therefore AG is the same multiple of C that DH is of F ; 

tliat*iSf AOf tbe first and fiftli tor^tber, i» tbe same mill* 
tiple of tbe seoond C, tliat I^lSf tbe tlilrd and sixtli %o» 
getktert is of tlie fourtb V. 

If, therefore, the first be the same multiple, &c. Q. £. D. 

Cor. From this it is plain, that if anj number of magnitudes AB, 
BG, GH be multiples of another C ; and as manj DE, EE, KL be the 
same multiples of F, each of each ; 

then the whole of the first, yiz. AH, is the same multiple of C, that 
the whole of the last, viz. DL, is of F. 

ABOHDE K L 



PHOP. Ill,— Theorem. 

Jf the first be the same multiple of the second, which the third is of 
the fourth ; and if of the first and third there be taken equimultiples ; 

Uien these shaU be equimtdtiplest the one of the second, and the other of 
thefourth, 

(Reference— Prop. v. 2.) 

Let A the first, be the same multiple of B the second, that C the third 
is of D the fourth ; and of A, C, let equimultiples EF, GH be taken. 

Tlieii sr sball be the same multiple of B* tbat OS is 
of B. 

E K F G L H 

J I 



CONSTRUCTION 



Divide EF into the magnitudes EK, KF, each equal to A, and GH 
into GL, LH, each equal to C. 
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DBM0K8TBATI0N 



Because the number of the magnitudes EK and EF is equal to the 

number of the others GL and LH ; 
and A is the same multiple of B, that C is of D» 
and EE is equal to A, and GL equal to C ; (constr.) 

Aerefore £K is the same multiple ofB^ that GL is qfD, 
For the same reason, KF is the same multiple of B that LH is of D; 
and so, if there be more parts in EF, GH equal to A, C. 
Because, then, the first EE is the same multiple of the second B, which 

the third GL is of the fourth D; 
and the fifth EF is the same multiple of the second B, which the sixth 

LH is of the fourth D ; 

tlieroforo BV tbe first, toflretlier witb the flfUif is tlie 
same multiple of tlie seoond 8, wliicb 08 tbe tbird, 
toffetber wltb tbe siztb, Is of tbe fonrtb D. (y. 2.) 

If, therefore, the first, &c. Q. E. D. 



PBOP. rv.— Thborbil 

If the first of four magnitudes has the same ratio to the second which the 
third has to the fourth ; 

then any equimultiples whatever of the first and third shall have the 
same ratio to any equimultiples of the second and fourth, viz, * the equi' 
multiple of the first shcdl have the same ratio to that of the second, which 
the equimultiple of the third has to that of the fourth.* 

(References — Prop. v. 3, def. 5.) 

Let A the first, have to B the second, the same ratio which the third 
C has to the fourth D ; and of A and C let there be taken any equi- 
multiples whatever £, F ; and of B and D any equimultiples what- 
ever G, H. 

Tben B sball bave tbe same ratio to Of wbiob F bas 



to 8. 



M. 



C_ D. 

F_ H. 

L N. 
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comTKucTum 

Take of E and F any tqmmuidjfleB iriutteTer K, L, and of G, H anj 
eqaimnltiples whaterer M, N« 

DEMQirSTSATIQir 

Then because E is the famenraltipleof A^that F iaof C ; 

and of E and F bare been taken eqnimnltiples K, L ; 

therefore Km the same multiple ofA^ that LisofC. (v. S.) 

For the iame reason, M is the same mnltiple of 1^ that N is of D. 

And because, asAistoB,soisCtoD; (hyp.) 

and of A and C have been taken certain eqnimnltiples E, L ; 

and of B and D have been taken certain equimultiples M, N ; 

therefore ifKhe greater than yi, Jjia greater than N ; and if eqwal, 
equal f and if less, leMa\ (v. def. 5.) 

but K, L are anj equimultiples whatever of £, F, and M, N anj what- 
ever of G, H ; (constr.) 
tberefore aa B is to Ch so i» r to B. (v. def. 5.) 

Therefore, if the first, &c. Q. E. D. 

Cor. Likewise, if the first has the same ratio to the second, which 
the third has to the fourth, then also any equimultiples whatever of the 
first and third shall have the same ratio to the second and fourth. And 
in like manner, the first and the third shall have the same ratio to anj 
equimultiples whatever of the second and fourth. 

Let A the first have to B the second the same ratio which the third 
C has to the fourth D ; and of A and C let E and F be anj equi- 
multiples whatever. 

Tlion B aball be to S aa r to D. 

OONSTBUCTIOK 

Take of E, F any equimultiptes whatever K, L, and of B, Danj equi- 
multiples whatever G, H. 

DEMONSnUTION 

Then it may be demonstrated as before, that K is the same mnltiple of 

A, thatLisofC; 
and because A is to B, as C is to D, (hjp.) 

and of A and C certain equimultiples have been taken, viz. E and L ; 
and of B and D certain equimultiples G> H ; 

therrfore^ ifKbe greater than G, L is greater than H ; and if equal, 
equal; if less, less*, (t. def. 5.) 
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but E, L are any eqaimnltiples whateyer of E, F, and O, H any what- 
ever of B, D ; (constr.) 

tbereforei as B is to B, so Is r to D. (y. de£ 5.) 

And in the same way the other case is demonstrated. 



PROP, v.— Theorem. 

If one magnitude be the same multiple of another^ which a magnitude 
taken from the first is of a magnitude taken from the other; 

then the remainder ehaU be the same multiple of the remainder, that the 
whole is of the whole, 

(Keferences — ^Prop. y. 1, ax. 1.) 
Let the magnitude AB be the same multiple of CD, that A£ taken 
from the first, is of CF taken from the other. 
Tben tlie romalnder TM sliall be the same multiple of tlie 
remaindor TB* tliat tlie wbole A8 is of tbe wbole CD. 



A £ B 

I I 



C F D 

CONSTSUOnON . 

Take AG the same multiple of FD, that AE is of CF. 

DEMONSTRATION 

Then A£ is the same multiple of CF, that EG is of CD ; (y. 1.) 
but AE is the same multiple of CF, that AB is of CD ; (hyp.) 

therefore EG is the same multiple of CD that AB is of CD ; 

wherefore EG is equal to AB ; (v. ax. 1.) 
take from each of them the common magnitude AE ; 

then the remainder AG is equal to the remainder £B. 
Then, because AE is the ,^ame multiple of CF, that AG is of FD, 

(constr.) 
and that AG has been proved equal to EB ; 

therefore AEisthe same multiple of CF, that EB is of FD -, 
bat AE is the same multiple of CF that AB is of CD ; (hyp.) 

tbereforo B8 is tbe same multiple of VB, tbat A8 is of 
CB. 
Therefore, if one magnitude, &c. Q. E. D. 
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PROP. VL— Theorem. 

If two magnitudes he equimvUiplea of two others, and if equimuHipUs 

of these he taken from the first ttoo ; 

then the remainders are either equal to these others, or equimultiples of 

them. 

(Eeferences — ^Prop. v. 2, ax. 1.) 

Let the two magnitudes AB, CD be equimultiples of the two £, F ; 
and let AG, CH taken from the first two be equimultiples of the same 
E,F. 

Tben tbe remainders 08, 8D, 9]i«ll !»• either eqval to 
Bf V« or equixnultiplee of tliein. 

G B ' 

A I E 



i I — F 

EC H D 



First, let GB be equal to £. Then HD shall be equal to F. 

GONSTBUCnOir 

Make CE equal to F. 

DEMONSTBATION 

Then because AG is the same multiple of E, that CH is of F ; (hyp.) 
and that GB is equal to £^ an<l CK to F ; 

therefore AB is the same multiple ofE, that EH isofY; 
but AB is the same multiple of £, that CD is of F; (hyp.) 

therefore EH is the same multiple of F» that CD is of F ; 

wherefore EH is equal to CD ; (y. ax. 1.) 
take away the conmion magnitude CH, 

then the remainder EC is equal to the remainder HD ; 
but EC is equal to F ; (constr.) 

therefore SJ^ is equal to 1*. 

Secondly, let GB be a multiple of £. Then HD shall be the same mul- 
tiple of F. . 

G B 



K C H D 

CONSTRUCTION 

Make CE the same multiple of F, that GB is of R 
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DEMONSTBATIOK 

Then because AG is the same multiple of E, that CH is of F ; (hyp.) 
and GB the same multiple of E, that CE is of E ; (constr.) 

therefore ABisthe same multiple o/E, that KB. is o/*F ; (v. 2.) 
but AB is the same multiple of E, that CD is of F ; (hyp.) 

therefore EH is the same multiple of F, that CD is of F ; 

wherefore EH is equal to CD j (v. ax. 1.) 
take away CH from both . 

therefore the remainder EC is equal to 0ie remainder HD ; 

and because GB is the same multiple of E, that EC is of F, (constr.) 
and that EC is equal to HD ; 

tberefore KB is tbe same multiple of V, tbat GB is of B. 

I^ therefore, two magnitudes, &c. Q. E D. 



PROP A.— Theorem. 

Ifthefi^st of four magnitudes has the same ratio to the second which the 
third has to the fourth; 

then, ifiheforst be greater than the second, the third is glso greater thoM 
the fourth; and if equal, equal; if less, less, 

(Reference— T. def. 5.) 

Take any equimultiples of each of them, as the doubles of each. 

Then, if the double of the first be greater than the double of the second, 
the double of the third is greater than the double of the fourth; (v. 
def. 6.) 

bat, if the first be greater than the second, 

the double of the first is greater than the double of the second ; 

therefore also the double of the third is greater than the double of the 
fourth; 

therefore the third is greater (Aan the fourth. 

In like manner, if the first be equal to the second or less than it, 
the third can be proved to be equal to the fourth, or less Aan it 
Therefore, if the first, &c. Q- £• ^ 
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PROP. B Theorem. 

If four magnitudes are proportionals, they are proportionals aiso ioAm 
taken inversely* 

(Reference — v. def. 5.) 

Let A be to B, as G is to D. 

Then also Inversely, 8 lAall be to A, as D to O. 



E H F_ 



CONSTBUCIIOK 



Take of B and D anj equimoltiples whatever E and F ; and of A and 
C any equimultiples whatever G and H, 



DEMONSTRATION 

Then, first, if E be greater than G, 

G is less than E; 

and because A is to B, as C is to D, (hyp.) 

and of A and C, the first and third, G and H are equimultiples; 

and of B and D, the second and fourth, E and F are equimultiples, 

and that G is less than E, 

there/ore H is less than F ; (v. def. 5.) that isY is greater than H; 
if, then, E be greater than G, 
therefore F is greater than H. 

In like manner, if E be equal to G, F may be shown to be equal to H; 

and if less, less ; 
but E, F are any equimultiples whatever of B and D, and G, H any 

whatever of A and C ; (constr.) 

tliereforei as 8 is to A, so is D to C. (v. defl 6.) 

Therefore, if four magnitudes, &c. 

Q.E.D. 
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PROP. C— Thbobbii. 

If the first be the same multiple of the second, or the same part qf it, 
that the Aird is of the fourth; 

then the first is to the second, as the third is to the fourth, 
(Beferences — ^Prop. v. 3, b; v. def. 5.) 

First, let A the first be the same mnltiple of B the second, that C 
the third is of D the fourth. 

Tben A sball be to 8 as C Is to D. 

E G F H 



CONSTBUOnON 

Take of A and C anj eqnimaltiples whateyer £ and F, and of B and 
D any equimultiples whatever G and H. 

DEMONSTBATION 

Then, because A is the same multiple of B that C is of D ; (hyp.) 
and that £ is the same multiple of A, that F is of C ; (constr.) 

thertfore Wiethe same multiple of B, that ¥ is of D; (v. 3.) 

that is, £ and F are equimultiples of B and D ; 
but G and H are equimultiples of B and D ; (constr.) 

therefore, ifE be a greater multiple ofB than G is ofB, "F is a greater 
multiple qf D titan RisofD; 

that is, if E be greater than G, F is greater than H. 
In like manner, if £ be equal to G, or less than it, E maj be shown to 

be equal to H, or less than it ; 
but £, F are equimultiples, any whatever, of A, G, and G, H any 

equimultiples whatever of B, D; (constr.) 

tberelbre A la to 8, as C U to D. (y. def. 5.) 

Next, let A the first be the same part of B the second, that C the 
third is of D the fourth. 

Tben A sball be to 8, as C is to D. 



B. 



For since A is the same part of B that C is of D, 
therefore B is the same multiple of A that D is of C ; 
whertfore, by the preceding case, "BistoA^asDistoC; 
anOf tberefore, inversely, A is to 8, as C |s to D. (v. B.) 

Therefore, if the first be the same multiple, &c. Q. £. D. 



166 THE BLEMBNTS OF EUCLID. 

PROP. D.— Theorem. 

If the first be to the second as the third to the fourth, and if the first 
be a multiple^ or a part of the second; 

then the third is the same midtiple, or the same part of the fourth, 

(Beferences — ^Prop. v. 4 cor., a, b.) 

Let AbetoBasCistoD; 
taidjirsty let A be a multiple of B. 

Tben C sball be tbe same multiple of B. 



E F. 



COSBTBXJCftlOV 

Take £ eqnal to A, and whatever multiple A or E is of B, make F the 
same multiple of D. 

DBMONSTBATION 

Then, because AistoB, asCistoD; (hyp.) 
and of B the second, and D the fourth, equimidtiples haye been taken 
£ and F ; 

therefore A ts to £, <» C to F ; (v. 4 cor.) 
but A is equal to £ ; (constr.) 

therefore C is equal to F; (v. a.) 
and F is the same multiple of D, that A is of B ; (constr.) 

tberefore C Is tbe same multiple of D| tbat A Is of 8. 

Nextj let A the first be a part of B the second. 

Tben C tbe tbird sball be tbe same part of D tbe foiirtb. 



B, 



DEMONSTRATION 

Because A is to B, as C is to D ; (hyp.) 

then, inversely, B » to A, cw D to C ; (▼• b.) 
but A is a part of B, that is B is a multiple of A ; (hyp.) 

therefore, by the preceding case, "D is the same multiple of C ; 

tbat is, C is tbe same part of B, tbat A Is of 8. 
Therefore, if the first, &c. Q. E. D. 
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PROP, vn.— Thbobem. 

Equal magMtudes have the tame ratio to the some magnitude ; and the 
tame has the eam^ ratio to equal magnitudes, 

(Beferences — ^v. def. 5, ax. 1.) 

Let A and B be ^qual magnitudes, and anj other. 

nen A and 8 sban eacli of tliem have tbe same ratio 
toC9 

and C sball bave tbe same ratio to eacb of tbe maynl- 
tndee A and 8. 

D E- 



CON8TBUCTION 



Take of A and B any equimultiples whatever D and £, and of C anj 
multiple whatever F. 

DEMONSTBATION 

Then, because D is the same multiple of A, that E is of B; (constr.) 
and that A is equal to B ; (hyp.) 
therefore D is equal to E; (v. ax. 1.) 

therefore f ifDbe greater than F, E is greater than F; and if equal, 
equal ; if less, less ; 

but D, E are any equimultiples of A, B, and F is any multiple of C ; 
(constr.) 

tbereftire, as A Is to C* so is 8 to C. (v. def. 5.) 

Likewise C shall have the same ratio to A, that it has to B. 
For the same construction being made, it may be shown, as before, that 
D is equal to E ; 

therefore, ifFbe greater than D, it is likewise greater than E; and 
if equal, equal ; and if less, less ; 

bat F is any multiple whatever of C, and D, E are any eqttimultiples 

whatever of A, B ; 

tbereforOf CletoAaeClstoB. (t. def. 6.) 
Therefore, equal magnitudes, &;c. (}. E. D. 
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PBOP. Vm— Theobem 

Of unequal tnagnitudea, the greater has a greater ratio to the aame than 
the leea has; and the tame magnitude has a greater rath to the less than it 
has to the greater. 

(Beferences — ^Prop. v. 1, def. 7.) 

Let AB, BC, be two unequal magnitudes, of which AB is the greater, 
and let D be anj other magnitude. 

Tben A8 sl&all bave a greater ratio to D tliaii BO lias 
toB9 



and D sball bave 

Fig. 1. 



grreator ratio to 

Fig. 2. 



E 
F 



. A 



+ 



£ 
F 



G B 

L E H D 



than it 

Fig. 3 
E 



lias to AB. 






G B 

L E H D 



- A 



+ 



G B 
LED 



CONSTBUCTION 

If the magnitude which is not the greater of the two AG, CB, be not 
less than D, take £F, FG, the doubles of AC, CB ; (as in fig. 1.) 

but if that which is not the greater of the two AC, CB, be less than D, 
(as in fig. 2 and 3. ) this magnitude can be multiplied, so as to be- 
come greater than D, whether it be AC or CB. 

Let it be multiplied until it become greater than D, and let the other 
be multiplied as often ; 

and let £F be the multiple thus taken of AC, and FGthe same multiple 
of CB ; 
therefore £F and FG are each of them greater than D ; 

and in all cases, take H the double of D, E its triple, and so on, till the 
multiple of D be that which first becomes greater than FG ; 

let L be that multiple of D which is first greater than FG, and E the 
multiple ofD which is next less than L. 
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DEM0K8TBATI0N 

Then because L is the multiple of D, which is the first that becomes 

greater than FG, 

the next preceding muUijpie K is not greater Aan FG ; that is, FG is 
not less than E ; 
and since EF is the same multiple of AC, that FG is of CB ; (constr.) 

therefore FG is the same multiple of CB, that EG is of AB ; (▼. 1.) 

^uU is, EG and FG are equimultiples ofAB and CB. 
And it was shown, that FG is not less than E» 
and hy construction, EF is greater than D ; 

therrfore the whole EG is greater than E and D together; 
but E together with D is equal to L ; (constr.) 

therefore EG is greater than L ; 
but FG is not greater than L ; (constr.) 
and EG, FG, were proved to be equimultiples of AB, BC ; 
and L is a multiple of D ; (constr.) 

therefore AB lias to B a freator ratio tban BC has to B. 

(V. def. 7.) 

Also D shall have to BC a greater ratio than it has to AB ; 

for the same construction being made, it maj be shown, in like manner, 

that L is greater than FG, but that it is not greater than EG ; 
and L is a multiple of D ; (constr.) 
and FG, EG, were proved to be equimultiples of CB, AB ; 

tlierefere B has to CB a creator ratio tliao It has to 

(V. de£ 7.) 
Wherefore, of unequal magnitudes, &o Q. E. D. 



PROP. IX.— TSBOBEK. 

Magnitudes which have the same rath to the same magnitude are equal 
to one anadher ; and those to which the same magnitude has the same ratio 
are equal to one another, 

(Reference — ^y. def. 5.) 

Let A and B have each of them the same nitio to C. 

Tbeii A sliaU be eqnal to B. 

P., 

P 



I 
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For, if thej are not eqtuJ, one of tbem omt be greater tliaa liM other ; 

let A be the greater ; 
then, by what waa shown in die pieeeding propoaition, thera are aone 

eqaimultiplet of A and B, and lome moltipk of C, aneh, tliat the mnl* 

tiple of A if greater than the nuiltiple of C» bnt the nnltii^ of 

B if not greater than that of C s 
let these multiplef be taken $ and let D, E be die eqmnnltiplef of A, 

B, and F the multiple of C, fo that D ntaj be gieaitcr than F, bnt 

£ not greater than F. 

DEXOVBTRATIOX 

Then, because AiftoCaaBiftoC, (hyp.) 

and of A, B, are taken equimnUiplef D, E, and of C is takes • mnl* 

tiple F ; 
and that D if greater than F ; 

therefore E naut also be grtaJUr than F; (y. def. 5.) 
but E if not greater than F ; (conatr.) which if impofsible ; 

tberefore A and 8 are not vneqnal i mat in, tbmj are 
equal* 

Next, let C hare the fame ratio to each of the magnitttdes A and B. 
Tben A eball be equal to B. 

C0K8TBUCTJ0N 

For, if they are not equal, one of them must be greater than the other ; 

let A be the greater ; 
then, as was shown in Prop, yiji., there is some multiple F of C, and 

some cquimultiplef E and D of B and A such, that F if greater than 

E, but not greater than D ; 
let these multiplef be taken. 

DEMOMSTBATIOir 

And because CiftoB, aaCiftoA; (hyp.) 

and that F the multiple of the first, is greater than E the multiple of the 

second ; 

therefore F the multiple of the thirds must be greater than D the multiple 
of the fourth f (v. def. 5.) 
but F is not greater than D ; (hyp.) wjiich if impoa sible ; 

therefbre A to equal to 8. 
Wherefore, magnitudes which, &c. Q. E. D. 
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PROP. X->TSE0BB1L 

That magmtude which has a greater ratio than another has to the 
same magnitude, is tJte greater of the two; 

and that magnitude to which the same has a greater ratio than it has 
to another magnitude, is the less of the two, 

(References — r, def. 7 ; ax. 4.) 

First, let A have to C a greater ratio than B has to C. 

Tben A sball be freateir than B. 



D. 



^ E, 



CONSTRUOnOK 

For, becaose A has a greater ratio to C, than B has to C, there are 
some eqnimnltipleB of A and B, and some multiple of O soeh, that 
the multiple of A is greater than the multiple of C» btUf the multiple 
of B is not greater than it; (v. def. 7.) 

let them be taken ; and let D, E be the equimultiples of A and B, and 
F the multiple of C ; such, that D is greater than F, but E is not 
greater than F. Then D is greater than E. 

DBMOMSTRATIOir 

Because D and E are equimultiples of A and B, and that D is greater 
than E ; (constr.) 
therefore A Is greater tban 8. (v. its; 4.) 

Next, let C have a greater ratio to B thiui it has to A* 
Tben 8 eball be lees tban A. 

constbuction] 

For there is some multiple F of d and some equimultiples E and D of 
B and A such, that F is greater than E, but not greater thim D ; 
(v. de£ 7.) 

let them be taken. Then E is less than D. 

DBMOOrSTBATIOV 

And because E and D are equimultiples of B and A» and that E is less 

than D ; (constr.) 

tberefore B la leas tban A. (y. ax. 4.) 
Therefore, that magnitude, &c Q. E. D. 

Z2 
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PROP. XL— Theobbil 

BaHoa that are the same to the same ratio^ are the tame to one another, 

(Reference — v. def. 5.) 
Let A be to B as C is to D, and let C be to D as £ is to F. 
Tben A sliall be to 8, as 8 to F. 



G H. 



D«^ F. 

L M N. 




GONSTBUCTIOV 

Take of A« 0, £, any equimultiples whatever G, H, E ; and of B, D, 
F any equimultiples whatever L, M, N. 

DEMOKSTSATION 

Then because AistoBasOtoD 

and 6, H are taken equimultiples of A, C, and L, M, of B, D ; 

if Q he greaier (han "L, YL is greater than M; and if equaif equal; 
and if less^ less ; (v. def. 5.) 

Again, because OistoD, asEistoF, 

and H, E are taken equimultiples of C, £, and M, N, of D, F ; 

ifK be greater than M, E it greater than N ; and if equal, equal; 
and \f less, less; 

but if G be greater than L» it has been shown that H is greater than 
M ; and if equal, equal ; and if less, less $ 

therefore, if Q be greater than L, E it greater Aan N; and if equal, 
equal; and if less, less; 

and G, E are any equimultiples whatever of A, £, and L, N any what- 
ever of B, F ; 

tberefore, as A to to 8« so Is 8 to F. (t. del 6.) 

Wherefore, ratios that, &c Q. £. D. 
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PROF. Xn.— Thxobxx. 

J/ any waiiber of magnitudes be proportUmdU ; 
then 08 one of the antecedenta is to its consequent, so shall aU the ante^ 
cedents taken together be to all the consequents, 

(Beferences — ^Frop. y. 1, def. 5.) 

Let anj nnmber of magnitades A, B, C, D, E, F, be proportionals ; 
that is^asAiBtoB, soCtoD, and E to F. 

Tben as A Is to B« so sbaU A* C» B toffotlierv be to B« B« 
F toffotber. 



CL 



^ E. 

L M N. 



CONSTRUCTION 

Take of A« 0, E, anj eqnimnltiples whateyer G, H, E ; and of 6, D, 
F any equimultiples whateyer L» M, N. 

BBMOKSTRATION 

Then, becaose AistoB, asCistoD, and as E to F ; 

and that G, H, E are equimultiples of A, C, £, and L» M, N equimul- 
tiples of B, D, F ; 

therefore, if G be greater than L, H is greater than M, and E greater 
than N ; and if equal, equal ; and if less, less ; (y. def. 5.) 

wherefore, if G be greater than L, then G, H, E together, are greater 
than L^ M, N together; and if equal, equal ; and if less, less ; 

but if there be anj number of magnitudes equimultiples of as manj, 
each of each, whateyer multiple one of them is of its part, the same 
multiple is the whole of the whole ; (y. l) 

therefore G, and G, H, E together, are equimultiptes of A, and A, C, £ 
together; 

for the same reason L, and L, M, N are equimultiples of B. and B, D, 
F; 

tberefore as A Is to B, so are A* Ct B tof etber to B, B» V 

toffetber* (y. def. 6.) 
Wherefore, if any number, &c. Q. E. D. 
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FBOP. XnL— Theorbic. 



If Ihe first has to ihe second the same ratio which the Aird has to the 
fourth, but the third to the fourth a greatar ratio than the fifth has to the 
sixth; 

then the first shall also have to ihe second a greater ratio thorn the fifth 

has to the sixth, 

(References — ^v. def. 5, 7.) 

Let A the first have the same ratio to B the second, which Q the 

third has to D the fourth, but C the diird ft greater ratio to D the 

fourth, tiban E 010 fifth has to F the sixth. 

Tben also tbe flmt A sliall bave to tbe second 8» a 
greater ratio than tbe fiAb B bas to tbe sixtb F. 



M 


a 


w 


A 


fi 


E_ 






Fa... 


N 


IT 


Ti 



CONSTBUCTKHf 

Because C has a greater ratio to J), than £ to F, there are i oma eqni- 
mnltiples of C and E, and some of D and F such, that the multiple 
of C is greater than the mnltip^ of D, bnt the multiple of E is not 
greater than the multiple of F ; (v. def. 7.) 

let these be taken, and let G, H be equimultiples of P, IS, ftnd E, L 
equimultiples of D, F, so that G may be greater t)ian E| but ^ not 
greater than J^i ; 

and whatever multiple G is of C, take 1^ the same multiple of A ; 

and whatever multiple E is of D, take N the same multiple of B. 

DpilONfiTRATION 

Then, because A is to B, as C to B ; (hjp.) 

and of A and C, M and G are equimultiples, and of B and D, N and E 

are equimultiples ; 

thereforef \flilbe greater than N, Q is gret$t^ than E i an4 if egml, 
equal; and if less, less ; (v. de£ 5.) 
but G is greater than E ; (constr.) 

therefore M is greater than N ; 
but H is not greater than L ; (constr.) 
and M, H are equimultiples of A, E, and 1?, L equimultiples of B, F ; 

tberefore A, bas a greater ratio to ^ tban M bas to I** 
(V. def. 7.) 
Wherefore, if the first, &c Q. E. D. 
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Cor. And if the first have a greater ratio to the second, than the 
third has to the fourth, but the third the samerfttio to the fourth, which 
the fifth has to the sixth ; it may be demonstrated, in like manner, that 
the first has a greater ratio to the second, than the fifth has to the sixth. 



PROP. XIV.— Theobem. 

If the first has the same rath to the second which the third has to the 
fourth ; 

then, if the first be greater than the third, the second shall be greater ^an 
the fourth ; and if equal, equal ; and if less, less, 

(References — ^Prop. v. 8, 9, 10, 13.) 

Let the first A have the same ratio to the second B which the third 
C has to the fourth D. 

Zf ik be greater than C, B mhrnJU be i^reater tluui B i 

ana tf A be eqnal to C, B sball be equal to B| 

and If A be less than C, B eliall be less tban B. 

1. 2. 3. 



A. 



B_. B_. B. 



First, let A be greater than 0. . Then B shall be greater than D. 

DBMONSTBATIOK 

Because A is greater than C, and B is any other magnitude, 

therefore A has to B a greater ratio than C has to B ; (v. 8.) 
but, as A is to B, so is C to D ; (hyp.) 

therefore also C has to D a greater ratio than C has to B ; (y. 13.) 
but of two magnitudes, that to which the same has the greater ratio is 

the less ; (v. 10.) 

therefore D is less than B ; 

tbat iSf B Is freater than B. 

Secondly, let A be equal to C. Then B shall be equal to D. 
For A is to B, as C, that is, A to D ; 
therefore B Is eqnal to B. (t. 9.) 

Thirdfy, let A be less than C. Then B shall be Um thto D. 

For C is greater than A ; 

and because CistoI^asAistoB, (hyp.) 

therrfore D h greater Uum B, by ^'first ease ; 

that Is, B Is less than B. 
Therefore, if the Srst, &c, ^^^^ 
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PROP. XV.— Thbosbil 

Magniimdei have Ae same ratio to one amoAer wJddk fftccr eqmmmUqpUe 
have. 

(Beferenoes — Brop. t. 7, 12.) 

Let AB be the same multiple of C, that DE is of F. 

TiMB C Shan be to Vff as AB to BB. 

AGHB DKLE 



coirSTRncnoN 

Because AB is the same multiple of G, that DE is of F, there are as 
manj magnitndes in AB equal to C, as there are in BE equal to F ; 

let AB be divided into magnitudes, each equal to C!» viz. AG, GH, HB; 
and DE into magnitudes, each equal to F, viz. DE, EL, LE. 

DEM0M8TBATI0R 

Then the number of the first AG, GH, HB, is equal to the nimiber of 

the last DE, EL, LE ; 
and because AG, GH, HB are all equal ; 
and that DE, EL, LE are also equal to one another ; 

tAer^orc, AG iff to DEcuGH to EL, oiuf Of HBtoLE; (y. 7.) 

but as one of the antecedents is to its consequent, so are all the ante- 
cedents together to all the consequents together ; (y. 12.) 

wherefore, as AG is to DEI, so is AB to DE ; 

but AG is equsd to C, and DE to F, 

tberoforOf as C la to F* so la AB to BB. 

Therefore, magnitudes, &c. Q. E. "D, 



PROP. XVL— Thbobbm. 

If four magnitudes qf Ae same hind be proportionals^ they shall also be 
proportionals when tahen alternately, * 

(References — ^Prop. y. 11, 14, 15, def. 5.) 

Let A, B, C, D be four magnitudes of the same kind, which are pro- 
portionaUB, viz. as A to B, so C to D. 
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Thej sbaU also be propoittonals wben taken attemately* 
tliat Is A SbaU be to C, as 8 to B. 



E. 







coNSTBuonoir 



Take of A and B any equimultiples whaterer E and F ; and of C and 
X> take any equimultiples whateyer G and H. 



DEMONSTRATION 

Because £ is the same multiple of A, that F is of B, 

and that magnitudes have the same ratio to one another which their 
equimultiples have; (y. 15.) 

therrfore Ai»toB,a«Ei»toF; 
but asAistoB, soisCtoD; (hyp.) 

wherefore, ae Cis toD.aoisEtoV; (y. 11.) 
Again, because G, H are equimultiples of C, D, 

therefore, <m C is to D, <o w Q ft> H ; (y. 15.) 
but it was proved that asCistoD, soisEtoF; 

therefore, as'Eisto'F, eo isG toU; (y. 11.) 

but when four magnitudes are proportionals, if the first be greater than 
the third, the second is greater than the fourth ; and if equal, equal ; 
and if less, less ; (y. 14.) 

thertfore, ifEbe greater than G, F likewise is greater than H ; and if 
equal, equal; and if less, less; 

and E, F are any equimultiples whateyer of A, B, and G, H any what- 
ever of C, D ; (constr.) 

tbereforc! A Is to C as 8 to I>. (y. def. 5.) 
If then four magnitudes, &c. Q. E. D. 



IS 



I7f vm wuaamm ov sccusu 



FRO?- XVIL— Ti 

i/ fM{fiiUtuk$, taktm, jamU^^ he jfntportiamaU, thqf Judl aim hepnpot' 
tumaU when iaien tepttnUd^i thai ie^ if two ma^tmdea iogedur hace to 
0m of (hemf Ihe tame roHo wkidk two other e have toomeof tkete ; 

if sen the remaitUtig one of ihe ftret two ahaO, have to the other the eame 
rath which the remaining one of the laet two has to the other of theee, 

(Beferenecf — Prop* r. 1, 2, 6et 5.) 

Let A0, BE, CD, IV be the nugnttodef, token joiiitlj, whidi are 
proportioiuiU $ that If, m AB to BE, to let CD be to DE. 

TIMS flMjr (MMtfl alfo btf proporttonato takett •epaimUpy, 
▼is. as AS to BS» so (MMtfl CW b« to n. 

H K X 





CO3C0TB17OyiOlf 

Tftke of AE, EB, CF, FD any equimnltiplefl whatever GH, EK, IM, 
MN ) and again, of EB, FD take any eqnimultiplee whateTer KX, NP. 

DUIOlffTBATIOlC 

Then booauie OH if the lame multiple of AE, that HK is of EB, 

ther^ore Oil i$ the same muUipU of AE, that GK ieof ABi (y. 1.) 
but OU if the fame multiple of AE, that LM is of CF; 

ther^ore GK t« the eame multiple qf AB, thatLUieof CF. 
Agaiu, booaufo LM if the fame multiple of CF, that MN if of FD ; 

thtr^i LM if the eame miUt^ of OF, that LS ie of CD ; (y. 1.) 
but LM WM fhown to bo the fame multiple of CF, that GK is of AB; 

thoroforo GK it the fame multiple of AB, that LN is of CD; 

that If GK, LN an equimtdtipUe <{/* AB, CD. 
Next, booauf HK if the fame multiple of EB, that MN is of FD ; 
anU Uiat KX if alfo the same multiple of EB, that NP is of FD ; 

ihr^vre HX it the tame multiple </ EB, Mat MP it </ FD; (v. 2.) 
And booauso AB is to BE, as CD is to DF ; (hyp.) 
and that of AB and CD, GK and LN are equimultiples ; 
and of KB and FD, HX and MP are equimultiples ; 

fker^inre (/* GK he greatar than HX, tAsn LN it grmtter than MP; and 
if fyMtt/, «viMi/ 1 and if /cm, ku ; (v. def. 5.) 
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but if GH be greater than EX, then, hj adding the common part HK 

to both, GE is greater than HX ; (1. ax. 4.) 

therefore aUo LK is greater than MP; 
and bj taking awaj MN from both, LM is greater than NF; (1. az. o.) 

therefore, if GH be griaier than EX, LM i» greater than NP. 
In like manner it maj be demonstrated, that if GH be equal to EX, 

LM is equal to NP; and if less, less ; 
but GH, LM are any equimultiples whatever of AE, OF, and EX, NP 

are any whatever of EB, FD ; (constr.) 

tbereforei mm AM Is to B8| so Is CF to n. (v. def. 5.) 
If then magnitudes, &c , Q. E. D. 



PROP. XVin.— Theorem. 

If magnitudes^ tahen separate^, be propottumaU, Iheg shaU also he pro- 
portionals when taken jointly ; that is, if the first be to the second, as tiie 
third to the fourth ; 

then the first emd second togetlier shaU be to the second, €u the third and 
fourth together to the fourth. 

(References — Prop. v. 5, 6, 4 cor., A, def. 5, ax. 3. 

Let AE, EB, OF, FD be proportionals ; that is, as AE to EB, so let 
CF be to FD. 

Tben tbey sbftll also be prmpattioumiminimn taken Jointly % 
ShAt ta« as AB to I^m, so Sliall CBbe to AF. 



G K OH L N i» M 

I i i 3 

▲ £ B C F D 

— r— — r— 

coifSTRuonoir 

Take of AB, BE, CD, DF any equimultiples whatever GH, HE, L^I, 

MN; 
and again, of BE, DF, take any equimultiples whatever EO, NP. 

BBttONSTRATION 

And because EO, NP are equimultiples of BE, DF, and that EH, NM 

are fike^rise equimidtiples of BE, DF; 
if then EO, the multiple of BE, be greater than EH, which is a multiple 

of the same BEl, 

therefore NP, the multiple of DF, is aho greater than NM, the multiple 
of the same DF; 
and if EO be equal to EH, NP is equal to liHyi > cctiaL \i\«%%^\&^%. 
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First, let EO be not greater than KH ; 

there/ore NF is not greaier than NM ; 
and because GH, HE, are equimnltiplefl of AB, BB^ and tliat AB is 

greater than BE, 

therefore GH is greaier than HE ; (y. ax. 3.) 
but EO is not greater than HE ; 

therefore GH is greater than EO. 

In like manner it may be shown, that LM is greater than NP ; 

if then, EO be not greater than EH, 

thertfore GH, the multiple of AB, is always greater ihan EO, ^ mu^ 
tipk of BE ; 

and likewise IM, the multiple of CD, is greater than NP, the multiple 
of BY. 

Next, let EO be greater than EH ; 

therefore, as has been shown, NP is greater than NM. 

G K HO LNMP 
1 1 



E B 




And because the whol^ GH is the same mnlti|i]e of the whole AB, that 

HE is of BE, 

therefore (he remainder GE is <Ae same muUipk of the remainder AE 
that GKisof AB (v. 5), which is the same that LM is of CD. 
In like manner, because LM is the same multiple of CD, that MN is of 

DF, 

therefore the remainder IN is the same multifile of (he remainder CF, 
that the whole LM is of the whole CD ; (y. 5.) 
but it was shown that LM is the same multiple of CD, that GE is of 

AE; 

therefore GE is the same multiple of AE, that LN is of CF ; 

that is, GE, LN are equimultiples of AE, CF. 
And because EO, NP are equimultiples of BE, DF; 
if from EO, NP there be taken EH, NM, which are likewise equimulti- 
ples of BE, DF, 

therefore the remainders HO, MP are either equal to BE, DF, or equi- 
multiples of them; (v. 6.) 

First, let HO, MP be equal to BE, DF; 

then because AE is to EB, as CF to FD ; (hyp,) 

and that GE, LN are equimultiples of AE, CF; 
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therefore GE u to EB, as IN to FD; (y. 4. cor.) 
but HO is equal to EB, and MP to ED ; 
wherefore 6E ie to HO, as LN to MP ; 

therefore if 6E be greater than HO, LN is greater than MP | and if 
equal, equal ; and ifless^ less ; (y. A.) 

But let HO, MP be equimultiples of EB, FD. 

G K H L N M P 

i i I i 

A E B C FD 



I I 

Then because AE is to EB, as CF to FD, (hyp.) 
and that of AE, CF are taken equimultiples GE, LN ; 
and of EB, FD, the equimultiples HO, MP ; 

if GE be greater than HO, LN is greater than MP ; and if equaly 
equal; and if less, less; (y. def. 5.) 

which was likewise shown in the preceding case. 

But if GH be greater Hian EO, taking EH from both, GE is greater 
than HO ; (i. ax. 5.) 

wherefore also LN is greater than MP ; 

and, consequently, adding NM to both, LM is greater than NP ; 
(i. ax. 4.) 

therefore, if GH be greater than EO, LM is greater than NP. 

In like manner it may be shown, that if GH be equal to EO, LM is 

equal to NP ; and if less, less. 
And in the case in which EO is not greater than KH, it has been shown 

that GH is always greater than EO, and likewise LM greater than 

NP; 
but GH, LM are any equimultiples whatever of AB, CD, and EO, NP 

are any whatever of BE, DF ; (constr.) 

tbereforet as AB Is to BMt mo Is CB to BFi^ (y. def. 5.) 
If then magnitudes, &c Q. E. D. 



PBOP. XIX.— Theokbm. 

If a whole magnitude be to a whole, as a magnitude taken from the first 
is to a magnitude taken from the other; 

then the remainder shall be to the remainder^ as the whole to the whole. 

(References — Prop. y. 11, 16, 17.) 
Let the whole AB be to the whole CD, as AE a magnitude t&k&xiL 
from AB is to CF a magnitude taken from CD. 
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Tben the remainder B8 sbaU he to tbe remainder n>» as 
tbe wbole AM to tbe wbole OB. 

A £ B 

' I 



DEM0N8TRATI0K 

Because AB is to CD, as AE to CF ; 

therefore alternately, BAisto AE, as DC to CF; (v. 16.) 

and because if magnitudes taken jointly be proportionals, they are also 
proportionals, when taken separately; (v. 17.) 

therefore, as BE is to E A, so is DF to FC ; 

and alternately, as BE is to DF» so is £A to FC ; 

but, as AE to CF, so by the hypothesis, is AB to CD ; 

therefore also BM the remainder Is to the remainder BVt 
as the whole AB to the whole CB* (t. 11.) 

Wherefore, if the whole, &c. Q. E. D. 

Cor. If the whole be to the whole, as a magnitude taken firom the 
first is to a magnitude taken from the other; the remainder shall 
likewise be to the remainder, as the magnitude taken from the first to 
that taken from the other. The demonstration is contained in the 
preceding. 



PROP. E.— Theorem. 

If four magnitudes be proportionals^ they are also proportionals by 
conversion ; 

that is, the first is to its excess above the second, as the third to its 
excess above the fourth. 

(References — Prop. t. B, 17, 18.) 

Let AB be to BE, as CD to DF. 

Then BA shall be to AB* as BC to OV. 

ABB 



F D 
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DBMON8TRATION 

Because AB is to BE, as CD to DF, 

Aerefore by dimsion, AEisto EB, as CF to FD; (▼. 17.) 
and hy inyersion, BE is to EA, as DF to FC i (v. B.) 

wliereforot bjr oompotttloiiy BA Is t^ ASf as BC Is t^ 

CP. (v. 18.) 
If therefore four, &c. Q. £. D. 



PROP. XX.— Theorem. 

If there be three magnitudes, and other three^ whiicK takm tufa and two, 
haoe the same ratio ; 

Aen if the first be greater than the Aird^ the fourth shaU be greater than 
Ae six A ; and if equal, equal ; and if less, less^ 

(Beferences — ^Prop. v. B, 7, 8, 9, 10, 1 1, 13 cor.) 

Let Af B, C; be three magnitudes, and D, E, F, other three, which 
taken two and two have the^ same ratio, yiz. as A is to B, so is D to E, 
and as B to C, so is E to F^ 

Tben If ik be freater tban Cp B sball be grsater tbaa Tm 
and If ik be equal to C, B shall be equal to F- 
and If ik be less tban Cp B sbaU be less tban F. 



a. 



First, let A be greater than C. Then D shall be greater than F. 

DEMONSTBATIOK 

Because A is greater than C, and 3 is any oitber magnitude, and that 

the greater has to the same magnitude a greater ratio than the less 

has to it ; (v. 8.) 

therrfore A has to B a greater ratio than C hastoh; 
but asDistoE, soisAtoBj. O^TVO 

therefore D has to B a greater ratio than C (o B; (y. 13.) 
and because B is to C, as E to F, 

by inversion, CwloB,a«FistoE; (v. B.) 
and D was shown to hare to £ a greater ratio than O Xa'^ \ 
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therefore D has to £ a greater ratio than F to £ ; (v. 13 cor.) 
bat the magnitude which has a greater ratio than another to the same 
magnitade, is the greater of the two ; (y. 10.) 

therefore B to greater tban 7. 

Secondfy, let A be equal to C. Then D shall be equal to F. 

^ E_ ^ 

DEMONSTRATION 

Because A and C are equal to one another, 

therefore A if to B, cw C iff to B ; (v. 7.) 
but A is to B, as B to £ ; (hyp.) 
and C is to B, as F to £ ; (hyp.) 

wherefore Difto£,affFto£; (v. 11, and v. R) 

therefore B to egnal 7. (y. 9.) 

Thirdfy, let A be less than C. Then D shall be less than F. 

DBM0N8TBAT10N 

For C is greater than A ; 

and as was shown in the first case, C is to B, as F to E, 
and in like manner, BistoA,as£toD; 
therefore F is greater than D, by the first caee ; 

that to, B to less than 7. 

Therefore, if there be three, &c. Q. £. D. 



PROP. XXL— Thborbil 

If there he three magnitudes, and other three, which have the same ratio 
taken two and two, InU in a cross order; 

then if the first magnitude be greater than ^ third, the fourth skaU be 
greater than the sixth ; and if equal, equal; and if less, less, 
(References— Prop. y. 7, 8, 9, 10, 11. 13 cor.) 

Let A, B, C be three magnitudes, and D, E, F other three, which 
have the same ratio, taken two and two, but in a cross order ; viz. as 
A is to B, so is E to F, and a8BistoC,BoisDtoE. 
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Tben If A be greater than C, B sliall be greater than 7 i 
ana if A be egnal to C, B shall be equal to 1* i 
ana if A be lose than C« B shall be less than 7. 



— « C, 

Firsts let A be greater than C. Then D shall be greater than F. 

DBMONSTBATIOIT 

Becanse A is greater than C, and B is any other magnitude, 

there/ore A hcu toBa greater ratio than C has to B ; (y. 8.) 
bat as £ to F, so is A to B ; (hjp.) 

therefore £ has to¥ a greater ratio than C to B ; (v. IS.) 
and because BistoC, a8Dto£; (hyp.) 

bif inversionf Ct9toB,a«£toD ; 
and £ was shown to have to F a greater ratio than C has to B ; 

therefore £ has to IP a greater ratio than £ has to D ; (y. 13, cor.) 
but the magnitude to which the same has a greater ratio than it has to 

another, is the less of the two ; (v. 10.) 

therefore F is less than D ; 

that is, B is greater than 7. 

Secondly, let A be equal to C. Then D shall be equal to F. 

T^ ^ F. 

DEMONSTRATION 

Because A and C are equal, 

therefore Ais toB, as C is toB ; (v. 7.) 
but A is to B, as £ to F; Q^yp.) 
and C is to B, as £ to D; 

therefore £ if to F, cw £ to D ; (y. 11.) 

wherefore B is egnal to 7. (y. 9.) 

Thirdbff let A be less than C. Then D shall be less than F« 

D^ E F 
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DEMOVStRATIOK 

For C^is greater than A ; 
and, as was shown, C is to B, as E to D, 
and in like manner, B is to A, as F to £; 
therefore F is greater than D, by the first case 

tbat is, B Is less than 7. 

Therefore, if there be three, &c. Q. R D. 



PROP. XXn.— Thbokbm. 

If there he any number of magmtudeSf and aa numy others, wkidk taken 
two and two in order, have the same ratio ; 

then the first shall have to the last of the first magnitudes, t&e same 
ratio which the first of the others has to the last. 

N.B. This if usually cited by the words * Ex sequall,* or ' Ex «quo.* 

<References— Prop. t. 4, 20, dot 5.) 
First, let there be three magnitudes A, B, C, and as many others D, 
£, F, which taken two and two in order, have the same ratio; that ia, 
such that A is to B as D to £ ; and as B is to C, so is E to F. 

Tben A sliall be to C, as B to 7. 

G K M 



T> v. V 

H L N 

CONSTRUCTION 

Take of A and D any equimultiples whatever G and H ; 
and of B and E any equimultiples whatever E and L ; 
and of C and F any whatever M and N. 

DEHONSTBATION 

Then because AistoB,asDtoE( (hyp.) 

and that G, H are equimultiples of A, D, and K, L, equimultiples of 
B,E; 

therefore at G w to E, «o is H to L ; (v. 4.) 
for the same reason, K is to M as L to N. 
And because there are three magnitudes G, K, M, and Other three H, 

Z^ N, which two and two, liave the same ratio i 
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^lertfore if G be greater than M, H m greater than N ; and if equait 
equal; and if lese, less ; (v. 20.) 
but G, H are anj equimultiples whateyer of A, D, and M, If are any 
equimultiples whateyer of C> F ; (constr.) 

therefore, as A la to C, so la B to 7. (y. def. 5.) 

Next^ let there be four magnitudes, A, B, C, D, and other four E, F, G, 
H, which two and two haye the same ratio, yiz., as A is to B, so is 
E to F ; and as B to C, so is F to G ; and as to D, so G to H. 

Tben A sbaU be to B« as B to B. 



A.B.C.D 
E.F.O.H 



DEMONSTBATIOK 

Because A, B, C are three magnitudes, and E, F, G, other three, which 
taken two and two, haye the same ratio ^ 

Hktarefore by the foregoing case, Ats^C(M£<9G; 

but C is to D, as G to H ; 

wherefore again by the first ease, AlstoBfasatoBi 

and so on, whatever be the number of magnitudes. 

Therefore, if there be any number, &c. Q. E. D. 



PBOP. XXin.-^TBSOBEM. 

If there be any number of magnitudes^ and as many others, which taken 
two and two in a cross order, have the scone ratio ; 

then the first shall have to the last of the first magnitudes the same 

ratio which the first of the others has to the last, 

N.B. This is usually cited by the words * Ex sequali in proportione perturbatA/ or 
*Ex aequo perturbato.' 

(References— Prop. v. 4, 11, 15, 21, def. 5.) 

Firsts let there be three magnitudes A, B, 0, and other three, D, E, 
F, which taHen two and two in a cross order haye the same ratio, that 
is, such that A is to B, as E to F, and as B is to C, so is D to E. 

Then A shall he to Cf as B to 7. 

G H T. 

!>_. ^ F. 

K M 15. 
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C0N8TEUCTI0N 

Take of A, B, D any equimultiples whatever G, H, E$ 
and of C, E, F any equimultiples whatever L, M, N. 

DEK0V8TBATI0N 

Then because G, H are equimultiples of A, B, 

and that magnitudes have the same ratio which their equimultiples 

have ; (v. 15.) 

therefore a«Ati?toB, soitfGtoH; 
for the same reason, as E is to F, so is M to N ; 
but as A is to B, so is E to F ; (hyp.) 

therefore a«GiftoH,soMMtoN;(v. 11.) 
And because as B is to C, so is D to £; (hyp.) 
and that H, E are equimultiples of B, D, and L, M of C» E; 

therefore as "H. is to "L, so is K to "NL; (v. 4.) 
and it has been shown that G is to H, as M to N ; 
then, since there are three magnitudes G, H, L, and other three E, M, 

K, which have the same ratio taken two and two in a cross order; 

therefore if Ot be greater than L, E w greater than N; and if equal, 
equal; and \f less, less ; (y. 21.) 
but G, E are equimultiples whatever of A, D ; and L, N any whatever 

ofC, F; (constr.) 

therefore as A Is to C« so Is B to 7. (y, def. 5.) 

yextf let there be four magnitudes A, B, C, D, and other four E, F, G, 
H, which taken two and two in a cross order have the same ratio, 
viz. A to B, as G to H } B to 0, as F to G ; and C to D, as B to F. 
Tben A shall be to B, as a to Ht 



A.B.C.D 
E.F.a.H 



DBMONSTBATION 

Because A, B, are three magnitudes, and F, G, H other three, which 
taken two and two in a cross order, have the same ratio ; 
therefore, by the first case» AiftoC, otFfoH; 

but C is to D, as E is to F ; 

wherefore ayalii, by the first easOf AlstoB, asBtoHi 

and so on, whatever be the number of magnitudes. 

Therefore, if there be any number, &c. Q. E. D. 
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PBOP. XXrV.— Theorem. 

If ike first has to the second the same ratio which the third has to the 
fiiurth ; and the fifth to the second the same ratio which the sixth has to the 
fourth J 

then the first and fifth together shaU have to the second^ the same ratio 
which the third and sixth together have to the fourth. 

(References— Prop. v. B, 18, 22.) 

Let AB the first have to C the second the same ratio which D£ the 
third has to F the fourth; and let BG the fifth have to C the second 
the same ratio which EH the sixth has to F the fourth. 

Tben AOf tbe first ana flfUi toffetbert sball bave to C the 
seoond, the same ratio wliieb BBf the tfaira and sixth 
toffether* has to 7 the fourth. 

A BO D E H 

I I 

DEMONSTRATION 

Because BG is to C, as EH to P; 

therefore, by inversion, C is to BG, c» F to EH ; (y. B.) 
and because, as AB is to C, so is DE to F ; (hyp.) 
and as C to BG, so isF to EH ; 

therefore, ex (tquali, AB is to BG, a« DE to EH ; (y. 22.) 

and because these magnitudes are proportionals when taken separately, 
they are likewise proportionals when taken jointly; (y. 18.) 

therefore as AG is to GB, «o is DH to HE ; 

but as GB to C, so is HE to F ; (hyp.) 

therefore ex seqnali* as AO Is to Cf so Is BB to 7. 

(y. 22.) 
Wherefore, if the first, &c. Q. £. D. 

Cor. I. If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second, as the excess of the 
third and sixth to the fourth. The demonstration of this is the same 
with that of the proposition, if division be used instead of compo- 
sition. 

Cor. 2. The proposition holds true of two ranks of magnitudes what- 
ever be their number, of which each of the first rank has to the second 
magnitude the same ratio that the corresponding one of the second rank 
has to a fourth magnitude ; as is manifest, 
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PEOP. XXV.— Thbobbm. 

If four magnitudea of the same kind are proportionah, the greatest amd 
least ofihem together are greater than the other two together, 

(References — ^Prop. v. A, 7, 11, 14, 19.) 

Let the four magnitudes AB, CD, E, F be proportionals, yiz. AB to 
CD, asE to F; and let AB be the greatest of them, and conflequently 
F the least, (v. 14 & A.) 

Then AB toffetber with 7 sball b« greater tbaa OO to- 
ff etber with B. 

A Or B C H D 

I I 



1^ 



CONSTBUCTION 

Take AG eqnal to E, and CH equal to F. 

DEM0N8TBATI0K 

Then because as AB is to CD, so isE to F, (hyp.) 

and that AG is equal to E, and CH equal to F, 

therefore AB is to CD, as AQc to CH \ (y. 11 & 7.) 

and because AB the whole, is to the whole CD, as AG is to CH, 

iherefore the temainder GB is to the remainder HD, cls the whole AB is 
to the whole CD ; (y. 19.) 

but AB is greater than CD; (hyp.) 

therrfore GB is greater than HD ; (y. A.) 

and because AG is equal to E, and CH to F ; (constr.) 

tfterefore AG and F together are equal to CH and E togetheri 
(i. as. 2.) 
if then to die unequal magnitudes GB, HD, of which GB is the greater, 
there be added equal magnitudes, yiz. AG and F to GB, and CH 
andEtoHD; 

therefore AB ana 7 together are greater than cn> and B. 

(l ax. 4.) 

Therefore, if four magnitudes, &c. Q. R D. 



i^i^ 
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PROP. F.— Theob^l 

Baiiog which an compounded of the eame ratios are the same to one 
another. 

(References— Prop. v. 22, 23.) 

Let A be to B, as D to E ; and B to C, as E to F. 

Ttaan like ratio wliieli is- oomponndea of the ratios of A 
to B, and B to Cy wliiob by the deflnitton of eomponnd 
ratio, Is tike ratio of A to C, sball be the same wlllk the 
ratio of B to 7, whlohf by the same deflikitloik« Is. eonk- 
poiknded of the ratios of B to B, and B to 7. 



A.B.C 
D.E.F 



DEHONSTBATlOK 



Because there are three magnitudes A, B, C, and three others, D, £, F, 
which, taken two and two, in order, have the same ratio $ 

therefore, ex eeqnall, A Is to C, as B to 7. (y. 22.) 
Next, let A be to B, as E to F, and B to C, as D to E ; 



A.B.C 
D.E.F 



therefore^ ex ttquaU ts proportione periurhata, Ais to CtOsD toF; 
(v. 28.) 

that is, the ratio of A to C, whioh is oompounded of the 
ratios of A to B, and B to C, Is the same with the ratio 
of B to 7, which is compounded of the ratios of B to 
B»attd B.to7. 

And in like maimer the proposition may be demonstrated, whatever be 
the number of ratios in either case. 



PROP. G.— Tbeoeem. 

^ several ratios be the same to severed ratios, each to each ; 

then the ratio which is compounded of ratios which are the same to the first 
ratios, each to each, shall be the same to the ratio compounded of ratios 
which are the same to the other ratios, each to each. 

(Reference— Prop. v. 2%) 
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Let A be to B, as E to F ; and C to D, as G to H $ and let A be to 
B, as E to L ; and C to D, as L to M ; 

then the ratio of E to M, by the definition of compound ratio, is 
compounded of the ratios of E to L, and L to M, which are the same 
with the ratios of A to B and C to D. 

Again, as E to F, so let N be to O ; and as G to H, so let O be 
toP; 

then the ratio of N to P is compounded of the ratios of N to O, and 
O to P, which are the same with the ratios of E to F, and G to H. 

£Lna it is to be sliowii tbat tbe ratio of X to M, Is tbe same 
witb tbe ratio of IT to P i or tbat XlstoM,asirtoP. 



A.B.C.D.K.L.M 
E.F.G.H.K.O.P 



DEMONSTRATION 

Because E is to L, as (A to B, that is, as E to F, that is, as) N to ; 
and as L to M, so is (C to D, and so is G to H, and so is) O to P; 

tberefore, ex eequall, X Is to M, as IT to P. (v. 22.) 

Therefore, if seyeral ratios, &c. Q. R D. 



PROP. H.— Thbobbm. 

If a ratio which is compounded of several ratios be the same to a ratio 
which is compounded of several other ratios ; and if one of the first 
ratiosy or the ratio which is compounded of several of thenif be the same to 
one of the hut ratios, or to the ratio which is compounded of several of 
them; 

then the remaining ratio of the first, or, if there be more than one, the 
ratio compounded of the remaining ratios, shall be the same to the remain' 
ing ratio of the last, or, if there be more than one, to the ratio compounded 
of these remaining ratios. 

(References — ^Prop. y. B, 22.) 

Let the first ratios be those of A to B, B to C, C to D, D to E, and 
E to F ; and let the other ratios be those ofGtoH, HtoE, Eto L, 
and L to M; 

also let the ratio of A to F, which is compounded of the first ratios, 
be the same with the ratio of G to M, which is compounded of the 
other ratios; and besides, let the ratio of A to D, which is compounded 
of the ratios of A to B, B to C, C to D, be the same with the ratio of 
OtoK, which is compounded of the ratios of G to H, and H to K 



BOOK Y. PROP. K. 193 

Tben the ratio eompounded of the remaining first ratios* 
to wit, of the ratios of B to a, and B to 7, whleh 
compounded ratio Is the ratio of B to 7, shall he the 
same with the ratio of X to M, which Is eompounded 
of the remaining ratios of X to Xi, and Zi to M of the 
other ratios. 



A.B.C.D.E.F 
6>H.K.L*M 



DEMONSTBATION 

Because, hj the hypothesis, A is to D, as G to K, 
therefore, by inversion, Dt9toA,a«KtoG; (y. B.) 

and as A is to F, so is G to M; (hjp.) 
therefore, ex seqnall, B Is to 7, as X to M. (y. 22.) 

If, therefore, a ratio which is, &c. Q. £. D. 



PROP. K—Thbobem. 



If there be any number of ratios, and any number of other ratios such, 
that the ratio which is compounded of ratios which are the same to ^ first 
ratios, each to each, is the same to Hie ratio which is compounded of ratios 
which are the same, each to each, to the last ratios; and if one of the first 
ratios, or tfie ratio which is compounded of ratios which are the same to 
several of ^ first ratios, each to each, be the same to one of the last ratios 
or to the ratio which is compounded of ratios which are the same, each to 
each, to several of the last ratios ; 

then the remaining ratio of the first, or, if there be more than one, the 
ratio which is compounded of ratios which are the same each to each to 
the remaining ratios of the first, shall be the same to the remaining ratio qf 
the kut, or, if there be more than one, to the ratio which is compounded 
of ratios which are the same each to each to these remaining ratios, 

(References— Prop. y. B, H, 22.) 

Let the ratios of A to B, C to D, E to F, be the first ratios; and the 
ratios of G to H, E to L, M to N, O to P, Q to B, be the other ratios ; 
and let A be to B, as S to T; and C to D, as T to V; and E to E, as 

VtoX; 

therefore, hj the definition of compound ratio, the ratio of S to X is 
compounded of the ratios of S to T, T to V, and V to X,"w\aa\i wfc ^'t 
same to the ratios of A to B, to D, E to E ) eacYk V> «m^ 

K 
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Al8o,aaGtoH,8pletYbetoZ; andEtoL, asZtoa; Mto^as 
a to 6; OtoP, as6toc; and Q to B, as c to (2 ; 

therefore, by the same definition, the ratio of T to c2 is compounded of 
the ratios of T to Z, Z to a, a tob,btoc^ and cto di which are the 
same, each to each, to the ratios ofGtoH,Eto£i,MtoN, O toP, 
and Q to B ; 

therefore, by the hypothesis, S is to X as Y to (f. 

Also, let the ratio of A to B, that is the ratio of S to T, which is one 
of the first ratios, be the same to the ratio of e to ^, which is compounded 
of the ratios of e to /, and / to ^, which, by the hypothesis, are the 
same to the ratios of G to £[, and K to L, two of the other ratios ; 

and let the ratio of A to / be that which is compounded of the ratios 
of h to k, and A to /, which are the same to the remaining first ra,tip6, 
viz. of C to D, and E to P ; 

also, let the ratio of m top, be that which is compounded of the ratios 
of m, to n, n to o, and o to p, which are the same, each to each, to the 
remaining other ratios, viz. of M to N, O to P, and Q to B. 

Tlien tbe ratio of h to 1 sliall be tbe same to the ratio of 
m to p I or h shall be to 1* as m to p. 
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DEMONSTRATION 

Because e is to/, as (G to H, that is, as) Y to Z ; and / is to g, as 
(E to L, that is, as) Z to a ; 

therefore^ ex aqucdi, eistog, a«Yloa; (y.-22.) 
and A is to B, that is S to T, as e to ^ ; (hyp.) 

therefore S is to T, as Y to a; (v. 11.) 

arid by inversion^ T » to S, cw a to Y ; (v. B.) 
but S to X, as Y to D ; (hyp.) 

therefore^ ex aqtiaJi, T»toX,a«atod. 

Also, because h is to K, as (C to D, that is, as) T to V ; and E is to / 
as (E to F, that is, as) V to X ; 

therefore, ex aqttali, htstol, a«TtoX 
In like manner, it may be demonstrated, that m is to p, as a to </ ; 
and it has been shown, that TistoX,asatO(i; 

therefor^ b Is to 1, as m to p* (y. 11.) Q. E. D. 
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BOOK VI. 



DEFINITIONS. 



SmiLAB rectilineal figures are those which have their seyeral angles 
equal, each to each, and the sides about the equal angles proportionals. 





n. 

* Reciprocal figures, yiz. triangles and parallelograms, are such as 
have their sides about two of tiieir angles proportionals in such a 
manner, that a side of the first figure is to a side of the other, as tiie 
remaining side of the other is to the remaining side of the first/ 

m. 

A straight line is said to be cut in extreme and meaa ratio, when the 
whole is to the greater segment, as the greater s^n^^ent is to the lesa 



IV. 

The altitude of any figure is the straight line drawn firom its yertex 
perpendicular to the base. 
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PROP. L— Thbobex. 

TriangUM amd paraUdogramM of Ae tame alHiude, art (me to Ae otiur 
eu their beues. 

(References— Prop. i. 3, 38, 41 ; t. 11, 15, det 5.) 

Let the triangles ABC, ACD, and the parallelognuns EC, CF, have 
the same altltade, yiz. the perpendicolar drawn from the point A to 
BD or BD prodnced. 

Tlien mm tbe Imse 8C Is to like Imse CS, so sluOl tlio tii- 
aaglo ABC be to tlie triangle ACB« 

and tlie parallelocram 8C to the pTallolotism CF. 

E A F 




H O B C D K 



ooirsTRUCTioir 

Produce BD both ways to the pomts H, L, 

and take any number of straight lines BG, GH, each equal to the base 
BC ; and any number of straight lines DE, EL, each equal to CD ; 
(I. 3.) 

and join AG, AH, AE, AL. 

DBM0N8TRATI0H 

Then because CB, BG, GH, are all equal, 

the triangles AHG, AGB, ABC, are all equal ; (l 38.) 

therefore, whatever nudtiple the base HC is of the base BC, the same 
multiple is the triangle AHC of the triangle ABC ; 

for the same reason, whatever multiple the base IX) is of the base CD, 
the same multiple is the triangle ALC of the triangle ADC. 

And if the base HC be equal to the base CL, 
the triangle AHC is also equal to the triangle ALC ; (i. 38.) 

and if the base HC be greater than the base CL, 

the triangle AHC is likewise greater than the triangle ALC ; 

and if less, less. 

8ince, then, there are four magnitudes, viz the two bases BC, CD, and 
the two triangles ABC, AQD ; 
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and of the base BC, and the triangle ABC) the first and third, any 
equimnltiples whateyer have been taken, viz. the base HC and the 
triangle AHC ; 

and of the base CD and the triangle ACD, the second and foorth, have 
been taken any equimnltiples whatever, viz. the base CL and the 
triangle ALC ; 

and since it has been shown, that, if the base HC be greater than the 
base CL, the triangle AHC is greater than the triangle ALC ; and 
if equal, equal ; and if less, less ; 

therefore, as the base BC Is to the base CB, so Is the tri- 
angle ABC to the triangle ACB. (y. def. 6.) 

And because the parallelogram CE is double of the triangle ABC, and 
the parallelogram CF double of the triangle ACD ; (i. 41.) 

and that magnitudes have the same ratio which their equimultiples 
have ; (y. 15.) 

therefore as the triangle ABC is to the triangle ACD, so is the parallel' 
ojgram EC to the paraUelogram CF ; 

and because it has been shown, that, as the base BC is to the base CD, 
so is the triangle ABC to the triangle ACD ; 

• 

and as the triangle ABC is to the triangle ACD, so is the parallelogram 
EC to the parallelogram CF ; 

therefore, as the base BC Is to the base CB, so Is the 
paralleloirrain BC to the parallelogram C7. (y. 11.) 

Wherefore, triangles, &c. Q. E. D. 

Cor. From this it is plain, that trian^s and parallelograms that 
have equal altitudes, are to one another as their bases. 

For, let the figures be placed so as to have their bases in the same 
straight line ; and having drawn perpendiculars from the vertices of 
the triangles to the bases, the straight line which joins the vertices is 
parallel to that in which their bases are (i. 33), because the perpen- 
diculars are both equal and parallel to one another (i. 28). Then, if 
the same construction be made as in the proposition, the demonstration 
will be the same. 



PROP, n.— Thbokem. 

If a straight line he drawn parallel to one of the sides of a triangle^ it 
shall out fAe other sides, on these produced, proportionally; 

and conversely, if ihe sides, or the sides produced, be cut ^9iro^Tt^«AoA.>)<» 



1^8 
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the airaight line which joins &ie points of secHon MB he pamUd to the 
remaining side ef the triangle. 

(Beferences— Prop. i. 37, 39 ; t. 7, 9, 11 5 VL 1.) 

Let DE be drawn parallel to BC, one of the sides of the triangle 
ABC. 

T1I9II SB sball b« to J^£L% as ca to BA. 






CX>KSTBU0nON 



Join B£» CD. 



DEMONSTBATION 

Then the triangle BDE is eqnal to the triangle CDE, because they are 
on the same base DE, and between the same parallels DE, BC ; 
(I. 37.) 

bat ADE is another triangle ; 

and equal magnitudes have the same ratio to the same magnitude; 
(V.7.) 

therefore^ as the triangle BDE is to the triangle ADE, sots the triangle 
CDE to the triangle ADE; 

but, because the triangles BDE, ADE haye the same altitude, yias. the 
perpendicular drawn fron|the point E to AB; 

therefore as the triangle BDE to the triangle ADE, so is BD to DA ; 
(VL 1.) 

for the same reason, as the triangle CDE to the triangle ADE, so is 
CEtoEA; 

thereforOf aa SB to 9 A, so Is CM to SA. (v. 11.) 



Next, let the sides AB, AC of the triangle ABC, or these sides pro- 
duced, be cut proportionally in the points D, E, that is, 80 that BD 
may be to DA as CE to EA, and join DE. 

Tben BB sball be parallel to BC. 



DSHONSTSATION 



The same construction being made, 
becMue oeBDto DA, so is CE to EA s 
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and as BD to DA, so is the triangle BDE to the triangle ADE; (ti. 1.) 

and as CE to EA, so is the triangle CDE to the triangle ABE ; 

therefore the triangle BDE is to the triangle ADE» as (he triangle CDE 
to the triangle ADE ; (y. 11.) 

that is, the triangles BDE, CDE, have the same ratio to the triangle 
ADE; 

thertfore the triangle BDE is equal to the triangle. CBB i (t. 9.) 

and thej are on the same hase DE ; 

but eqnal triangles on the same base and on the same side of it, are 
between the same parallels.; (i. 39.) 

merefore DB Is parallel to 8C« 

Wherefore, if a straight line, &c Q. E. D. 



PROP. nL— Thborbm. 

If the angle of a triangle be divided into two equal angles^ by a straight 
line which also cuts ICAe 6aae ; 

then the segments of the base shall have the same ratio which the oUier 
sides of the triangle have to one another ; 

and conversely, if the segments of the bcue have the same ratio which 
the other sides of the triangle have to one another ; 

then the straight Une drawn from the vertex to the point of section, 
divides the vertical angle into two equal angles, 

(References— Prop. i. 5, 6, 29, 31 j y. 7, 9^ 11 ; yi. 2.) 

liet ABO be a triangle, khd let the angle B AC be divided into two 
equal angles by the straight line AD. 

Tben sbaU 8D be to ttt^ as Aa t6 AC. 



,,-^E 




CONSTBUCTION 



Through the point C draw CE parallel to DA ; (i. 31.) 
and let BA produced meet CE in E. 
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DKMON8TBATION 

Because the straight line AC meets the parallels AD, EC, 

therefore the angle ACE is equal to the alternate angle CAD ; (i. 29.) 

but CAD, by the hypothesis, is equal to the angle BAD ; 
therefore BAD is equal to the angle ACE ; (ax.,1.) 

Again, because the straight line BAS meets the parallels AD, EC, 

therefore the outward angle BAD is equal to (he inward and opposite 
angle AEC ; (i. 29.) 

bat the angle ACE has been proved eqnal to the angle BAD ; 

therefore also ACE is equal to the angle AEC ; (ax. 1.) 

wherefore the side AE is equal to the side AC ; (i. 6.) 

and because AD is drawn parallel to EC, one of the sides of the 
triangle BCE, 

therefore BD is to DC, a« BA to AE ; (yl 2.) 
but AE is equal to AC ; 

tberefore* as 8D to DC, so Is SA to AC. (y. 7.) 



Next, let BD be to DC, as BA to AC, and jom AD. 

Tben tlie an^le 8AC sliaU 1>e divided into two egaal 
anffles by tiie straiffbt line AB. 



DEMONSTRATION 

The same construction being made ; 

because, as BD to DC, so is BA to AC ; 

and as BD to DC, so is BA to AE, because AD is parallel to EC ; 
(VI. 2.) 

therefore BA is to AC, as BA to AE; (y. 11.) 

therefore AC is equal to AE ; (v. 9.) 

and therefore the angle AEC is equal to die angle ACE ; (i. 5.) 

but the angle AEC is equal to the outward and opposite angle BAD ; 

and the angle ACE is equal to the alternate angle CAD ; (i. 29.) 

wherefore also the angle BAD is equal to the angle CAD ; (ax. 1.) 

tbat is, tiie ansrle 8AC is out into two equal angles by 
tlie straiffbt line AB. 

Therefore, if the angle, &c. Q. E. D. 
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PROP. A.— Theorem. 

If the outward angle of a triangle made by producing one of its sides, 
be divided into two equal angles, by a straight line, which also cuts the base 
produced ; 

then the segments between the dividing line and the extremities of the 
base, have the same ratio which the other sides of the triangle have to one 
another; 

and conversely, if the segments of the base produced have the same ratio 
which the other sides of the triangles have; 

then the straight line drawn from the vertex to the point of section 
divides the outward angle, of the triangle into two equal angles. 

(References— Prop. i. 5, 6» 29, 31 s y. 7, 9, 11 ; ti. 2.) 

Let ABC be a triangle, and let one of its sides BA be prodnced to 
£ ; and let the ontward angle CAE be divided into two eqnal angles 
bj the straight line AD which meets the base produced in D. 

Tlieii 8D slMll be to DC, as 8A to AC. 




CONSTRUCTION 

Throogh C draw CF parallel to AD ; (i. 31.) 

DEMONSTRATION 

And because the straight line AC meets the parallels AD, PC, 
the angle ACF is equal to the alternate angle CAD ; (i. 29.) 

bat CAD is equal to the angle DAE ; (hyp.) 

therefore <dso DAE is equal to the angle ACF ; (ax. 1.) 

Again, because the straight line FAE meets the parallels AD, EC, 
the outward angle DAE is equal to the inward and opposite angle CFA ; 
(I. 29.) 

but the angle ACF has been proved equal to the angle DAE ; 

therefore also the angle ACT is equal to the angle CFA ; (ax. 1.) 

and therefore the side AF is equal to the side AC ; (i. 6.) 

and because AD is parallel to FC, a side of the \x\axi^e^C^« 

]l3 



309 THB W.KIim'rS OV XOGUDu 

there/ore BDU to JX)t at B A to AV ; (¥1.2.) 
bot AF if equal to AC ; 



yext, kt BD be to DQ as BA to AC, and join AD. 
Then Ilia magU CAB aball 1m e««al to llw 



DEMOVffnUTIOH 

The same eonatiDction being made, 

becanse BD Is to DC, as B A to AC ; 

imd that BD Is also to DC^ as B A to AF ; (tl 2.) 

therefore BA is to AC, as BA to AF -, (y. 11.) 

wherefore AC is eqoal to AF ; (t. 9.) 

and therefore the angle AFC equal to the angle ACF ; (i. 5.) 

but the angle AFC is etpial to the outward ang^ BAD, and the angle 
ACF to the alternate angle CAD ; (i. 29.) 

tliereldre also aaB la equal ta tbit aafle CXAO. (ax. 1.) 

Wherefore, if the outward, &c. Qt E. D. 



PBOP. IV.—Theoreii. 

The tides about the equal angles of equiangular trian^es are propor- 
tionals; 

and those which are opposite to the equal angles are homalogomt sides, 
tJtat is, are the antecedents or consequents of the ratios, 

(References— Prop. i. 17, 22, 28, 32, 34 ; T. 7, 16, 22 ; vi. 2.) 

Let ABC, DCE be equiangular triangles, having the angle ABC 
equal to the angle DCE, and the angle ACB to the angle DEC ; and, 
consequently, the angle BAC equal to the angle CDE ; (l 32.) 

Tlien the aides abont the equal angles of tiie triangles 
AMOf DCS shall be proportionals % and those shall be 
the homologons sides which are opposite to the equal 
angles* 

F 



B C £ 
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OONSTJiUOTION 



Let the triangle DCE be placed, so that its side G£ may be contigiions 

to BC, and in the same straight line with it $ (i. 22.) 
because the angle BCA is eqoal to the angle GED, (hjp.) 
add to each the angle ABO ; 

Aerefore the two angles ABC, BCA are eqwd to the two angles ABC, 
CED ; (ax. 2.) 

bat the angles ABC, BCA are together less than two right angles ; 

(1. 17.) 

therefore the angles ABC, CED are also less than two right angles ; 

toherejbre BA, ED if produced wUl meet ; (i. ax. 18.) 
let them be produced and meet in the point ?. 

DEH0K8TBATI0N 

Then because the angle ABC is equal to the angle DCE ; (hyp. ) 

therefore BE is paraUel to CD ; (i. 28.) 
and because the angle ACB is equal to the angle DEC, 

therefore AC is parallel to "FE ; (i. 28.) 

wherefore FA CD is a parallelogram ; 

and consequently AF is equal to CD, and AC to FD ; (i. 34.) 

And because AC is ptoillel to FE, one 6f the dides of the triangle 

FBE, 

thereforeBA is to AF, a^ BC to CE ; (vi. 2.) 
but AF is equal to CD ; 

therefore, as BA to CD, so is BC to CE ; (v, 7.) 

and altematefy, as AB to BC, so is DC tbCE; (t. 16.) 
Again, because CD is parallel to BF, 

therefore a« BC to CE, so is FD to DE ; (vi. 2.) 
but FD is equal to AC ; 

therefore, as BC to CE, so is AC to DE ; (v. 7.) 

and alternately, as BC to CA, so CE to ED ; (v. 16.) 
since then it has been sfaOi^h that AB is to BC, as DC to CE, and as 

BC to CA, so CE to ED, 

tiierefore, ex eeqnali, sA 1* to AC, aft CD to HtB. (t. 22.) 
Therefore the sides, &c. Q. E. D. 
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PROP, v.— Thbobem, 

If the nde§ of two triangles^ about each of Aeir angkst he proper' 
tionaUf the triangles $haU be equiangular; and Ae equal angiea Aatt be 
those which are opposite to the homologous sides. 

(References — Prop. i. 4, 8, 23, 32 ; y. 9, 11 ; tl 4.) 

Let the triangles ABC, DEF have their side proportionals, so that 
AB is to BC, as DE to EF, and BC to CA, as EF to FD ; and conse- 
quently, ex seqnali, BA to AC, as ED to DF. 

Tben tbe trlauffle ABC aball be eqvlaniiilar to tlie tri- 
angle D Wff and Hie anirlea wbloli are opposite to tlie 
bomoloffou aides aball be eqnalf vlx. Hie angrle ABC 
equal to tbe angle DBr« and 8CA to Bnif and also 
BAC to BBV. 





GONSTBUOnON 

At the points £, F, in the straight line EF, make the angle FEG equal 
' to the angle ABC, and the angle EFG equal to BCA ; (i. 23.) 

DBMON8TBATION 

Because the remaining angle EOF, is equal to the remaining angle 
BAC ; (l 82.) 

the triangle GEF is therefore eqmangular to the triangle ABC ; 
consequently they have their sides opposite to the equal angles pro- 
portionals ; (vi. 4.) 
wherefore, as AB to BC, «o u GE to EF ; 
but as AB to BC, so is BE to EF ; (hyp.) 
therefore as DE to EF, so GE to EF ; (y. 11.) 

that is, DE and GE Jutve the same ratio to EF, ana consequently are 
equal, (v. 9.) 

For the same reason, DF is equal to FG. 

And in the triangles DEF, GEF, because DE is equal to EG, and EF 
is common; 

the two sides DE, EF are equal to the two GE, EF, each to each ; 

and tbe base DF is equal to the base GF -, 
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therefort the angle DEF is equal to the angle GEF } (i. 8,) 

and the other angles to the other angles which are subtended by the 
equal sides ; (i. 4.) 

therefore the angle DFE h equtU to Ae angle GFE, and EDF to EGF; 
and becaose the angle DEF is eqnal to the angle GEF, 
and GEF eqnal to the angle ABC i (constr.) 

therefore the angle ABC ie equal to the angle DEF; (ax. 1.) 

for the same reason, the angle ACB is eqoal to the angle DFE, and the 
angle at A eqnal to the angle at D ; 

tberefore the trtanffle ABC la eqnlangnlar to the trtangle 

Wherefore, if the sides, &c. Q. E. D. 



PROP. VI.— Theokem. 

If two triangles have one angle of the one equal to one angle of the 
other, and the sides about the equal angles proportionals, 

Uien the triangles shall be equiangular, and shaU have those angles equal 
which are opposite to the homologous sides, 

(References— Prop. i. 4, 23, 82 ; y. 9, 11 ; ▼!. 4.) 

Let the triapgles ABC, DEF have the angle BAC in the one equal 
to the angle EDF in the other, and the sides about those angles propor- 
tionals ; that is, BA to AC, as ED to DF. 

Tben tbe trlaufflea ABC, BBV aliall bo oqvlaiiffiilary and 
stall bave tiie anirlo ABC equal to tbe an^le BBV, and 
ACB to D3 



A 




D 




CONSTRUCTION 



At the points D, F, in the straight line DF, make the angle FDG 
equal to either of the angles BAC, EDF, and the angle DFG equal 
to the angle ACB ; (i. 23.) 



DEMONSTIUTION 



Because the remaining angle at B is equal to the remaining angle at 
G ; (L 82.) 
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therefore lAa tHafigtd t>QrF in e^aiaiigttlto to tlie triimgle ABC ; 

dnd ifmrefott (U BA to AC, «of t« GD to DF ; (vi. 4.) 
but, by the hypothesis, as BA to AC, so is ED to D^ ; 

therefore as BB to 1)!?, so is GD to DF ; (v^. ll.) 

wherefore ED \& dijtial to DG. (V. 9.) 

And in the two triangles EDF, GDF ; 

because ED is 6qiial to t)G, and DF common, 

the two sided £D, 1)F are equal to the two sides GD, bF, each to 
each; 

dUd the angle M)!^ is equal to the angle GDF; ((k>xistr.) 

iJierqfore the base IStE is equal to the base FG, and the triangle EDF u 
equal to the triangle GDF; 

and the remaining angles to the remaining angles, each to each, 
which are subtended by the equal sides, 

therefore the angle DFG is equal to the angle DEE, and the angle at G 
to the angle a£ E ; (i. 4.) 

but the angle l)i^G is equal to the angle ACB ; (constr.) 
Uterefore the angle ACB is equal to the angle DFE; (ax. 1.) 

and the angle BAC is equal to the angle EDF ; (hyp.) 

wherefore also the remaining angle atB is equal to the remaining angle 
at E ; (i. 32.) 

tiierefore tbe triangle ABC Is equlangiilar to tbe triangle 



Wherefore, if two angles, &c. Q. E. D. 



PROP. VII.— Theorem. 

If two triangles have one angle of the one equal to one angle of the other y 
and the sides about two other angles proportionals ; 

then if each of the remaining angles be either less^ or not less, than a right 
an^e, or if one of them be a right angle ; the triangles sfudl be equiangular, 
and shall have those angles equal about which the sides are proportionals. 

(References— Prop. i. 5, 13, 17, 23, 82 ; v. 9, 11 ; Vi. 4.) 
Let the two triangles ABC, DEE have one angle in the one equal to 
one angle in the other, viz. the^ angle BAC to the angle EDF, and the 
sides about two other angles ABC, DEF proportionals, so that AB is 
to BC, as DE to EF. 
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And frstf let etch of the remaining angles at C» F, be less than a 
ri|^t angle. 

Tben tbe triangle ABC aliall be eqniaagulap to tbe tri- 
angle B Wy wiMm tiie angle ABC aliall lie eqval to the 
angle BBV, and tiie remaining angle at C equal to tiie 
remaining angle at V. 





CONSTBUOTION 

For if the angles ABC, D£F be not eqnal, one of them most be 

greater than the other; 
let ABC be the greater, and at the point B, in the straight line AB, 

make the angle ABG equal to the angle DEF ; (i. 23.) 

DBMOKSTRATIOV 

Then because the angle at A is equal to the angle at D ; (hjp.) 

and the angle ABG is assumed to be to the angle DEF ; (constr.) 

therefore the remaining angle AGB must be equal to the remaining 
angle DFB ; (i. 32.) 

therefore the triangle ABG must be equiangular to the triangle DEF ; 

wherefore as AB is to BG, so must DE be to EF ; (vi. 4.) 
but as DE to EF, so, by hypothesis, is AB to BC ; 

therefore as AB to BC, so must AB 6a to BG ; (t. 11.) 
and because AB has the same ratio to each of the lines BC, BG ; 

therefore BC must be equal to BG ; (v. 9.) 

and therefore the angle BGC must be equal to the angle BCG ; (i. 5.) 
but the angle BCG is, by hypothesis, less than a right angle ; 

therefore also the angle BGC must be less than a right angle ; 

and therefore the adjacent angle AGB must be greater than a right 
angle ; (i. 13.) 

but it was prored that the angle AGB *must' be equal to the angle 
at F ; 

therefore ike angle at F must be greater than a right angle. 

But, by the hypothesis, it is less than a right angle; which is absurd ; 

tlierefore the angles ABC, DEF, are not uneqaal,t]kiat \«,1^«^ <w^ W35»ms\.\ 
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and the angle at A is equal to the angle at D ; (hyp.) 
wherefore the remaining angle at C is equal to the remaining angle 
at F; (I. 32.) 

' therefore tbe trtaaffle ABO la eqalanffalar to tbe triangle 



Secondly^ let each of the angles at C, F, be not less than a right angle. 
Then the triangle ABC shall be equiangular to the triangle D£F. 

A 

D 




B 




DBMONSTBAT10N 

The same construction being made, 

it may be prored in like manner that BC must be equal to BG, 

and therefore the angle at C equal to the angle BGC ; (i. 5.) 
but the angle at C is not less than a right angle ; G^yp.) 

therefore the angle BGC cannot be less than a right angle ; 

wherrfore two angles of the triangle BGO must be together not less than 
two right angles ; 

which is impossible ; (i. 17.) 

and t&erefore tbe triangle ABC may be proved to be 
equiangular to the triangle DBV, as In the flmt ease. 

Lastly , let one of the angles at G, F, viz. the angle at C, be a right 
angle. 
Then the triangle ABC shall be equiangular to the triangle D£F. 





OONSTBUCnON 

For if they be not equiangular, at the point B in the straight line AB 
make the angle ABG equal to the angle DEF. 

DEMONSTRATION 

It may be proTed, as in the first case, that BG must be equal to BC; 
oMdOer^ore the angle BCG eqwX to A« angle BGC; (i. 5.) 
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bat the angle BCG is a right angle ; (hjp.) 

therefore the angle BGC must be also a right angle ; (ax. 1.) 

wherefore two of the angles of the triangle BGC must he together not 
less than two right angles ; 

which is impossible ; (i. 1 7.) 

therefore tbe triangle ABC Is eqnlangiilar te tlie triangle 



Wherefore, if two triangles, &c Q. E. D. 



PROP. Vni— Theorbm. 

Tn a right-angled triangle, if a perpendicular be drawn from the right 
angle to the base ; 

then Ae triangles on each side qf it are similar to the whole triangle^ 
and to one another, 

(References — ^Prop. i. 32; vi. 4, def. 1.) 

Let ABC be a right-angled triangle, baring the right angle BAG ; 
and from the point A let AD be drawn perpendicular to the base BO. 

Tben tbe triangles A8D, ABC eball be similar to tbe 
wbole triangle ABC, and to one anotber. 




DEMOMSTBATION 

Then in the triangles ABC, ABD, 

becaose the angle BAC is equal to the angle ABB, each of them being 

a right angle ; (ax. 11.) 
and that the angle at B is common to both triangles ; 

therefore the remaining angle ACB is equal to the remaining angle 

BAD ; (I. 32.) 
therefore the triangle ABC is equiangular to the triangle ABD, and the 

sides about their equal angles are proportionais ; (yl 4.) 

wberefore tbe triangle ABC Is similar to tbe triangle 

(vi. def. 1.) 



In the same manner it may be demonstrated, that 
tbe triangle ABC Is similar to tbe trlancl^ Aan% 
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and the angle at A is equal to the angle at D ; (hyp.) 

wherefore the remaining angle at C is equal to the remaining angle 
at F; (L 82.) 

' tiierefore tbe trlanfle ABO Is egnlawgolar to tbe triangle 

Secondly, let each of the angles at C, F, be not less than a right angle. 
Then the triangle ABC shall be equiangular to the triangle DEF. 




D 




DBMONSTBATION 

The same construction being made, 

it may be proved in like manner that BC must be equal to BG, 

and therefore the angle at G equal to the angle BGC ; (i. 5.) 
but the angle at C is not less than a right angle ; G^yp.) 

therefore the angle BGrC cannot be less than a right angle ; 

wherrfore two angles of the triangle BGO must he together not lees than 
two right angles ; 

which is impossible ; (i. 17.) 

and tlierefore tlie trtangle ABC may be proved to be 
eqnlanffolar to the triangle DBF, as In tbe flmt ease. 

Lastly f let one of the angles at C, F, viz. the angle at C, be a right 
angle. 

Then the triangle ABC shall be equiangular to the triangle DEF. 





OONSTBUCnON 

For if they be not equiangular, at the point B in the straight line AB 
make the angle ABG equal to the angle DEF. 

DBMONSTBATION 

It may be proved, as in the first case, that BG must be equal to BC; 
and therefore the angle BCG eqnal to the angle BGC; (i. 5.) 
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bat the angle BCG is a right angle ; (hyp.) 

therefore the angle BGC must be also a right angle ; (ax. I.) 

wherefore two of the angles of the triangle BGC! must be together not 
less than two right angles ; 

which is impossible ; (i. 1 7.) 

tiierefore tbe trtaaffle ABC Is eqnlanfiilar to tiie triangle 



Wherefore, if two triangles, &c Q. E. D. 



PROP. Vni.— Theorem. 

Tn a right-angled triangle, if a perpendicular he drawn from the right 
angle to the base ; 

then Ae triangles on each side qf it are similar to the whole triangle^ 
and to one another, 

(References — ^Prop. i. 32; vi. 4, def. 1.) 

Let ABC be a right-angled triangle, having the right angle BAC ; 
and from the point A let AD be drawn perpendicular to the base BG. 

Tlieii ttie trtanffles A8D, ADC sball be similar to ttie 
wbole trianffle ABC, and to one anottier. 




DEMOMSTBATION 

Then in the triangles ABC, ABD, 

because the angle BAC is equal to the angle ABB, each of them being 
a right angle ; (ax. 11.) 

and that the angle at B is common to both triangles ; 

therefore the remaining angle ACB is equal to the remaining angle 

BAD ; (I. 32.) 
therefore the triangle ABC is equiangular to the triangle ABD, and the 

sides about their equal angles are proportionals ; (tl 4.) 

wberefore tiie trtanyle ABC is similar to tiie triangle 

(vi. def. 1.) 



In the same manner it may be demonstrated, that 
tbe triangle JUW fs similar to tbe trlMisl^ AAC% 
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And because the triangles ABD. ACD, are both smukr to ABC, 
tberefore t&ey are similar to eaeb other. 

Therefore, in a right-angled, &c. Q. E. D. 

Cor. From this it is manifest, that the perpendicular drawn from the 
right angle of a right-angled triangle to the base is a mefui i»K>portional 
between the segments of the base ; and also that each of the sides is a 
mean proportional between the base and the segment of it adjacent to 
that side ; 
For, m the triangles BDA, ADC, 

BD tf to DA, flw DA to DC ; (vi. 4.) 
and in the triangles ABC, DBA, 

BC is to BA, as BA to BD ; (vi. 4.) 
and in the triangles ABC, ACD, 

BC tf to CA, fiw CA to CD ; (vi. 4.) 



PROP. IX.— Problem. 

From a given straight line to cut off any part required, 

(References — Prop. i. 31 ; v. D, 18 ; vi. 2.) 
Let AB be the given straight line. 
It is required to cut off any part from it. 




CONSTRUCTION 

From the point A draw a straight line AC, Aiaking any angle with AB, 

and in AC take any point D ; 

and take AC the same multiple of AD, that AB iis of the part whieh is 
to be cut off from it ; 

join BC, and draw DE parallel to CB. (i. 31.) 

Tlien AM eball be tbe part required to be eat ofti 
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DBM0K8TIULTI0N 

BecAose ED is parallel to BC, one of the sides of the triangle ABC, 

therefore as CD is to DA, «o is BE to EA ; (jL 2.) 
and by composition, 

CA is to AD, OS BA to AE ; (y. 18.) 
bnt CA is a multiple of AD ; (constr.) 

therefore BA is the same multiple of AE ; (y. D.) 
that is, whatever part AD is of AC, AE is the same part of AB ; 

wliereforey fk^m tbe straiirbt Use AB the part required 

Is eat ofti 

Q.KF. 

PROP. X— Pkoblbm. 

To divide a given straight line simHarfy to a given divided straight 
line, that is, into parts that shall have the same ratios to one another, 
which the parts of the divided given straight Une have, 

(References— Prop. i. 31, 34 ; v. 7 ; vi. 2.) 

Let AB be the straight line given to be divided, and AC the divided 
line. 
It is required to divide AB similarly to AC. 



COS8TRUCTIOK 

Let AC be divided in the points D, E $ 

and let AB, AC be placed so as to conti^n any ftAgle, and join BC, 

and through the points D, E draw DF, EG parallels to BC ; (i. 31.) 

Tben A8 eball be divided in tbe points r» CS similarly to 
AC. 

Through D draw DHK parallel to AB. 

DEMONSTRATION 

Because each of the figures FH, HB is a parallelogram ; (constr.) 
thertfore DH it equal to FG, and HK to GB •, (i. ^."^ 
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and because HE is parallel to EC, one of the sides of the triangle DEC, 

therefore, as CE to ED, «o w EH to HD ; (VL 2.) 
but EH is equal to BG, and HD to GF ; 

therefore, as CE is to ED, so is BG to GF ; (v. 7.) 

Again, because FD is parallel to GE, one of the sides of the triangle 
AGE, 

therefore, as ED is to DA, «) m GF to FA; (vi. 2.) 

and it has been shown that as CE is to ED, so is BG to GF, and as ED 
is to DA, so is GF to FA; 

tberefdre tlie ylven stralirlit line £k!B Is divided similarly 
to AC. Q. E. F. 



PROP. XL— Problem. 

To find a third proportional to two given straight lines, 

(References — ^Prop. i. 3, 81 ; v, 7 ; vi. 2.) 
Let AB, AC be the two given straight lines. 
It is required to find a third proportional to AB, AC, 

A 




CONSTRUCTION 

Let AB, AC be placed so as to contain any angle ; 
produce AB, AC to the points D, E, and make BD equal to AC^ (l 3.) 
join EC, and through D, draw DE parallel to BC. (i. 31.) 
Then ca eball be a third proportional to AM and AC. 

DEMONSTRATION 

Because BC is parallel to DE, a side of the triangle ADE, 

therefore, AB is to BD, as AC to CE ; (yi. 2.) 
but BD is equal to AC ; 

ther^ore, as AB is to AC, «o w AC to CE ; (v. 7.) 

wberefdre, to the two given straiirht lines A8, AC« a 
third proportional ca is found. Q. K F. 
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PROP. XII.— Problem. 

To find a fourth proportional to three given straight lines. 

(Beferences — ^Prop. i. 3, 31 ; v. 7 ; vi. 2.) 

Let A, B, C be the three given straight lines. 

It is required to find a fourth proportional to A, B, C. 



D 



/ 



C 



0/ aH 

L A 

E F 

CON8TBUCTION 

Take two straight lines DE, DF, containing any angle £DF; and upon 
these make DG equal to A, GE equal to B, and DH equal to C; (i. 3.) 

join GH, and through E draw EF parallel to it. (i. 81.) 

Tben BF stiall be tbe fourtli proportional to JLf 8« C. 

DEMONSTRATIOir 

Because GH is parallel to EF, one of the sides of the triangle DEF, 

therefore DG w to GE, a* DH ft) HF ; (vi. 2.) 
but DG is equal to A, GE to B, and DH to C ; (constr.) 

therefore, asAistoB^soisCto HF ; (v. 7.) 

wberefore to tbe tbree given stralfflit lines A, 8, C, a 
fonrtb proportional BF Is found. 

Q.RF. 



PROP. XIII.— Pboblem. 

To find a mean proportional between two given straight lines. 

(Beferences — ^Prop. i. 11 ; lu. 31; vi. 8 cor.) 
Let AB, BC be the two given straight lines. 
It is required to find a mean proportional between them. 

D 
.— ... 



w 



a: 

A B 
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OONSTIUTCTIOK 

Place AB, BC in a straight line, and npon AC describe the semicircle 

ADC, 
and from the point B draw BD at right angles to AC. (l 11.) 

Tben 8B sliall. be a mean proportfonal between A9 anA 



Join AD, DC. 

IXEMONSTBATIOir 

Becanse the angle ADC in a semicircle is a right angle ; (m. 31.) 

and because in the right-angled triangle ADC, BD is drawn finom the 
right angle perpendicular to the base, 

therefore DB is a mean proportiomd between AB, BC, the segments of 
the base ; (yi. 8 cor.) 

therefore between tbe two s>iven mtnight Unee. AM, BCf 
a mean proportional SB Is found* 

Q.KF. 



PBOP. XrV.— Thbobbm. 

Equal parallelograms, which have one angle of the one equal to one 
angle of the other, hctve their sides about the equal angles reeiprocalfy 
proportional; 

and conversely, parallelograms that have one angte of the one equal to 
one angle of the other, and their sides about the equal angles reciprocally 
proportional, are equal to one another. 

(References — Prop. i. 14 ; v. 7, 9, 11 ; yi. 1.) 

Let AB, BC be equal parallelograms, which have the angles at B 
equal. 

Tben tbe sides of tbe parallelograms AS* 8C about tbe 
equal angles sball be reelproeally proportional i tbat 
Is, »8 sbaU be to 8B, as OB to 
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OOKSTSUCTION 

Let the sides DB, BE be placed in the same straight line; 
therefore also FB, BG are in one straight line ; (l 14.) 
complete the parallelogram FE. 

DBMONSTBATION 

And because the parallelogram AB is equal to BC, and that FE is 
another parallelogram, 

therefore AB w to FE, cw BC to FE ; (v. 7.) 
but as AB to FE, so is the base DB to BE ; (yi. 1.) 
and as BC to FE, so is the base GB to BF ; 

^ere/ore, as DB to BE, so is GB to BF; (v. 11.) 

wbereftoref tlie sides of Itie paralleloffraaM ABf BC lAottt 
their equal anyles are reciprocally proportioaal. 

Next, let the sides of the parallelograms AB, BC about their angles be 
reciprocally proportional, viz. as DB to BE, so GB to BF. 

Tben tbe parallelogram AS snail be equal to tbe paral- 
lelogram 8C. 

DEBIOKSTBATION 

The same construction being made, 

because, as DB to BE, so is GB to BF; 

and as DB to BE, so is the parallelogram AB to the parallelogram 
FE ; (VI. 1.) 

and as GB to BF, so is the parallelogram BC to tiie parallelogram FE ; 

ifierefore as AB to FE, soisBCto FE ; (v. 11.) 

therefore itie paraUelogram AB is equal to the paral- 
lelogram BO^i (y. 9.) 

Therefore equal parallelograms, &;c. Q. E. D. 



PROP. XV.— .Thbokbm. 

Equal triangles which have one angle of the one equal to one angle of 
the othert have their sides about the equgl angles reciprocally proportional i 

and conversefyf triangles which have one angfe in. the one equal to one 
angl^ 19 the oth^, and their sides about the equal angUe reciprocally |]ro- 
portionalf are equal to one another. 
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(References — ^Prop. i. 14 ; v. 7, 9, 11 ; vl 1.) 

Let ABC, ADE be equal triangles, which have the angle BAG 
equal to the angle DAE. 

Then tbe sides about tbe equal anffles of tbe trtauffles 
•tiall be reeiproeally proportional t tbat Is, CJL sliall be 
to AB, as BA to A8. 




CONSTRUCTION 

Let the triangles be placed so that their sides CA, AD be in one 
straight line ; 

therefore also EA and AB are in one straight line; (l U.) 

and join BD. 

DEMONSTBATION 

Because the triangle ABC is equal to the triangle ADE, and that ABD 
is another triangle ; 

there/ore as the triangle CAB is to the triangle BAD, so is (he 
triangle AED to the triangle DAB ; (v. 7.) 

but as the triangle CAB to the triangle BAD, so is the base CA to the 
base AD ; (vi. 1.) , 

and as the triangle EAD to the triangle DAB, so is the base EA 
to the base AB ; (vi. 1.) 

therefore as CA to AD, so is EA to AB; (v. 11.) 

tberefore tbe sides of tbe triangles A8C, ABB about tbe 
equal angles are reeiproeally proportional. 

Next, let the sides of the triangles ABC, ADE about the equal angles 
be reciprocally proportional, viz. CA to AD as EA to AB. 

Tben tbe triangle ABC sball be equal to tbe triangle 



DEMONSTRATION 

The same construction being made, 
because, as CA to AD, so is EA to AB ; G^yp.) 
and as CA to AD, so is the triangle ABC to the triangle BAD ; 
Cvi. L) 
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and as EA to AB, 80 is the triangle BAD to the triangle BAD ; 

(VI. 1.) 

therefore as the triangle BAG to the triangle BAD, so is the triangle 
BAD to the triangle BAD j (v. 11.) 

that is, the triangles BAC, £AD have the same ratio to the triangle 
BAD; 

wberefore tbe trtanyle ABC Is equal to tbe trlanffle ABS* 

(V. 9.) 

Therefore, equal triangles, && Q. £. D. 



PROP. XVL— Theobbm. 

If four straight lines he proportionals, the rectangle contained by the 
extremes is equal to the rectangle contained by the means; 

and conversely, if the rectangle contained by the extremes be equal to the 
rectangle contained by the means, the four straight lines are proportionals* 

(References — Prop.i. 3, 11, 31; v. 7; vi. 14.) 

Let the four straight lines AB, CD, E, F be proportionals, viz. as 
AB to CD, so £ to F. 

Tben tbe rectangle oontalned by AS* and T sball be 
equal to tbe reotauffle eontatned hy C9f <Mld a* 

6 



B 




CON8TBUCTIOM 

From the points A, C draw AG, CH at right angles to AB, CD; 

(L 11.) 
make AG equal to F, and CH equal to £ ; (i. 3.) 
and complete the parallelograms BG, DH. (i. 31.) 

DBUONSTBATION 

Because, as AB to CD, so is £ to F ; 
and that E is equal to CH, and F to AG ; 

therefore AB is to CD as CH to AG ; (v. 7.) 

that is, ihe sides of the parallelograms BG, DH ahcut the equal angles 
are reciprocaUy proportional i 
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but parallelograms which have their sidoa about eqmal angles recipro- 
cally proportional, are equal to one another ; (vl 14.) 

therefore lh$ pandklogram BG t» equci to ^ paralhl^gram DH. 
But the parallelogram BG is contained bj the straight lines AB and F, 

because AG is equal to F \ 
and the parallelogram DH is contained bj CD, £, because CH is equal 

toE; 

tlierefore tbe rectangle contained by tbe stralglit Unes 
AB| r, Is equal to tbat wliioh to contained liy CA 
and B. 

Nextf if the rectangle contained by the straight lines AB, F, be equal 
to that which is contained by CD, B. 

Tbeee fonr Uaes aJ^Ol be vreipiortlonalf ¥lx« AS eliall be 
to CB, as 9 to 9"* 

DEMOMBTSATION 

The same construction being made, 

because the rectangle contained by the straight lines AB, and F, is equal 
to that which is contained by CD, and E, 

and that the rectangle BG is contained by AB, and F, because AG is 

equal to F ; 
and the rectangle DH by C^, and E, beoause CH is equal to E ; 

therefore the paraUelogram BG is equcd to the ptwalkbgrctm DH ; 
(ax. 1.) 

and they are equiangular. 

But their sides about the equal angles of equal parallelograms are 
reciprocally proportional ; (vi. 14.) 

wherefore, as AB to CD, so is CH to AG ; 

but CH is equal to E, and AG to F i 

tberelbre a» 4UI to C»»aa to a to IT. (t. 7.) 

Wherefore, if four, &c. Q. Ei D* 



PBOP. XVn.— Thbobbm. 

If three straight lines be proportionals^ die rectangle contained bjf the 
extremes is equal to the square on the mean i 

and conwersely, if the rectangle contained by the extremes be equal to 
the square an Hie mean^ the three straight lines are proportionals, 

(Eeferences— Prop. y. 7 ; vi. 1.6.) 
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Let the three straight Imes A, B, C be proportioiialsy viz. as A to B, 
soBtoC. 

Tben tbe reetanirle contained by A« C» aball be equal to 
the square on 8. 



fi 

D 
C 



n 



D 
fi 



CONBTRUOnON 



Take D equal to B. 



DEUONSTSAnon 

Becanse as A to B, so B to C, and that B is equal to D ; 

there/ore euAistoB^soDtoC', (v. 7.) 

but if four straight lines be proportionals, the rectangle contained bj 
the extremes is equal to that which is contained by the means ; 
(VI. 16.) 

therefore Ihe rectangle contained by A^C, is equal to (hat contained by 
B,D; 

but the rectangle contained by B, D is the square on B, because B is 
equal to D ; 

tlierefere tlie reetangle contained by A« Cf Is equal to tbe 
square on 8. 

Next, if the rectangle contained by A, C, be equal to the square on B. 
Tben A sball l^e to 8, as 8 to C. 

DEMOKSTSATIOK 

The same construction being made, 

because the rectangle contained by A, C, is equal to the aquare on B, 

and the square on B is equal to the rectangle contained by B, J), because 
B is equal to I) ; 

therefore the rectangle contained by A, and C> it equal to that contained 
by B, and D. 

But if the rectangle contained by the extremes be equal to that con- 
tained by the means, the four straight lines are proportionals; (ti. 16.) 
therefore A » /o B, cw D to C ; 

but B is equal to D ; 

wberefore, as A to 8f so 8 to C. 

Therefore, if three straight lines, &c Q. B. D« 

l2 
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PROP. XVm.— Pkoblbm. 

Upon a ffiven straight line to describe a rectHmeal figure similar, and 
similarly situated, to a given rectilineal figure, 

(References— Prop. i. 23, 82 ; v. 22 ; vi. 4.) 

First, let AB be the given straight line, aud CDEF the given recti- 
lineal figure of four sides. 

It is required upon the given straight line AB to describe a rectilineal 
figure similar, and similarly situated, to CDEF. 




CONSTRUCTION 

Join DF, and at the points A, B, in the straight line AB make the 

angle BAG equal to the angle at C, and the angle ABG equal to the 

angle CDF ; (i. 28.) 
and at the points G, B, in the straight line GB, make the angle BGH 

equal to the angle DFE, and the angle GBH equal to the angle 

FDE. (I. 23.) 

Tlien ttie flgmre AABG sliall be similar and similarly 
situated to CBSF. 

DEMONSTRATION 

Because the angle BAG is equal to C, and the angle ABG to the angle 
CDF ; (constr.) 

therefore the remaining angle AGB is equal to the remaining angle 
CFD; (L 32.) 

therefore the triangle FCD is equiangular to the triangle GAB. 

and because the angle BGH is equal to the angle DFE, and the angle 
GBH to the angle FDE ; (constr.) 

therefore the remaining angle GHB is equal to the remaining angle 
FED, 

and the triangle FDE equiangular to the triangle GBH. 

Then, because the angle AGB is equal to the angle CFD, and BGH to 
DFE, 

therefore the whole angle AGH is equal to the whole CFE ; (ax. 2.) 
for the same reason, 
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the angle ABH is equal to the angle CDE ; 
and the angle at A is equal to the angle at C ; (constr.) 
and the angle GHB to FED ; 

Iherrfore the rectilineal figure ABHG if equiangular to CDEF. 

Likewise these fignres have their sides abont the equal angles propor- 
tionals ; 
for, because the triangles GAB, FCD are equiangular, 

therefore BA is to AG, cw CD to CF ; (vi. 4.) 

and because AG is to G6, as OF to FD, and as GB is to GH, so is FD 
to FE, by reason of the equiangular triangles BGH, DFE, 

therefore, ex aquali, AG is to GH, as OF to FE; (y. 22.) 

In the same manner it may be proved that AB is to BH, as CD to DE : 
and GH is to HB, as FE to ED ; (n. 4.) 

therefore the rectilineal figures ABHG, CDEF are equiangular, and 
have their sides about the equal angles proportionals ; 

wberefore ABBG Is slmUar to CBBl*. (yi. def. 1.) 

Seeondfyf let it be required to describe upon a given straight line AB, 
a rectilineal figure similar, and similarly situated, to the rectilineal 
figure CDKEF of five sides. 





COKSTBUCTION 

Join DE, and upon the given straight line AB describe the rectilineal 
figure ABHG similar, and similarly situated, to the quadrilateral 
figure CDEF, by the former case ; 

and at the points B, H, in the straight line BH, make the angle HBL 
equal to the angle EDK, and the angle BHL equal to the angle DEK. 



Tben the flgrnre 
to CBKBF. 



&BG to similar, and similarly situated. 



DEMONSTRATION 



Because the angle HBL is equal to the angle ED^ «Xk^ V^cl^ «Dl^<^ 
BHL equal to the angle DEK ; (constr.) 
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therefore the remaining angle atliia equal to the i emoimng angle at K ; 
(1. 82.) 
and, because the figures ABHG, CDEF, are simikr, 

the angk GHB ie equal to the angle FED ; (yl def. 1.) 
and BHL is equal to DEE ; (constr.) 

therefore the whole angle GHL is equal to thewhote an^ FEE; 
for the same reason, the angle ABL is equal to the angle CDE ; 

therefore the five-sided figuree AGHLB, CFEED, are equiangular. 

And because the figures AGHB, CFED, are similar, 

therefore GKisto HB, cw FE to ED ; (ti. def. 1.) 
but as HB to HL, so is ED to EE ; (yl 4.) 

therejbre, ex aquali, GKisto HL» cm FE to EE ; (y. 22.) 

for the same reason, AB is to BL, as CD to DE, and BL is to LH, as 
DE to EE, because the triangles BLH, DEE, are equiangular ; 
(VI. 4.) 

thertfore, the five-sided figures ABLHG, CDEEF, are equiangular, 
and have their sides about the equal angles proportionals ; 

wberefdre AB&BG Is similar to CBKBF. 

In the same manner a rectilineal figure of six sides [may be described 
upon a given straight line similar to one given, and so on. 

Q. E. F. 



PBOP. XrX.— Thborbm. 

Similar triangles are to one another in the duplicate ratio of their homth 
logous sides, 

(References— Prop. v. 11, 16, def. 12; vi. 1, 11, 15.) 

Let ABC, DEF be similar triangles, having the angle at B equal to 
the angle E. and let AB be to BC, as DE to EF, so that the side BC 
may be homologous to EF ; (v. def. 12.) 

Tben tlie triangle AMC aliall liave to tlie trtan^le ABT 
tbe duplloate ratio of tbat wbloti 8C bas to vr» 
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OONSTBUCnON 

Ta^e BO a third proportional to BC; EF, so thai BC may be to BF, 

asEFtoBG; (yi. 11.) 
and join GA« 

dbMomstbatiok 

Then, because, as AB to BC, 80 is BE to EF; (hyp.) 
therefore, aUemaiefy, ABisto DE, £» BC to EF ; (v. 16.) 

bat as BC to EF, so is EF to BG ; (constr.) 

therefore, as AB to DE, so Is EF to BG; (v. 11.) 

Aerefbre the tides of the triangUs ABG, DBF, whkh are about the 
equal angles, are reciprocaUy proportional ; 

but triangles, which have the sides about two equal angles redprocallj 
proportional, are equal to one another; (tl 15.) 

therefore the triangle ABG is equal to the triangle DEF. 

And because as BC is to EF, so is EF to BG ; 

and that if three straight lines be proportionals, the first is said to have 
to the third, the duplicate ratio of that which it has to the second ; 
(v. def. 10.) 

therefore BC has to BOt the dvpUeaie ratio of that which BG has to 
EF; 

but as BC is to BG, so is the triangle ABC to the triangle ABG ; 
(▼I. 10 

therefore the triangle ABC has to the triangle ABG, the duplicate ratio 
ofOuU which BChastoJS£\ 

but the triangle ABG is equal to the triangle DEF; 

tberefore also tbe trlanvle ABC baa to the trlansle BBF, 
tbe dnpUeate ratio of tbat wblob BC baa to BF. 

Therefore, similar triangles, &c. Q. E. D. 

Cor. From this it is manifest, that if three straight lines be propor- 
tionals, as the first is to the third, so is any triangle upon the first to a 
similar and similarly described triangle upon the second. 



PBOP. 



Similar polygons may be divided into the some number of sVik&ot 
trlangleg, having the same ratio to one anxriher that the pc2i|g(ma >wime\ waA. 
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the polygons have to one another the dvplieate ratio of that which their 
homclogoua tides have. 

(References-— Brop. i. 32 ; y. 11, 12, 22; ti. 4, 6, 11, 19, de£ 1.) % 

Let ABODE, FGHEL, be similar polygons, and let AB be the dde 
homologous to FG. 

Tben tbe poljffons ASCBB« TQMMXt, majr 1»e divided 
into tbe same number of elmllar trlanirleSff wboreof 
eaeb sball bave to eaeb tbe same ratio ivbieb tbe poly 
irons baTo i 

and tbe polygon A8CBa sball baTO to tbe poisrroa 
TOHMJa tbe dnpUcate ratio of tbat ivbieb tbe side JLB 
bas to tbe side FG< 



M 



CONSTRUCTION 

Join BE, EC, GL, LH. 

DEMONSTRATION 

Because the polygon ABODE is similar to the polygon FGHEL^ 

the angle BAE is equal to the angle GFL, and BA is to AE, as GF to 
FL ; (vi. def. 1.) 

and because the triangles ABE, FGL have an angle in one, equal to 
an angle in the other, and their sides about these equal angles pro- 
portionals, 

therefore the triangle ABE is equiangular to the triangle FGL ; (ti, 6.) 
and therefore similar to it ; (yi. 4.) 

wherefore the angle ABE is equal to the angle FGL ; 

and, because the polygons are similar, 
the whole angle ABO is equal to the whole angle FGH ; (vi. def. 1.) 
therefore the remaining angle EBO is equal to the remaining angle 

LGH. (i. 32 and ax. 3.) 

And because the triangles ABE, FGL are similar, 

therefore EB is to BA, as LG to GF ; (yl 4.) 
and also, because the polygons are sinnlAX, 
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therefore AB is to BC, as TG to GH ; (yi. def. 1.) 

tkertfore, ex aquali, EB is to BC, a« LG to GH ; (v. 22.) 

that is, the sides about the eqoal angles EBC, LGH are proportionals ; 

therefore, the triangle £BC U equiangular to the triangle LGH, (vi. 6.) 
and similar to it; (ti. 4.) 

For the same reason, the triangle ECD likewise is similar to the 
triangle LHE; 

therefere tbe similar polTVons A8CBB« VGBXJL are 
divided Into tbe Mune niunber of similar triangles. 

Also these triangles shall have, each to each, the same ratio which 
the polygons have to one another, the antecedents being ABE, EBC, 
ECD, jmd the consequents FGL, LGH, LHK; and the polygon 
ABODE shall have to the polygon FGHKL the duplicate ratio of that 
which the side AB has to the homologous side FG. 

Because the triangle ABE is similar to the triangle FGL, 

ther^ore ABE has to FGL, the duplicate ratio of that which the side 
BE has to ^ side GL ; (tl 19.) 

for the same reason, the triangle BEG has to GLH the duplicate ratio 
of that which BE has to GL ; 

therefore, as the triangle ABE is to the triangle FGL, so is the triangle 
BEG to the triangle GLH ; C^. 11.) 

Ag^n, because the triangle EBC is similar to the triangle LGH, 
therefore EBC has to LGH, Ae duplicate ratio of that which the side 
EC has to the side LH ; 

for the same reason, the triangle ECD has to the triangle LHK, the 
duplicate ratio of that which EC haa to LH *, 

therefore, as the triangle EBC is to the triangle LGH, so is the triangle 
ECD to the triangle LHK. (v. 11.) 

But it has been proved, that the triangle EBC is likewise to the triangle 
LGH, as the triangle ABE to tbe triangle FGL ; 

therefore^ as the triangle ABE to the triangle FGL, so is tlte triangle 
EBC to the triangle LGH, and the triangle ECD to the triangle 
LHK; 

and therefore, as one of the antecedents is to the consequents, so are 

all the antecedents to all the consequents ; (v. 12.) 
that is, as the triangle ABE to the triangle FGL, so is the polygon 
ABCDE to the polygon FGHKL ; 
but the triangle ABE has to the triangle FGL, the dup\k«i\.^ x«^I\Qi q1 
that which the side AB has to the homologous sld^YQc v (s^\» \^^ 

l3 
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tberefore bMb» the palyyon ABCBS luui to the poljrvoa 
TOBMSL the dnyiieate ratle of that which AM has to 
the hemoleceiie side rck 

Wharefan, similar polygon!, &c. Q. £. D. 

Cor. 1. In like manner iti may be proved, that similar fonr-sided 
figares, or of any number of sides, are one to another in the duplicate 
ratio of their homologous sides ; and it has already been proved in 
triangles; (vi. 19.) therefore, universally, similar rectilineal figures are 
to one another in the duplicate ratio of their homologous sides. 

Cor. 2. And if to AB, FG, two 4)f the homologous sides, a third pro- 
portional M be taken ; (n. II.) 

then AB has to "Ml ike duplicate ratio of Aat tohxch AB haa to FG ; 
(v. def. 10.) 

but the four-sided figure or polygon upon AB, has to the four-sided 
figure or polygon upon FG, likewise the duplicate ratio of that which 
AB has to FG ; (vi. 20, cor. 1.) 

therefore as AB w to M, «o is (ie jfigmre upon^ AB to the figure upon 
FG ; (v. II.) 

which was also proved in triangles ; (vi. 19, cor.) 

therefore^ universality, it is manifest, that \f three straight lines Be pro* 
portionats, as ^ first is to the third, so is any rectilineal figure upon 
the first, to a similar and simUarly described rectilineal figure upon 
the second. 



PROP. XXL— TfiBOBBH. 

RectUineal figures which are similar to the same rectilineal fyure, are 
also similar to one another. 

(References — ^Prop. v. II; vi. def. 1. 

Let each of the rectilineal figures A, B, be similar to the rectilineal 
figure C. 

Then the flffnre A shall be aUnllar to the flffiire S> 




A A 



PBMOM9TRATIOX 



Because A is similar to C, 
ih^ are equiangular, and also have Mr sides about the equal angles 
proporUomds % (vh def. l.) 
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agaxiiy becanse B is similar to C» 

Aey are equiangular, and have their side$ about Hie equal angles prth- 
portionaU ; (vi. 4ef. 1.) 

therefore the figures A, B, are each of them equiangular to C, and 
haye the sides about the equal angles of each of them and of C 
proportionals) 

wherefore the rectilineal Jigures A and B are equiangular, and have 
their sides about ^ equal an^ proportionails\ (v. 1 1.) 

tlierefore A to ttmllar to 8. (ti. de£ 1.) 
Therefore, rectilineal figures, &c. Q. E.D. 



PROP. XXIL— Thbobbm. 

If four straight lines be proportionalSf Ae sunikar rtetiUneai figures 
similarly described upon them shall also be proportionals; 

and conversdg, if the similar reotUinecU figures similarly described upon 
four straight lines be proportionals, those straight lines shall be pro- 
portionals. 

(References— Prop. v. 7, 9, II, 22 ; vl 11, 12, 18, 20, cor. 2.) 

Let the four straight lines AB, CD, EF, GH, be proportionals, viz. 
AB to CD, as EF to OH ; 

and upon AB, CD, let the similar rectilineal figures EAB, LCD, be 
similarly described ; and upon EF, OH, the similar rectilineal figures 
MF, NH, in like manner. 

Then the rectilineal flgnre WLAM Shall he to ILOB, as 
MOP to HB. 



ft- jj 

Z\ A 



M 



BCD 

N S 



E F G H P R 

CONSTBUOnON 

To AB, CD take a third proportional X, and to EF, 6H, a third pro* 
portional ; (tl 11.) 

DBMONSTRAtlOK 

Because AB is to CD as EF to 6H, 
therefore CD is to X^ as GH to ; (v. 11.) 
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Iherefore, ex €Bquali, as AB to X, «o EF to O; (v. 22.) 

bat as AB to X, bo is the rectilineal figure EAB to the rectilineal 
figure LCD, 

and as EF to O, so is the rectilineal figure MF to the rectilineal figure 
NH ; (VI. 20, cor. 2.) 

tberefore, as XA8 to KOB, so is MOP to VB. (v. 11.) 

Next, let the rectilineal figure KAB be to LCD, as MF to NH. 
Tben the stralirlit line AB sliall bo to OB9 as BT to OB. 



GONSTBUCTION 

Make as AB to CD, so EF to PR ; (vl 12.) 

and upon PR describe the rectilineal figure SR similar and similarlj 
situated to either of the figures MF, NH ; (ti. 18.) 

DEMONSTBATIOir 

Then because as AB to CD, so is EF to PR, 

and that upon AB, CD are described the similar and similarly situated 
rectilineals KAJ3, LCD, 

and upon EF, PR, in like manner, the similar rectilineals MF, SR ; 

therefore EAB is to LCD, as MF to SR ; 

but, by the hypothesis, KAB is to LCD, as MF to NH; 

therefore the rectilineal MF has the same ratio to each of the two 
NH, SR. 

tlierefore SR is equal to NH ; (y. 9.) 
But they are also similar, and similarly situated ; (constr.) 

therefore GH is equal to PR ; 
and because as AB is to CD, so is EF to PR, 
and that PR is equal to GH ; 

tberefore AB is to OB* as BF to OB. (y. 7.) 
If, therefore, four straight lines, &c. Q. E. D. 



PROP. XXm.— Theorem. 

Equiangular parallelograms have to one another the ratio which is com- 
pounded of the ratios of their sides, 

(References— Proj^, l. 14 ; v. 11, 22, def. A ; vi. 1, 12.) 
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Let AC, CF be equiangnlar parallelognuns, haTing the angle BCD 
equal to the angle EC6. 

Then the ratio of the parallelogram AO to the paral- 
lelogram cr« shall he the same with the ratio whloh Is 
oomponnded of the ratios of |heir sides. 



KLM E F 

CONSTRUCTION 

Let BC, CG be placed in a straight line, 

then DC and CE shall also be in a straight line ; (i. 14.) 

complete the parallelogram DG ; 

and taking any straight line E, make as BC to CG, so K to L, and as 
DC to CE, so make L to M ; (vi. 12.) 

DEMONSTRATION 

Because the ratios of E to L, and L to M, are the same with the ratios 

of the sides, viz. of BC to CG, and DC to CE ; (constr.) 

bat the ratio of E to M is that which is said to be compounded of the 
ratios of E to L, and L to M ; (v. def. A.) 

therefore E has to 'blithe ratio compounded of the ratios of the sides ; 

and because as BC to CG, so is the parallelogram AC to the paral- 
lelogram CH ; (VI. 1.) 

but as BC to CG, so is E to L ; 

therefore K is to "L^ as the parallelogram AC to the parallelogram CH ; 
(V. 11.) 
Again, because as DC to CE, so is the parallelogram CH to the 

parallelogram CF ; 

but as DC to CE, so is L to M; 

therefore "L is to M., as the parattelogram CH to the parallelogram CF ; 
(V. 11.) 

then, since it has been proved, that as E to L, so is the parallelogram 
AC to the parallelogram CH; 

and as L to M, so is the parallelogram CH to the parallelogram CF; 

therefore, ex aquali, K is to M, as the paraUehgrttm AC to the paroU 
lelogramCF} (v. 22.) 
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bat K has to M the ratio ^diich is compomided of tibe ratiof of the 
sides; 

ttmmtoire also tbe pmrtMBlngrBm AO IMw to tlio pavftl- 
UHmgnam dPy the i«tlo wtololi to emm^mwitama of ttio 
ratloa of tbo Mldea. 

Wherefore, equiangular paraUelograms, &c. Q> E. D. 



PROP. XXrV.— Thborbm. 

ParaUebgranu about the diameter of any paraJielogram, are simitar to 
the whole, and to one another, 

(Beferences — ^Prop. i. 29, 34; v. 7; vi. 4, 21, def. 1.) 

Let ABCD be a parallelogram, of which the diameter is AC ^ and EG, 
HK parallelograms about the diameter. 

Then the parallelograiiui BO, BX ahmll be etnrtUnr hoth to 
the whole i^anUlelegrain ABOB9 and to one another. 




D K 



SEMOirSTRATIOV 

Because I>C> 6P are parallels, 

the angle ADC is equal to the angle AGF ; (l 29.) 
for the same reason, because BC, £F are parallels, 

the angle ABC is equal to the angle AEF ; 

and each of the angles BCD, EFG is equal to the opposite angle DAB; 
(I. 34.) 

therefore they are equal to one another ; 

where/ore the parallelograms ABCD, AEFG are equiangular. 

And in the two triangles BAC, EAF, 

because the angle ABC is equal to the angle AEF, and the angle BAC 
common to both ; 

they are equiangular to one another ; 

therefore as AB is to BC, «o if AE to EF ; (yi. 4.) 

and because the opposite sides of parallelograms are equal to one 
another; (l B4,) 
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therefore AB is to AD as A£ to AG; (v. 7.) 

and DC to CB» as OF to FE; 

and also CD to DA, as FG to GA ; 

iherefirt ^ sides of the panUMograms ABCD, AEFG about iheegual 
angles are proportionals. 

and they are similar to one another ; (yl def. 1.) 

For the same reason, the parallelogram ABCD is similar to the paraUel- 
ogram FHCE ; 

wherefore each of ike paraSdograms GE, KH is simHar to DB ; 

but rectilineal figures which are similar to the same rectilineal figure, 
are also similar to one another; (yi. 21.) 

therefore tbe parallelogram OB la atintlar to SB. 

Wherefore, parallelograms, &c. Q. E. D. 



PROP. XXV.— Pbohlbic 

To describe a rectUineaJ figure which shall be similar to one, and equal 
to another given rectilineal figure. 

(References— Prop. i. 14, 29, 46, cor. 1; r. 11, 14; vi. 1, 18, 14, 18, 

20, cor. 2.) 

Let ABC be the giTen rectilineal figure, to THiich the figure to be 
described is required to be similar, and D that to whidi it mnst be equal. 

It is required to describe a rectilineal figure similar to ABC, and 
equal to D. 

A 




I r : G H 

I L J 

L £ If 

OOK8TBIIO110V 

Upon the straight line BC describe the parallelogram: BE equal to tiie 
figure ABC; (i. 45 cor.) 

also upon CE describe the parallelogram CM, equal to D, and haying 
the angle FCE equal to the angle CBL ; (i. 45 cor.) 
therefore BC and CF are in a straight line, as also LE «ad. ¥;&ft.\ 
(x. 29, and I. 14,) 
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between BC and CF fiod a mean proportional GH ; (vi. 180 
and npon GH describe the rectilineal figure KGH 
similar and similarly situated to the figure ABC; (vi. 18.) 
Tbaii MUM iludl be the rectilineal flffwre reqnlred* 

DEMOmTRATION 

Because BC is to GH as GH to CF, 

and that if three straight lines be proportionals, as the first is to the 
third, so is the figure upon the first to the similar and similarly de- 
scribed figure upon the second; (vi. 20, cor. 2.) 

thertfore, as BC to CF, so 18 the rectilineal figure ABC to KGH ; 

but as BC to CF, so is the parallelogram BE to the parallelogram 
EF J (VI. 1.) 

therefore as the rectilineal figure ABC is to KGH, to is the paraJklo- 
gram BE to the parallelogram EF ; (y. 11.) 

And the rectilineal figure ABC is equal to the parallelogram BE ; 
(constr.) 

therefore the rectilineal figure KGH is equal to the parallelogram EF ; 
(V. 14.) 

but EF is equal to the figure D ; (constr. ) 

wherefore also KGH is equal to D ; 

and it is similar to ABC ; 

tberefore tbe rectilineal figure XOB bae been described 
similar to tbe flyore ABO» and equal te B. Q. E. F. 



PROP. XXVI.— Theorem. 

If two similar parallelograms have a common angle^ and he similarfy 
situated ; 

then they are about the same diameter. 

(References — Prop. v. 9, 11; vi. 24, def. 1.) 

Let the parallelograms ABCD, AEFG be similar and slmilarlj 
situated, and have the angle DAB common. 

Tben ABOB and AB1*0 sball be about tbe same diameter r 
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ooHSTBucnoir 

For, if not, let, if possible, the parallelogram BD haye its diameter 
AHC in a different straight line from AF, the diameter of the 
parallelogram EG, 

and let 6F meet AHC in H ; 

and through H draw HE parallel to AD or BC. 

DBMONSTRATION 

Since the parallelograms ABCD, AKHG are assnmed to be about the 
same diameter, thej must be similar to one another ; (yi. 24.) 

therefore as DA (o AB, so must GA be to AE ; (vi. def. 1.) 

but because ABCD and AEFG are similar parallelograms ; (hyp.) 

therefore as DA is to AB, so is GA to A£ ; 

therefore as GA to AE, so must GA be to AE ; (y. 11.) 

that is, GA must have the same ratio to each of the straight lines AE^ 
AE; 

and therefore AE must be equal to AE ; (y. 9.) 
the less equal to the greater, which is impossible ; 

therefore ABCD and AEHG are not about the same diameter; 

wberefore ABCB and ABFO are about tbe same diameter. 
Therefore, if two similar, &c. Q. E. D. 



PROP. XXVn.— Theoreil 

Of aU parallelograms applied to the same straight line, and deficient by 
parallelograms^ similar and similarly situated to that which is described 
upon the half of the line; thai which is applied to the half, and is similar 
to its defect, is the greatest. 

(References— Prop. i. 84, 86, 43; yi. 26.) 

Let AB be a straight line diyided into two equal parts in C ; and 
let the parallelogram AD be applied to the half AC, which is therefore 
deficient from the parallelogram upon the whole line AB by the parallel- 
ogram CE upon the other half CB. 

Of all the parallelograms applied to any other parts of AB, and de- 
ficient by parallelograms that are similar and similarly situated to CE, 
AD shall be the greatest 

Let AF be any parallelogram applied to AE, «ny ol\i<&T "^^xX. cfi KS^ 
than the half, so as to be deficient from the ]^ax«ILe\o^ttxCL tx^xsl ^^ 



iu iHB ■Luonna o> strraiD. 

whole line AB b; the pandlBlogTam KH iimilw sod rimilarij dtoated 




Fint, let AK the baw of AT, be greater thui AC the half of AB. 
coHBTSvcnotr 
Beewue CE u buiuIbt to the pturollelogrBm HE ) Qiyp.') 
thsj are aboat the lame diameter ; (tl 36.) 
draw their diameter DB, and complete the diagram. 

DIHOSaTKlTIOR 



Oterefon &t uluie CH ii t(jual to the ahdt EG } 
bot CH Sb equal to CG, becauM tbe base AC ig eqnal lo the base CBi 

(L 86.) 

thmfon CG u equai to KG ; (ax. 1.) 
to each of these equals add CF ; 

Vitn ti« ahoU AF a equal lo the gnomon CHL ; (ax. S.) 

ttierefore OB or tbo pnrtdlcloErani A9 1> freftMr thfta 
Om pftndielotTAm AT. 



SaniMl^, let AE the hue of AF be lew Aan AC 



DBHONSrmATIOM 

Then, the lanu conitraetion being made, 
iecMiue BC b •qui to C A, 
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there/ore HM is equal to MG ; (l 34.) 

therefore, the parallelogram DH 10 equal to the panllelogniii DG 
(I. 36.) 

wherefore DH is greater than LG ; 
bat DH is equal to DK ; (i. 43.) 

therefore DE is greater than LG ; 
to each of these add AL ; 

tlierefere tbo wbole AB is greater tluui tba wboto AT. 
Therefore, of all parallelograms, &c. Q* Eb D. 



PROP. XXVUX— Pboblbk. 

To a given straight line to apply a parallelogram equal to a given recti' 
lineal figure^ and deficient hy a parallelogram similar to a given parallelo-' 
gram; but the given rectilineal figure to which the parallelogram to be 
applied is to be equal, must not be greater than the parallelogram applied to 
half of the given line, having its defect similar to the dtfect of that whkh 
is to be applied; that is, to the given parallelogram, 

(Beferences— Prop, l 10, 34, 36, 43 ; yi. 18, 21, 23, 25, 26, 27, 36.) 

Let AB be the given straight line, and C the given rectilineal figure, 
to which the parallelogram to be applied is required to be equal, which 
figure must not be greater (yi. 27) than the parallelogram applied to 
half of the line, having its defect from that upon the whole line similar 
to the defect of that which is to be applied ; and let D be the parallelo- 
gram to which this defect is required to be similar. 

It is required to apply a parallelogram to the straight line AB, which * 
shall be equal to the figure C, and be deficient from the paralleloipram 
upon the whole line hy a parallelogram similar to D. 

CONSTBUOnON 

Divide AB into two equal parts in the point E ; (h 10.) 

and upon £B describe the parallelogram EBFG similar and similarly 
situated to D ; (vi. 18.) 

and complete the parallelogram AG, which must either be equal to C» 
or greater than it, by the determination. 

If AG be equal to C, then what was required is already done ; 

for, upon the straight line AB, the parallelogram AG is applied equal, 
to the figure C, and deficient by the parallelogEaoi ¥£ vmS^sx \a^« 

But, if AG he not nmUar to Q it is greater ihaii it \ 
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and EF is equal to AG ; (i. 36.) 
thetefore £F also is greater than C ; 



o o F 




i M 



E 8 B ^N 



make the parallelogram ELMN eqaal to the excess of EF abore C, and 
similar and similarly situated to D ; (yi. 25.) 

and since D is similar to EF ; (constr.) 

therefore also KM is similar to EF ; (ti. 21.) 

let EL be the homologous side to EG, and LM to GF ; 

and because EF is equal to C, and EM together, EF is greater than 
EM; 

therefore the straight line EG is greater than EL, and GF than LM ) 
make GX equal to LE, and GO equal to LM ; (l 3.) 
and complete the parallelogram XGrOP $ (l 31.) 

therefore XO is equal and similar to EM ; 
but EM is similar to EF ; 

therefore also XO is similar to EM, 

wherefore XO and EF are about the same diameter; (ti. 26.) 
let GFB be their diameter, and complete the scheme. 

Tben T8 sliaU be flie panOlelogram required. 

DEMOHSTBATIOir 

Because EF is equal to G and EM together, 

and XO a part of the one is equal to EM a part of the other, 

therefore the remainder^ viz, the gnomon EBO, » eqwd to the remainder 
C ; (ax. 3.) 

and because OB is equal to XS, by adding SB to each, 

the whole OB is equal to the whale XB; (i. 4;).) 

but XB is equal to T£, because the base AE is equal to the base EB ; 
(I. 36.) 

wherefore aUo TE is equal to OB ; (az. 1.) 
add XS to each, 

then the whole TS it equal to the whole, viz. to the gnomon EBO ; 
bat It has been proved that the gnomofn EEO V& «c^ \a C^ % 
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tberefore also T8 is equal to O. 

Wherefore the parallelogram TS, equal to the given rectilineal figure 
C, is applied to the given straight line AB, deficient bj the parallelo- 
gram SB, similar to the given one D, because SB is similar to EF ; 
(vi. 24.) Q. E. F. 



PROP. XXrX.— Pboblem. 

To a given straight line to apply a parallelogram equal to a given recti' 
lineal figure^ exceeding by a parallelogram similar to another given. 

(Keferences — ^Prop. 1. 10, 34, 36, 43 ; vi. 18, 21, 24, 25, 26.) 

Let AB be the given straight line, and C the given rectilineal figure 
to which the parallelogram to be applied is required to be equal, and 
D the parallelogram to which the excess of the one to be applied above 
that upon the given line is required to be similar. 

It is required to applj a parallelogram to the given straight line AB 
which shall be equal to the figure C, exceeding by a parallelogram 
similar toD. 




^ 
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CONSTRUCTION 

Divide AB into two equal parts in the point E ; (i. 10.) 

and upon EB describe the parallelogram EL similar and similarly 
situated to D ; (vi. 18.) 

and make the parallelogram 6H equal to EL and C together, and 
similar and similarly situated to D ; (vl 25.) 

there/ore GH is similar to EL ; (Vi. 21.) 
let KH be the side homologous to FL, and EG to FE. 
Aod because the parallelogram GH is greater than EL, 

therefore the side KH is greater than FL, and EG than FE ; 
produce FL and FE, and make FLM equal to EH, and FEN to EG, 
and complete the parallelogram MN ; 

there/ore MN is equal and similar to GH ; 
but GH is similar to EL ,* 
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therefore MN is similar to £L ; 

whenfon EL and MN are abcut the same diameiler ; (vx. 26.) 
draw their diameter FX. and complete the scheme. 

Then AZ sliaU be the parallelogram required. 



DBMONSTBATION 

Since GH is equal to EL and C together, and that GH is equal to 

MN; 

Aere/ore MN is equal to "EL and C; 
take awaj the common part EL ; 

then the remainder, viz, the gnomon NOL, is equal to C 

And because AE is equal to EB, 

the parallelogram AN if eqttal to Ae parallelogram NB, (l 36.) Aat is, 
toBM; (I. 43.) 

add NO to each ; 

therefore ihe whole, viz, the parallelogram AX, is equal to. Ae gnomon 
NOL; 

but the gnomon NOL is equal to C ; 
therefore also AX is equal to O. 

Wherefore to the straight line AB there is applied the parallelogram 
AX equal to the given rectilineal figure C, exceeding by the paral- 
lelogram PO, which is similar to D, because PO is similar to EL 
(VI. 24.) Q.E.F. 



PROP. XXX.— Peoblbm. 

To cut a given straight line in extreme and mean ratio. 
(Beferences— Prop. i. 34, 46; ii. 11; v. 14; Ti. 14, 17, 29, de£ 3.) 
Let AB be the given straight line. 
It is required to cut it in extreme and mean ratio. 

D 



^B 
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COITOTRUGTIOX 

Upon AB describe the sqiiaze BC ; (l 46.) 

and to AC i4>ply the parallelogram CD^ equal to BC» exceeding bj the 
figure AD similar to BC ; (yi. 29.) 

Then AB sliaU be est In extreme and mean ratle in tlio 
peint 8. 

DBM0HBT1UTI01I 

Because BC is a square, 

therefore oho AD is a square ; 
and because BC is equal to CD, 
by taking the common part CE from each, 

therefore the remainder BF if equal to the remainder AD ; 

and these figures are equiangular, 

. therefore their sides about the equal angles are reciprocally propor- 
tional ; (ti. 14.) 

therefore, a« FE to ED, so is AE to EB. 

but FE is equal to AC (i. 34.), that is, to AB (i. det 30.), and ED is 
equal to AE ; 

therefore as B A to AE, so is AE to EB ; 

but AB is greater than AE ; 

wherefore AE is greater than EB; (y. 14.) 

therefore tbe atraigltt lino AB to ent in extr e m e and 

mean ratio In 8. (yi. def. 3.) 

Q.E.F. 



A c B 

Otherwise. 
coNSTBucncnr 

Divide AB in the pofait C, so that the rectangle contained by AB, BC, 
may be equal to the square of AC ; (n. II.) 

Then AB shall he out In extreme and, mean ratio In C^ 

DBMOKBTRATUnr 

Because the rectangle AB, BC is equal to tiie square of AC ; 
therefore^ asBAto AC, so tf AC to CB ; (yl 17.) 

therefore AB to ent In extreme and mean ratio In 0« 

(YI. def. 3.) Q. E. F. 
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PROP. XXXL—Theobem. 



In righUangUd triangles^ the rectilineal figure described vpon (he tide 
opposite to the right angle^ is equal to the similar and similarly described 
figures upon the sides containing the right angle, 

(References— Prop, l 12,24; t.A,B,24; yi. 4, 8, 20, cor. 2.) 

Let ABC bo a right-angled triangle, having the right angle BAG. 

Then tbe rectilineal flynre described vpon BO eliall be 
equal to tbe similar and eimilarlj described flffnres 
upon B A» AC. 



CONSTBUOTION 

Draw the perpendicalar AD; (i. 12.) 

DEMON8TRATIOH 

Becanse in the right-angled triangle ABC, AD is drawn from the right 
angle at A perpendicalar to the base BC, 

Me triangles ABD, ADC are stMtfar to the whole triamgle ABC, amd to 
owe another ; (n. 8.) 

and because the triangle ABC is similar to ADB, 

Mer^oiT asCBto BA,jd uBA toBD; (ti. 4.) 

and because these three straight lines are proportionals^ as the fint is 
to the third, so is the figure upon the first to tbe similar and simi- 
larly described figure upon the second ; (vi. SO, cor. 2.) 

ther^^fwt as CB to BD, m is the figmrt igEwa CB toAe stsufar wtd 
simiiarfy d e s cr ib e d figmrt s^pon BA ; 

and invtenelr, 

«sDBtoBC40ulkj^v«a|miBAtoc4a/i9M«BC (▼. K) 

For tbe same i«asQii« as DC to CB, so is the figue ipon GA to tiMt 
nponCB; 

lUx^ es BD «W DC ie^rtW «r« to BC» J» «r* Ac Jfipmrw i|pm BA, 

ACtoAet mpm BC; (t.24.) 

ter BD aad DC to$«ilher ar« cqpal to BCs 
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fhereftire tbe flffore described on SO is equal to the 
similar and similarly described flyores on BA« AO. 

(V. A.) 

Wherefore, in right-angled triangles, &c Q. £. D, 



PROP. XXXn.— THBoaBM. 

If two triangles which have two sides of the one proporOtmal to two sides 
of the other, he joined at one angle, so as to have their homologcus sides 
parallel to one another; 

then the remaining sides shall be in a straight line, 

(References — ^Prop. i. 14, 29, 32; vi. 6.) 

Let ABC, DCE be two triangles which haye the two sides BA, AC 
proportional to the two CD, D£, viz. BA to AC, as CD to DE ; and 
let AB be parallel to DC, and AC to DE. 

Then BO and OB shall be in a stralirht llne« 




DEMONSTRATION 

Because AB is parallel to DC, and the straight line AC meets them, 

the alternate angles BAC, ACD are eqwd ; (i. 29.) 
for the same reason, the angle CDE is equal to the angle ACD ; 

wherefore also BAC is equal to CDE. (ax. 1.) 

And because the triangles ABC, DCB have one angle at A equal to 
one at D, 

and the sides about these angles proportionals, tiz. BA to AC, as CD 
to DE ; 

therefore the triangle ABC is equiangular to the triangle DCE^ 
(VI. 6.) 

therefore the angle ABC is equal to Hie angle DCE ; 
and the angle BAC was proved to be equal to ACD; 

therefore the tphok angle ACE is equal to the two angles ABC, BAC ; 
(ax. 2.) 
add to each of these equals the common angle ACB^ 
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then the angki ACS, ACB are eqmU to the aitgkg ASiQ, BAC, ACB ; 

bnt ABC, BAC, ACB are equal to two right angles ; (i. 3S.) 

therefore aho the angles ACE, ACB are equal to two right angles. 

And since at the point C, in the straight line AC, the two straight 
lines BC, C£, which are on the opposite sides of it, make the adja- 
cent angles ACE, ACB eqaal to two right angles ; 

therefore BC and CB are in a stralgl&t line. (i. 14.) 

Wherefore, if two triangles, &c. Q. E. D. 



PROP. XXXin— Theorem. 

In equal circles, angles, whether at the centres or circumferences, have 
the same ratio which the circumferences on which they stand have to one 
another f so also have the sectors. 

(References— Prop. i. 4 ; in. 20, 24, 27, def. 11 ; v. 15, def. 5.) 
Let ABC, DEF he equal circles ; and let B6C and EHF be angles 
at their centres, and BAC and EDF anp^les at their circomferences. 

Tben as the circnmferenoe BC to tbe clrcnmference BF, 
so sball tbe angrle BOC be to tbe an^le SBF, and tbe 
angrle BAC to tbe angrle SDF ; 

and also tbe sector BOC to tbe sector BBF. 





CONSTRUCTION 

Take any number of circumferences CE, EL, each equal to BC, and 
any number whatever FM, MN, each equal to EF ; 

and join GK, GL, HM, HN. 

DEMONSTRATION 

Because the circumferences BC, CE, EL are all equal, 
the angles BGC, CGE, EGL are also all equal ; (m. 27.) 
therefore what multiple soever the circumference BL is of the eircum- 
ference BC, the same multiple is the angle BGL of die angle BGC ; 

for the same reason, whatever multiple the circumference EN is of the 
circumference EF, the same multiple is the angle EHN of'the angle 
EHF. 
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And if the circumference BL be equal to the circumference £N, the 
angle BGL is also equal to the angle EHN ; (in. 27.) 

and if the circumference BL be greater than EN, likewise the angle 
BGL is greater than "EHN ; and if less, less. 

Since, then, there are four magnitudes, the two circumferences BC, £F, 

and the two angles BGC, £HF ; 
and that of the circumference BC, and of the angle BGC, have been 

taken any equimultiples whatever, yiz. the circumference BL, and 

the angle BGL ; 

and of the circumference EF, and of the angle EHF have been taken 
any equimultiples whatever, viz. the circumference EN, and the angle 
EHN; 

and since it has been proved, that if the circumference BL be greater 
than EN, the angle BGL is greater than EHN ; and if equal, equal ; 
and if less, less ; 

therefore cu the circumference BC to the circumference EF, so is the 
angle BGC to the angle EHF ; (v. def. 5.) 

but as the angle BGC is to the angle EHF, so is the angle BAC to the 
angle EDF ; (v. 1 5.) for each is double of each ; (ni. 20.) 

therefore, as tbe olrcmnferenoe BC is to XSF, so is tbe 
anffle BCKS to the angrle VBT, and the angle BAC to tbe 
angrle BBF. 

Also, as the circumference BC to EF, so shall the sector BGC be to 
the sector EHF. 

CONSTBUCTIOir* 

Join BC, CE, and in the circumferences, BC, CE, take any points X, 
O, and join BX, XC, CO, OK 

I DEMONSTRATION 

Then, in the triangles GBC, GCK, 

because the two sides BG, GC, are equal to the two CG, GE each to 

each, 
and that they contain equal angles ; 

therefore ihe hose BC is equal to the base CK, and the triangle GBC to 
the triangle GCE ; (i. 4.) 

and because the circumference BC is equal to the circumference CE, 

the remaining part of the whole circumference of the circle ABC, is 
equal to the remaining part of the whole circumference of the same 
circle ; (ax. 3.) 

* See figs, next page, 
M2 
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therefore the angle BXC is equal to the angle COK ; (in. 27.) 
therefore the segment BXC is similar to the segment COK; (m. def. 11.) 
and they are upon equal straight lines, EC, CK ; 




but similar segments of circles upon equal straight lines^ are equal to 
one another ; (iii. 24.) 

therefore the segment BXC is equal to the segment COK ; 
and the triangle BGC was proved to be equal to the triangle CGK ; 

therefore the whole, the sector BGrC, is equal to the whole, the sector CGK; 
for the same roason, the sector KGL is equal to each of the sectors 

BGC, CGK. 
In the same manner, the sectors EHF, FHM, MHN may be proved 

equal to one another ; 

therefore^ what multiple soever the circumference BL is of the circum- 
ference BC, the same multiple is the sector BGL of the sector BGC ; 

and for the same reason, whatever multiple the circumference EN is of 
EF, the same multiply is the sector EHN of the sector EHF ; 

and if the circumference BL be equal to EN, the sector BGL is equal 
to the sector EHN ; 

and if the circumference BL be greater than EN, the sector BGL is 
greater than the sector EHN, and if less, less. 

Since, then, there are four magnitudes, the two circumferences BC, EF, 
and the two sectors BGC, EHF, 

and of the circumference BC, and sector BGC, the circumference BL 
and sector BGL are any equimultiples whatever ; 

and of the circumference EF, and sector EHF, the circumference EN, 
and sector EHN are any equimultiples whatever j 

and since it has been proved, that if the circumference BL be greater 
than ^N, the sector BGL is greater than the sector EHN ; and if 
equal, equal ; and if less, less ; 

tbereforoy as tb^ ciroumferenoe BC is to the olrcum- 
ferenoe SP, so is tlie sector BOC to the sector BBT. 

(v. def. 5.) 
Wherefore, in equal circles, &c. Q. E. B. 
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PBOP. B.— Theorem. 

If an CM^ of a triangle be bisected by a straight line which likewise 
cuts the base; 

then the rectangle contained by the sides of the triangle is equal to the 
rectangle contained by the segments of the basSj together with the square of 
the straight line which bisects the angle. 

(References— Prop. i. 32 ; n. 3 ; in. 21, 35 ; iv. 5 ; vl 4, 16.) 
Let ABC be a triangle, and let the angle BAG be bisected by the 
straight line AD. 

Vlieii the rectangle BA« AC sball be equal to the rect- 
angle BB, BC, togretber wltb tbe sqnare of AB. 




CONSTRUCTION 

Describe the circle ACB about the triangle ; (iv. 5.) 
and produce AD to the circumference in £, and join EC. 

DEMONSTRATION 

Then because the angle BAD is equal to the angle CAE; (hyp.) 

and the angle ABD to the angle AEC, for they are in the same seg- 
ment ; (m. 21.) 

therefore the triangles ABD, AEC are equiangular to one another ; 
(l 82.) 

therefore as BA to AD, so is EA to AC ; (vi. 4 ) 

and consequently the rectangle BA, AC is equal to the rectangle BA, 

AD ; (VI. 16.) 
that is, to the rectangle ED, DA, together with the square of AD ; 
(II. 3.) 
but the rectangle ED, DA is equal to the rectangle BD, DC ; (in. 35.) 
tberefore tbe rectangrle BAf AC is equal to tbe rectangrle 
BBf BC, togretber witb tbe square of AB. 
Wherefore, if an angle, &c. Q. E. D. 
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FBOF. a— Thboxex. 

Jf from any angle of a iriangUf a straight line be drawn perpmnOcMkur 

to the base ; 

then the rectangle cffntained by the sides of the triangle is equal to Ae 
rectangle contained by the perpendicular and the diameter pf the circle 
described about the triangle. 

(Beferences— Prop. lu. 21, 31 ; it. 5 ; yi. 4, 16.) 

Let ABC be a triangle, and AD the perpendicnlar from the angle A 
to the base EC. 

TbeB tbe rectangle BA* AC sball be equal to tbe reet- 
angle contained by AB and tbe diameter of tbe drele 
described about tbe triangle. 




• t If .* Z 
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E ••• 
GOVSTBUCTIOK 

Describe the circle AC6 about the triangle ; (nr. 5.) 
draw its diameter AE, and join EC. 

DSMONSTSATIOK 

Because the right angle BDA is equal to the angla BCA in a semi* 
circle ; (m. SL) 

and the angle ABD equal to the angle AEC in the same sogmeat ; 
(ni. 21.) 

therefore the triangles ABD, AEC are equiangular \ 

therefcre as BA to AD, «o t* EA to AC ; (yl 4.) 

and consequently tbe rectangle BA, AC is equal to tbe 
rectangle BA, AB. (tl 16.) 

If, therefore, fh>m any angle, &c. (^ E. D. 



PBOF. D.— Thbobsk. 

The rectangle contained by the diagonals of a quadrilateral figure in- 
scribed m a curckf is equal to both the rectangles contained by its opposite 
sides, 

(Keferences — ^Prop. l 23; ii. 1; ni. 21; yl 4, 16.) 



BOOK TI. PROP. D. 247 

Let ABCD be any quadrilateral figure inscribed in a circle, and join 
AC, BD. 

Tben tlie reotangrle oontained by AC, MD sball be equal 
to tbe two rectangles contained by AM, CB* and by 




OOKSTBUCnOK 

Make the angle ABE equal to the angle DBC ; (i. 23.) 

DEMONBTBATIOK 

Because the angle ABE is equal to the angle DBC, 

add to each of these equals the common angle EBD ; 

Men the angle ABD is equal to the angle EBC ; 

and tbe Angle BDA is equal to the angle BCE, because they are in the 
same segment; (in. 21.) 

therefore the triangle ABD is eqmangvlar to the triangle BCE ; 

whesefore, as BC is to CE, so is BD to DA ; (ti. 4.) 

awd twatqueiUly the rectangle BC» AD ie equal to the rectangk BP, 
CE. (VI. 16.) 

Again, because the angle ABE is equal to the angle DBC, and the 
angle BAE to the angle BDC ; (iii. 21.) 

therrfore the triangle ABE is equiangular to the triangle BCD ; 
therefore as BA to AE, so is BD to DC; 
wherejore the rectangle BA, DC is equal to the rectangk BD, AE; 
but the rectangle BC, AD has been shown to be equal to the rectangle 
BD, CE; 

tiiereMpe ttie wliole veetMiste AC» BO Is equal to tbe 
reofaaffle AB« BC« toffetber wttb tbe vootaagle AB« BC. 

(n. 1.) 

Therefore the rectangle, &c. Q. E. D. 
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DEFINITIONS. 

L 
A SOLID is that which hath length, breadth, and thickness. 

n. 

That which bounds a solid is a saperficies. 

m. 

A straight line is perpendicular, or at right angles to a plane, when 
it makes right angles with eveiy straight line meeting it in that plane. 

IV. 

A plane is perpendicular to a plane, when the straight lines drawn 
in one of the planes perpendicular to the common section of the two 
planes are perpendicular to the other plane. 

V. 

The inclination of a straight line to a plane, is the acute angle con- 
tained by that straight line, and another drawn from the point in which 
the first line meets the plane, to the point in which a perpendicular to 
the plane drawn from any point of the first line above the plane, meets 
the same plaice. 

VI. 

The inclination of a plane to a plane, is the acute angle contained by 
two straight lines drawn from any the same point of their common 
section at right angles to it, one upon one plane, and the other upon 
the other plane. 

vn. 

Two planes are said to have the same, or a like inclination to one 
another, which two other planes have, when the said angles of in- 
dination are equal to one another. 
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vin. 

PkuraQel planes are each as do not meet on^ another though pro- 
duced. 

IX. 
A solid angle is that which is made hj the meeting, in one point, of 
more than two plane angles, which are not in the same plane. 

X. 

Equal and similar solid figures are such as are contained hy similar 
planes equal in number and magnitude. 

XI. 
Similar solid figures are such as have all their solid angles equal, 
each to each, and are contained hy the same number of similar planes. 

xn. 

A pyramid is a solid figure contained by planes that are constituted 
betwixt one plane and one point above it in which they meet. 

A prism is a solid figure contained hy plane figures, of which two 
that are opposite are equal, similar, and parallel to one another; and 
the others parallelograms. 

XIV. 

A sphere is a solid figure described by the revolution of a semicircle 
about its diameter, which renauns unmoyed*. 

XV. 

The axis of a sphere is the fixed straight line about which the semi- 
circle revolves, 

XVL 
The centre of a sphere is the same with that of the semicircle. 

xvn. 

The diameter of a sphere is any straight line which passes through 
the oentre, and is terminated both ways by the superficies of the sphere. 

XVHL ^ 

A cone is a solid figure described by the revolution of a right-angled 
triangle about one of the sides containing the right angle, which side 
remains fixed, '/...;..'. 

If the fixed side be equal to the other side containing the right ang)^, 
the cone is called a right-angled cone ; if it be less than the other side, 
an obtuse-angled ; and if greater, an acute-angled cquq. 

m3 
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The MM of •coaaiit the tied rtMJg^litte abort wIriA the triiai^ 

ferolret. 



The beee of A eooe if the eiide deicribed bf tfMt ade oootahuof the 
right «ogie» whidi ferolree. 



A cf Under If % fofid fignre described bj the BBVolatioa of a ng^ 
flng^ iwrallelognuii about one of Ua stdes wfaichxemaiiia fixed. 

xxn. 

The aadf of a cjrfioder ia the fixed atzai^ liiie aboat wUeh the 
parallelogram rerohrea. 

xxm. 

The baaea of a cflinder are the cbnelea defcribed by the two ren^rmg 
oppofite iidef of the parallelograiiL 

xxnr. 

Similar oonea and cylinders are those which bare their azea and 
the diameters of their bases proportionala. 

XXV. 

A cube is a solid figore contained bj six eqaal squares. 

XXVL 

A tetrahedron is a solid figore contained by foor eqoal and equi- 
lateral triangles. 

xxvn. 

An octahedron is a solid fignre contained bj eight eqnal and eqm* 
lateral triangles. 



A doodecahedron is a solid figore contained by twelTe eqoal penta- 
gons which are eqoilateral and eqoiangolar. 

An icof ahedron ia a solid figore contained by twenty eqoal and eqoi- 
lateral triang^ 

DBF. A. 

A parallelopiped is a solid fignn contained by six qoadrilateralfignreif 
whereof erery opposite two are paralld. 
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PBOP. L— Thbobem. 

One part of a strcngkt Une cmnnoi be in a pkmet and another part 
above it 

(Beferences— Prop. 1. 11 cor., de£ 7.) 

If it be possible, let AB, piurt of the straight line ABC, be in the 
plane, and the part BC above it. 



\r-Tr^\ 



OOlTSTBUOnON 

Since the straight line AB is in the plane, it can be produced in that 
plane; 

let it be produced to D; 

and let any plane pass through the straight line AD, and be tamed 
about it, untU it pass through the point C. 

SB1ION8TBATIOK 

Then, because the points B, C are assumed to be in the same plane, 
the straight line BC mast be in it$ (t. def. 7.) 

Aer^fore there eon be two eiraight Uaee ABC, >ABD in the same 
plane that have a common eegment AB; (i. 11 cor.) 

which is impossible. 

Therefore one part, &c. Q. E. D. 



PROP, n.— Thbobbm. 

Two straight lines which cut one another are in one plane^ and three 
straight lines which meet one another are in one plane, 

(Beferences — ^Prop. zl 1.) 
Let two straight lines AB, CD cut one another in £. 

Thtm AMf CB aliall be in one plane i 



and tbree stralgl&t lines BOf CB« BBf whieli meet one 
anoUier sludl be in one plane. 
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COKSTBUCTIOK 

Let any plane pass through the straight Une KB, and let the plane be 
turned about EB, produced if necessary, until it pass through the 
point C. 

DEMOKSTSATIOK 

Then, because the points E, C, are in this plane, 

therefore the straight Une EC i« in it ; (i. def. 7.) 

for the same reason, the straight line BC is in the same; 

and by the hypothesis, EB is in it ; 

therefore the tliree stralgbt lines BC, CBf BM are In one 
plane. 

But in the plane in which EC, EB are, in the same are CD, AB; (xi, 1.) 
tberefbrOf AS, CB are in one plane. 

Wherefore two straight lines, &c. Q. E. D. 



PBOPv m.— Thborem. 
If two planes cut one another, their common section is a straight line, 

(Keference — i. ax. 10.) 

Let two planes AB, BC cut one another, and let the line DB be 
their common section. 

Tben BB sball be a straigbt line. 
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C0N8TBUCTI0K 



If it be not, from the point D to B, draw in the plane AB» the straight 
line DEB, and in the plane BC, the straight line DFB. (post 1.) 



DEMOMBTIUTION 



Because the two lines DEB, DFB, which are assumed to be straight 
lines, have the same extremities ; (constr.) 
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fker^ort (key must include a space betwixt them; 
which is impossible; (l ax. 10.) 

tlierefiire BB tbe oomittoii seotton of tbe planes AB« BC* 
oannot but be a etralffl&t line. 

Wherefore, if two planes, &c. Q. E. D. 



PROP. IV.— Theobbm. 

If a straight line stand at right angles to each of two straight lines in 
the point of their intersection; 

then it shall also be at right angles to the plane which passes through 
them, that is, to the plane in which they an. 

(References— Prop. i. 4, 8, 16, 26; xi. def. 3.) 

Let the straight line EF stand at right angles to each of the straight 
lines AB, CD, in E the point of their intersection. 

Tben EF sball also be at rlffbt angrles to the plane pase- 
InflT tlireuflrli AS, CD. 




CONSTRUCTION 

Take the straight lines AE, EB, CE, ED all eqnal to one another; 

and throngh E draw, in the plane in which are AB, CD, anj straight 
line GEH, and join AD, CB ; 

and from any point F, in EF, draw FA, FG, FD, FC, FH, FB. 

DBMONSTBATION 

Because the two straight lines AE, ED are equal to the two BE, EC, 
each to each ; 

and that they contain equal angles AED, BEC ; (i. 15.) 

therefore the base AD is equal io Ike base BC, and the angle DAE to 
the angle BBCi (i.4.) 

and the angle AEG is equal to the angle BEH. (i. 15.) 

Hence in the two triangles AEG, BEH, there are two angles of the one 
equal to two an^le? of the other, each to each. 
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and the sidet AE, EB, i^jaeeiit (e the equal angfei, equal to one 
another ; 

Oierefire tben eAerwidm are e^ml, AtU k Q1& it wqwalloWS^i^ 
to BH I (jL 26.) 

and because A£ is equal to SB, and FE eommon and at right 'iBgles 

to them, 

therefore the base AF is equal to the base FB ; (i. 4.) 
for the same reason, CF is eqoal to FD. 
And because AD is equal to EC, and AF to FB, 

the two sides FA, AD are equal to the two FB, BC, each to each ; 

and the base DF was proved equal to the base FC ; 

therefore ihe angle FAD is equai to the angle FBC. (i. 8.) 
Again, it was proved that GA is equal to BH, and also AF to FB; 

therefore FA and AG are equal to FB and BH, each to each ; 
and the angle FAG has been proved equal to the angle FBH ; 

therefore ihe base GF is equal to the base FH. (i. 4.) 

Again, becanse it was proved that GE is equal to EH, and £F is 
common ; 

GE, EF are equal to HE, £F; 

and the base GF is equal to the base FH ; 

therefore the angle GEF is equal to the angle HEF ; (l 8.) 

and consequently each of these angles is a right angle ; (i. def. 10.) 

therefore FE nuikes right angles with GH, that is, with any straight line 
draum through "E in the plane passing through AB, CD. 

In like nuinner, it may be proved, that FE makes right angles with 
eveiy straight line which meets it in that plane ; 

but a straight line is at right angles to a plane, when it makes right 
angles with every straight line which meets it in that plane; 
(XI. def. 3.) 

therefere UP Is at riglit ancles to tbo plane in wUcli are 

Wherefore, if a straight line, &c. Q. E. D. 



If^ee straight lines meet all in one point, and a straight Une stands at 
right angles to each of them in that point; 

then ihese straight lines are m one and the same pbtne, 

(Beferences — ^Frop. xi. 8, 4, del 8.) 
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Let the straight line AB stand at right angles to each of the straight 
lines BC, BD, BE, in B thejxmit where thej meet. 

I BOp aHv »■• fllMll »• iBi «a« Mi4 «M 




CONSTBUCTION 

If not, let, if possible, BD and BE be in one plane, and BC be above it; 
and let a plane pass through AB» BC, the common section of which 
with the plane, in which BD and BE are, is a straight line ; (xi. 3.) 

let this straight line be BF; 

then the three straight lines AB, BC> BF most be all in one plane, 
Tiz. that which passes through AB, BC. 

DBMOHSTRATION 

Because AB stands at right angles to each of the straight lines BD, 
BE, 

therefore it is also at right angles to the plane passing through them; 

(XI. 4.) 
wher^fort it makes right angles with every etraigkt Une meeting it in that 
piane ; (xi. def. 3.) 
but BF which is assumed to be in that plane meets it ; 

therefore Ae angle ABF must be a right angle ; 
but the angle ABC is also a right angle ; (hjp.) 

therrfare (he angle ABF wmt he equal to the angle ABC, and ihsy m^tst 
. be in the same pkme ; 

which is impossible ; (i. ax. 9.) 

there/ere the straight Une BC is n&t above Ae plane in which are BD 
aiu^ BE; 

wlierefere tbe tbree straight Uiim BO^ MMh 8B are In one 
and tbe same plane. 

Wherefore, if three straight lines, &e. Q. E. D. 
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• • • • • 

PROP. YL^Tbeovxm, 

If two $traig1U U$u» he at riffkt anglet to Ae tame piame, ike^f tkaU be 
parallel to one another, 

(References — Prop. i. 3, 4, 8, 11, 28 ; zi. 2, 5, del 3.) 

Let the straight lines AB, CD be at right angles to the same plane. 

Tben AS sliall be parallel to CB* 



B 
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COK8TBUCTION 

Let them meet in the plane in the points B, D ; join BD ; 
draw DE at right angles, in the same plane ; (i. 11.) 
make DE equal to AB ; (i. S.) and join BE, AE, AD. 

DEXOMST&ATION 

Because AB is perpendicular to the pUne, 

therefire it makes right angles with every straight line which meets it^ 
and is in that plane; (xi. def. 3. ) 

but BD, BE, which are in that plane, do each of them meet AB ; 
there/ore each of the angles ABD, ABE is a right angle ; 

for the same reason, each of the angles CDB, CDE is a right angle. 

And in the triangles ABD, EDB, 

because AB is equal to DE, and BD common, 

the two sides AB, BD are equal to the two ED, DB ; 

and they contain right angles ; 

therefore the base AI> is equal to the base BE. (i, 4.) 
Again, in the triangles ABE, EDA, 
because AB is equal to DE, and BE to AD ; 
AB, BE are equal to ED, DA, each to each, 
and the base AE is common, 

therefore the angle ABE is equal to the angle EDA ; (i. 8.) 
but ABE is a right angle ; 

therefore EDA is also a right angle, and ED perpendicular to DA ; 
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bat ED is also perpendicular to each of the two BD, DC ; 

therefore ED is at right angles to each of the three straight lines 
BD, DA, DC in the point in which they meet ; 

iherefore these three straight Unea are all in the same plane ; (xi. 5.) 

but AB is in the plane in which aire BD, DA, because any three straight 
lines which meet one another are in one plane ; (zi. 2.) 

therefore AB, BD, DC are in one plane, 
and each of the angles ABD, BDC is a right angle ; (hyp.) 

tberefore AB Is parallel to CD. (l 28.) 
Wherefore, if two straight lines, &c. Q. E. D. 



PROP. Vn.— Thborem. 

If two straight lines be parallel, the straight line drawn from any point 
in the one to any point in the other, is in the same plane with the parallels. 

(References — ^i. ax. 10.) 

Let AB, CD be parallel straight lines, and take any point E in the 
one, and the point F in the other. 

Tben tbe stralrlit line whlcli Joins a and T sball be in 
tbe same plane witli tlie parallels. 

A £ B 




CONSTBUCTION 

If not, let it be, if possible, above the plane, as EGF ; 

and in the plane ABCD in which the parallels are, draw the straight 
' line EHE from E to F. 

DEUONSTSJLTION 

Then, since EGF is assumed to be a straight line, 

the two straight lines EHF, EGF must include a space between tiuan, 

which is impossible ; (i. ax. 10.) 

therefore the straight line joining the points 'E,'F isnot above the plane 
in which the parallels AB, CD are, 

tberefore it is in tliat plane. 

Wherefore, if two straight lines, &c. Q^ K li* 
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PROP. VIU.— Theorkm. 

If two Straight Unes be parallel, and one of them be at right angUt to a 
plane; 

then the cAer alto shaU be at right angles to the same plane, 

(References — ^Prop. i. 3, 4, 8, 11, 29 ; xi. 4, 7, de£ 3.) 

Let AB, CD be two parallel straight lines, and let one of them AB 
be at right angles to a plane. 

Tben tlie ofber CD sball be at liplit angles to tbe same 
plane. 

A 




CONSTRUCTION 

Let AB, CD meet the plane in the points B, D, and join BD ; 

therefore AB, CD, BD are in one plane ; (xL 7.) 

in the plane to which AB is at right angles, draw D£ at right angles 
toBD. (I. 11.) 

and make DE equal to AB, and join BE, AE, AD. 

DBMONSTBATION 

Because AB is perpendicular to the plane, it is perpendicular to every 
straight line which meets it, and is in that plane ; (zi. def. 8.) 

therefore each of the angles ABD, ABE is a right angle ; 
and because the straight line BD meets the parallel straight lines AB, 

CD, 

dierefore the angles ABD, CDB, are together equal to tioo right angles ; 
(I. 29.) 
and ABD is a right angle ; (hyp.) 

therefore also CDB is a right angle, and CD perpendicular to BD. 

And in the two triangles ABD, EDB, 

because AB is equal to DE, and BD common, 

the two AB, BD are equal to the two ED, DB, 

and the angle ABD is equal to the angle EDB, because each of them is 
a right angle ; 
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thertfart the bane AD it equal to ihe hose BE. (i. 4.) 
Again, in the two triangles ABE, EDA, 
because AB is equal to DE, and BE to AD, 
the two AB, BE are equal to the two ED, DA, 
and the base AE is common to both triangles ; 

therefore the angle ABE is equal to the angle EDA ; (i. 8.) 
bat ABE is a right angle ; 

therefore EDA is a right angle, and ED perpendicular to DA ; 

but it is also x)erpendicalar to BD ; (oonstr.) 

therefore ED is perpendicular to the plane which passes trough BD, 
DA; (XL 4.) 

and therefore makes right angles with every straight Une meeting it in 
that plane ; (xi. def. 3.) 

but DC is in the plane passing through BD, DA, becaiae all three are 

in the plane in which are the parallels AB, dD, 

therefore ED is at right angles to DC ; 

wherefore CD is at right angles to D£ ; 

but CD is also at right angles to DB ; 

therefore CD is at right angles to (he two straight lines DE, DB in the 
point of their intersection D; 

tberefore It Is at rlylit angles to tlie plane paMlnff tbroiirli 
DBff D8f whloli Is tbe same plane to whloli AB Is at 
rt0lit angles, (xi. 4.) 

Therefore, if two straight lines, &c. Q. E. D 



PBOP. IX.— Thbobbm. 

Two straight lines which are each of them parallel to the same straight 
/me, and noting same plane with it, are paraJM to one anoffier. 

(References—Prop. 1. 11 ; xi. 4, 6, 8.) 

Let AB, CD be each of them parallel to EF and not in the same 
plane with it. 
Tben AM sball be parallel to CB. 

AH B 
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CONSTRUCTIOK 

In £F take any point G, from which draw, in the plane passing through 
£F, AB, the straight line GH at right angles to EF ; (i. 11.) 

and in the plane passing through EF, CD, draw GE at right angles to 
the same £F. 

DEMONSTRATION 

And because EF is perpendicular both to GH and GE, 

therefore EF » perpendicular to the plane HGE pasting through them / 
(XI. 4.) 

and EF is parallel to A6 ; (hyp.) 

therefore AB ia at right angles to the plane HGE ; (xl 8.) 
for the same reason, CD is likewise at right angles to the plane HGE ; 

therefore AB, CD are each of them at right angles to the plane HGE ; 
but if two straight lines are at right angles to the same plane, they are 

parallel to one another ; (xi. 6.) 

tberefiire AB Is parallel to CD. 

Wherefore, two straight lines, && Q. £. D. 



PROP. X— Thbobem. 

If two straight lines meeting one another be paraUd to two others that 
meet one another, and are not in the same plane with the first two ; 
then the first two and the other two shall contain equal angles, 

(Eeferences — ^Prop. i. 8, 33; xi. 9.) 

Let the two straight lines AB, BC, which meet one another, be 
parallel to the two straight lines DE, EF that meet one another, and 
are not in the same plane with AB, BC. 

Tben tbe anyle ABC shall be equal to tbe ani^le DBF. 




CONSTRUCTION 

Take BA, BC, ED, EF all equal to one another, 
and Join AD, CF, BE, AC, DF. 
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DEMONSTRATION 

Because BA is equal and parallel to ED, 

therefore AD is both equal and parallel to BE; (i. 33.) 
for the same reason, CF is equal and parallel to BE ; 

Uterefore AD and CF are each of them equal and parallel to BE ; 
but straight lines that are parallel to the same straight line, and not in 

the same plane with it, are parallel to one another ; (xi. 9.) 

therefore AD is parallel to CF; 
and AD is also equal to CF; (i. ax. 1.) 
and AC, DF join them towards the same parts ; 

therefore AC ia equal and parallel to DF ; (i. 33.) 

and because AB, BC are equal to DE, EF, and the base AC to the 
baseDF; 

therefore tlie anyle ABC Is eqnal to tbe anyle DS7. 

(I. 8.) 

Therefore, if two straight lines, &c Q. E. D. 



PROP. XT.— Problem. 

To draw a straight line perpendicular to a plane, from a given point 
above it. 

(References— Prop. i. 11, 12, 31; xi. 4, 8, def. 3.) 
Let A be the given point above the plane BH. 

It is required to draw from the point A a straight line perpendicular 
to the plane BH. 

E A 
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B D 

CONSTRUCTION 

In the plape draw any straight line BC, and from the point A draw 
AD perpendicular to BC ; (i. 12.) 

if then AD bo also perpendicular to the plane BH, the thing required 
is already done; 

but if it be not, from the point D draw, in the plane BH, the straight 
line DE, at right angles to BC ; (i. 11.) 
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and from the point A, draw AF perpendicular to DE. 

Tben JLF sliall be perpendleiilar to tlie plane 

Through F draw Gfi parallel to BG. (i. SI.) 

DSMONSTRATIOll 

Then, because BC is at right angles to ED and DA, 

therefore BC is at right angles to the plane passing tknmgk ED, DA; 
(xi. 4.) 

and GH is parallel to BC; (constr.) 

but, if two straight lines be parallel, one of which is at right angles to a 
plane, the other is at right angles to the same plane ; (xi. 8.) 

therefore GH is at right angles to the piane through ED, DA, and 
is perpendicular to every straight line wteetmg ii ta that plane; 
(xL def S.) 
bat AF, which is in the plane through ED, AD, meets it, 
therefore GH is perpendicular to AF; 
wherefore AF is perpendicular to GH; 
and AF is perpendicular to DE; (constr.) 

therefore AF is perpendictdar to each of the straight lines GH, DE ; 

but if a straight line stands at right angles to each of two straight lines 
in the point of their intersection, it shall also be at right angles to the 
plane passing through them ; (xi. 4.) 

but the plane passing through ED, GH is the plane BH; 

therefore JLF la perpendlonlar to tbe plane ^M, 

Wherefore, frY)m the given point A, above the plane BH, the straight 
line AF is drawn perpendicular to that plane. Q. E. F. 



PROP. Xn.— Problem. 



To erect a straight line at right angles to a given plane, from a point 
given in the plane, 

(References — Prop. i. 31; xi. 8, 11.) 

Let A be the point given in the plane. 

It is required to erect a straight line from the point A at right angles 
to the plane. 

D B 



dttj 



BOOK XI. PBOP. Tin, 263 

CONSTRUCnOK 

From any point B above the plane draw BC perpendicalar to it ; 

(xi. 11.) 
and from A draw AD parallel to BC. (i. 31.) 

Tben AB sliall be at rlirlit angles to tbe irtven plane. 

DEMONSTRATION 

Because AD, CB are two parallel straight lines, and one of them BC is 
at right angles to the given plane, 

tberefore tbe other AB Is also at rlylit angles to It. 

(xi. 8.) 

Wherefore a straight line has been erected at right angles to a given 
plane from a point given in it. Q. E. F. 



PROP. Xm.— Thborbm. 

From the same point in a given plane, there cannot be two straight lines 
at right angles to the plane, upon the same side of it ; 

and there can be but one perpendiatlar to a plane from a point above 
the plane. 

(References — ^Prop. xi. 3, 6, def. 3.) 

For, if it be possible, let the two straight lines AB, AC be at right 
angles to a given plane from the same point A in the plane, and upon 
the same side of it. 




COKSTRDCTION 

Let a plane pass through BA, AC ; 

the common section of this with the given plane is a straight line pass- 
ing through A ; (xi. 3.) 

let DAE be their common section. 

DEMONSTRATION 

Then the straight lines AB, AC, DAE must be in one plane ; 

and because CA is assumed to be at right angVos u> xli^ift ^^^^'*^^a3A> 



264 



THE ELEMENTS OF BUCUD. 



tlierefore it must make right angles with every straight line meeting it in 
that plane ; (xi. def. 3.) 

but DAE, which is assnmed to be in that plane, meets CA ; 

therefore CAE must be a right angle ; 
for the same reason BAE must be a right angle; 

therefore the angle CAE must be equal to the angle BAE ; (i. as. 11. ) 

and they must be in one plane; 
which is impossible. 

Also, from a point above a plane, there can be bat one perpendicular 
to that plane ; 

for, if there could be two, they would be parallel to one another, 
(xi. 6.) 

which is absurd. 

Therefore, from the same point, &c. Q. E. D. 



PROP. XIV.— Theorem. 

Planes to which the same straight line is perpendicular, are parallel to 
one another* 

(Beferences — ^Prop. i. 17; xi. def. 3, 8.) 

Let the straight line AB be perpendicular to each of the planes 
CD, EF. 

Tben tbe planes CD* Bl" sball be parallel to one anotber. 
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COKSTBUCTION 



If not, they shall meet one another when produced ; let them meet, 
and their common section will be a straight line GH ; 

in GH take any point K, and join AE, BK 



DBMONSTBATION 



Then, because AB is perpendicular to the plane EF, it must be perpen- 
dicular to the straight line BK which is in that plane j (xi. def. 3.) 
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Hierefore ABE must he a right angle. 

For the same reason, BAE must be aright angle; 

therefore the two angles ABE, BAE of the triangle ABE must be equal 
to tuw right angles ; 

which is impossible ; (i. 17.) 

thertfore the planes CD, EF, though produced^ do not meet; 

tliat Is, tliey are parallel to one anotlier. (xl def. 8.) 
Therefore, planes, &c. Q. £. D. 



PROP. XV.— Thborem. 

If two straight lines meeting one another^ be parallel to two straight lines 
which meet one another, but are not in the same plane with ^ first two ; 

then the plane which passes through these is paraUd to the plane pcLss^ 
ing through the others, 

(References — Prop. i. 29, 31; xl 4, 9, 11, 14, def 8.) 

Let AB, BC, two straight lines meeting one another, be parallel to 
DE, EF that meet one another, but are not in the same plane with 
AB,BC. 

Tben tbe plane tlironrli AB, 8C, and BB, Bl" sball be 
parallel to tbe plane tbrouff b BB, Bl". 




COKSTBUGTION 



From the point B draw BG perpendicular to the plane which passes 

through DE, EF, (xi. 11.) 
and let it meet that plane in G; 
through G draw GH parallel to ED, and GE parallel to EF. (i. 31.) 



DBHOKSTBATION 

And because BG is perpendicular to the plane through DE, EF, 
it makes right angles with every straight line meeting it in that plane \ 
(xi. def. 3.) 

but the straight lines GH, GE in that plane meet it ; 
therefore each of the angles BGH, BGE ta a nQkl angle. 
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And because BA is parallel to GH, for each of them is parallel to DE, 
and they are not both in the same plane with it, (xl 9.) 

therefore the angles GBA, BGH are together equal to two right OMgUa ; 
(I. 29.) 

and BGH is a right angle ; 

therefore alto GBA is a right angie^ and GB perpendicular to BA ; 

for the same reason, GB is perpendicular to BGL 

Since, then, the straight line GB stands at right angles to the two 
straight lines BA, BC, that cut one another in B ; 

therefore GB is perpendicular to the plane through BA, BC ; (xi. 4.) 

and it is perpendicnlar to the plane through DE, £F ; (constr.) 

therefore BG is perpendicular to each of the planes through AB, BC, 
aiuf D£,EF; 

but planes to which the same straight line is perpendicnlar, are parallel 
to one another ; (xl 14.) 

tberefore tbe plane Uaomgh AB, ac Is parallel to ttie 
plane tbronKb BSf Bl". 

Wherefore, if two straight lines, &c. Q. £. D. 



PROP. XVL— Thbobeil 

If two parallel planes be cut by another plane^ their common sections with 
it are parattels, 

(Beferences — Prop. xi. 1.) 

Let the parallel planes AB, CD be cut by the plane EFHG, and let 
their common sections with it be EF, GH. 

Tben Bl" sliall be parallel to OB. 
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For if they be not parallel, EF, GH shall meet, if produced, either on the 
side of FH or EG. 

First, Jet tbem bepro4nced on the side of FH, and meet in the point E. 
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DBMONSTRATIOir 

Then, since EFE is assumed to be in the plane AB, every point in 
EFE must be in that plane ; (xi. 1.) 

and E is a point in EFE ; 

therefore E must be in the plane AB ; 
for the same reason, E mnst be also in the plane CD; 

wherefore the planes AB, CD produced j would meet one another; 

but they do not meet, since they are parallel by the hypothesis; 

therefore the straight lines EF, GH do not meet when produced on ih£ 
side of¥R. 

In the same manner it may be proved, that EF, GH do not meet when 
produced on the side of EG ; 

but straight lines which are in the same plane, and do not meet, though 
produced either way, are parallel ; 

therefore BF is parallel to OB. 

Wherefore, if two parallel planes, &c Q. E D. 



PROP. XVn.--THEOKBM. 

If two straight lines be cut by parallel planes, they shaU be cut-in the 
same ratio, 

(References — Prop. v. 11; vi. 2 ; xl 16.) 

Let the straight lines AB, CD be cut by the parallel planes GH, EL^ 
MN, in the points A, E, B, and in C, F, D. 

Theii as AB is to B8, so sball CF be to 7D« 




OONSTBUCnON 



Join AG, BD, AD, a^d let AD meet the plane EL in the v^»s^X\ 
uid join EZ, ZF. 

H2 
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DEMONSTBATION 

Because the two parallel planes EL, MN are cut by the plane EBDX, 

therefore the common sections EX, BD are pcuraUd ; (zi. 16.) 
for the same reason, because the two parallel planes GH, EL are cut bj 

the plane AXFC, 

tJierefore the common sections AC, XF are paraUeL 
And because £X is parallel to BD, a side of the triangle ABD ; 

therefore as AE to EB, so is AX to XD; (vL 2.) 
again, because XF is parallel to AC, a side of the triangle ADC ; 

therefore as AX to XD, so is CF to FD; 
and it was proved that AX is to XD, as AE to EB ; 

tbereforOf as AS to SB, so is C7 to 7]>. (v. 11.) 
Wherefore, if two straight lines, &;c. Q. E. D. 



PROP. XVm.— Theorem. 

If a straight line be at right angles to a plane^ every plane which passes 
through it shall be at right angles to that plane. 

(References— Prop. i. 11, 28; xi. 3, 8, def.3, 4.) 

Let the straight line AB be at right angles to the plane CE. 

Tben every plane whlcli passes tbrouffb AB sliall be at 
rlgbt angles to tbe plane CX. 
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CONSTRUCTION 

Let any plane DE pass through AB, and let CE be the common section 
of the planes DE, CE $ 

take any point F in CE, fron^ which draw FG in the plane DE at right 
angles to CE. (i. 11.) 

DEMONSTRATION 

And because AB is perpendicular to the plane CE, 

, Vier^ore it i$ abo perpendicular to every straight line in that plane 
meeUng it ; (xi. def . 3.) 



BOOK ZI. PKOP. XIZ. 



2G9 



and consequently it is perpendicular to CE ; 
wherefore ABF is a right angle; 

but Qi^B is likewise a right angle ; (constr.) 

thertfore AB is paraUel to FG ; (I. 28.) 
and AB is at right angles to the plane CK ; 

therefore FG is also at right angles to the same plane, (xi. 8.) 

But one plane is at right angles to another plane when the straight 
lines drawn in one of the planes, at right angles to their common 
section, are also at right angles to the other plane ; (xi. def. 4.) 

and any straight line FG in the plane DE which is at right angles to 
CE, the conmion section of the planes, has been proved to be perpen- 
dicular to the other plane CK ; 

tberefore tbe plane DS Is at liglit angles to tlie plane 



In like manner, it may be proved that all planes which pass through 
AB are at right angles to the plane CK 

Therefore, if a straight line, &c. Q. E. D. 



PROP. XrX.— Theobkm. 

Jf two planes which cut one another be each of them perpendicular to a 
third plane ; 
then their common section shall be perpendicular to the same plane. 

(References — Prop.i. 11 ; xi. 13, def. 4.) * 

Let the two planes AB, BC be each of themi perpendicular to a third 
plane, and let BD be the common section of the first two. 

Tben 8D sliall be perpendlonlar to tbe tbird plane. 

B 




CONSTRUCTION 

If it be not, from the point D draw, in the plane AB, the straight line 
DE at right angles to AD, the conmion section of the plane AB with 
the third plane ; (i. 11.) 

and in the plane BC draw DF at right angles to CD, the common sec- 
tion of the plane BC with the third plane. 
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DEIfONSTRATION 

Because the plane AB is perpendicular to the third idane, (hyp.) 

and D£ is assomed to be drawn in the plane AB at right angles to AD, 
their common section, 

therefore DE nuut be perpemdundtar to the durdpbme. (zl det 4.) 

In the same manner, it maj be proved, that DF most be peipendicnlar 
to the third plane, 

therrfore, from Ae point D two straight lines must standat right angtes 
to the third plane, tqion Ae same side of it, which is iwtpossible ; 
(D. 18.) 

therefore, from the point D there cannot be anj straight line at right 
angles to the third plane, except BD the common section of the 
planes AB, BC ; 

tberelbre SB la perpendleular to tbe tlilrd plane. 

Wherefore, if two planes, &c. Q. £. D. 



PROP. XX.— Thborem. 

If a soUd angle be contained by three plane angles, any two of Aem are 
greater than the third, 

(References— Prop, i, 4, 20, 23, 25.) 

Let the solid angle at A be contained b j the three plane angles B AC» 
CAD, DAB. 

Tben any two of tbem sball be greater tban tlie tlilrd. 

D 




COM8TRUCTION 

If the angles BAG, CAD, DAB be all eqaal, it is evident, that any two 
of them are greater than the third; 

bnt if they are not, let B AC be that angle which is not less than either 
of the other two, and is greater than one of them DAB ; 

and at the point A in the straight line AB, in the plane which passes 
through BA, AC, make the angle BAE equal to the angle DAB ; 
a 23.) 

make A£ eqaal to AD, and throagh E draw BEC catting AB, AC in 
the pointB B, C, and join DB, DC. 



BOOK XI. FBOP. TXL 271 

DEMONSTRATION 

Then, because in the triangles BAD, BAE, 

the side DA is assumed to be equal to AE, and BA is common, 

the two DA, AB must be equal to the two EA, AB each to each ; 

and the angle DAB is assumed to be equal to the angle EAB ; 

therefore the haee DB mu8t he equal to the base BE ; (i. 4.) 

and because BD, DC are greater than CB ; (i. 20.) 

and one of them BD has been proved equal to BE a part of CB, 

therefore the other DC muet be greater than the remaining part EC. 
(i. ax. 5.) 

And because in the two triangles DAC, EAC, 

AD is assumed to be equal AE, and AC is common, 

but the base DC greater than the base EC ; 

therefore the angle DAC must be greater than the angle EAC ; (i. 25.) 

and, by construction, the angle DAB is equal to the angle BAE ; 
therefore ihe angles DAB, DAC must be together greater than BAE, 

EAC, that ist than the angle BAC, (i. ax. 4.) 

but BAC is not less than either of the angles DAB, DAC 

therefor* BACf wltli eltber of tbenif Is greater titan tbe 
otlier. 

Wherefore, U a solid angle, &c. Q. E. D. 



PROP. XXL— Thbobbm. 

Every soM angle is contained by plane angles, which together are less 
than four right angles, 

(Beferences — ^Prop. i. 32, cor. 1; xl 2a) 

First, let the solid angle at A be contained by three plane angles 
BAC, CAD, DAB. 

Tben fbeee tbree topetber shall be less ttian fonr rlgtit 
angles. 

D 




CONSTRUCTION 

Take in each of the straight Imes AB, AC, At), asi;f \m:^x^ '&^^^'\^^ 
and jdn BC« CD, DB. 
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DEM0N8TBATI0N 

Then, because the solid angle at B is contained by the three plane 
angles CBA, ABD, DBC» any two of them are greater than the 
third ; (xi. 20.) 

thertfore the angles CBA, ABD are greater than the angle DBC ; 
for the same reason, the angles BCA, ACD are greater than the angle 
DCB, and the angles CD A, ADB, greater than BDC ; 

wherefore the six angles CBA, ABD, BCA, ACD, CDA, ADB, are 
greater than the three angles DBC, BCD, CDB ; 

but the three angles DBC, BCD, CDB are equal to two right angles ; 
(I. 32.) 

therefore the six angles CBA, ABD, BCA, ACD, CDA, ADB are 
greater than two right angles. 

And because the three angles of each of the triangles ABC, ACD» 
ADB are equal to two right angles, 

therefore the nine angles of these three triangles, viz. the angles CBA, 

BAC, ACB, ACD, CDA, DAC, ADB, DBA, BAD, are equal 
to six right angles ; 

and of these six angles CBA, ACB, ACD, CDA, ADB, DBA are 
greater than two right angles ; 

therefore tbe remainliiir three anirlea BACp €ABp BAB, 
wliioli oontain tbe solid an^le at Ap are leas tban four 
rliTlit anirlea. 

Next, let the solid an^le at A be contained by any ntmiler of plane 
angles BAC, CAD, DAE, EAF, FAB. 

Tbeae aball be to^etber leaa tban four rlffbt antf ea. 




OONSTSUOTIOlf 



Let the planes in which the angles are, be cut by a plane, ani let the 
^01022200 sections of it with those planes be BC, CD, DE^ £]^ FB* 
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DEMONSTSATIOlf 



Then, becaase the solid angle at B is contained by three plane angles 
CBA, ABF, FBC, of which any two are greater than the third, 
(XI. 20.) 
therefore tke angle$ CBA, ABF, are greater than the angle FBC ; 

for the same reason, the two plane angles at each of the points C, D, E, 
F, viz. those angles which are at the bases of the triangles, having 
the common vertex A, are greater than the third angle at the same 
pqint, which is one of the angles of the polygon BCDEF ; 

therefore aU the angles at the bases of the triangles are togetJier greater 
than aU the angles of the polygon. 

And because all the angles of the triangles are together equal to twice 
as many right angles as there are triangles, that is, as there are sides 
in the polygon BCDEF ; (l 32.) 

and that all the angles of the polygon, together with four right angles, 
are likewise equal to twice as many right angles as there are sides in 
the polygon ; (i. 32, cor. 1.) 

therefore aU the angles of the triangles are equal to aU the angles of the 
polygon together with four right angles ; (i. ax. 1.) 

but all the angles at the bases of the triangles are greater than all the 
angles of the polygon, as has been proved ; 

tiierefore tbe remalnlncr angles of tlie trlanfflesp vis* those 
of tbe ▼ertexy wbioli contain tbe solid anirle at A* are 
less tlian four rifflit angles. 

Wherefore, every solid angle, &c. Q. E. D. 
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BOOK XII. 



LEMMA. 

Whidi ia the first pnipoMoa<A the Tenth Book, and is neoesBavy to aonwof tbs 

{wopoeitiong of this Book. 

If from the greater of two unequal magnitudes, there be taken more than 
iU haif and from, the remainder more than its half; and soon; 

then there shaU at length remain a magnitude less than the least of the 
proposed magnitudes. 

Let AB and C be two fmeqaal magnitudes, of which AB is the 
greater. 

If from AB there be taken more than its half, and from the re- 
mainder more- than its half, and so on ; 

Tben there aliall at length remain a mavBttude leti 
titan C. 

A D 



H- 






BOB 



CONSTRUCTION 

For C may be multiplied so as at length to become greater than AB; 

let it be so multiplied, and let DE its multiple be greater than AB, 

and let DE be divided into DF, FG, GE, each equal to C. 

From AB take BH greater than its half, and from the remainder AH 
take HK greater than its half, and so on, until there be as man/ 
divisions in AB as there are in DE; 

and let the divisions in AB be AE, KH, HB, and the divisions in DE 
be DF, FG, GE. 



V 



SOOR XII. PROP. I. 
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DBM0N8TBATI0N 

ThcD, beeaxtse DE is greater than AB, 
and that EG taken from DE is not greater than its half, 
bat BH taken from AB is greater than its half ;: 
therefore the remainder GD is greater than lAe remaindlw HA* 

Again, because 6D is greater than HA, 

and that GF is not greater than the half of GD» 

bat HE is greater than the half of HA ; 

therefore ihe remainder FD is greater iS^an the remainder AK ; 

and FD is equal to C, 

therefore C Is greater tbaB AXi that ls» AX Is leas 
tHaa C. Q. E. D. 

And if only the halves be taken away, the same thing may in the 
same way be demonstrated. 



PROP. L— -Theosbm. 

Similar polygons inscribed in circles^ are to one anothtr as the squares 
of their diameters. 

(References — ^Prop. in. 21, 31 ; y. 22, def,. 10 i 
VI. 4, 6, 20, def. 1.) 

Let ABODE, FGHKL be two circles, and in them the similar 
polygons ABODE, FQHEL ; and let BM, GN be the diameters of the 
circles. 

Tbea as tbe polyiroB ABCBB is to tbe polygron l"cmXKt 
ao abaU tbe square of BM be to the square of CIV* 

F 





Join BE, AM, GL, FN. 



CONSTBirCTIOll 



DEH0N8TBATI0M 

Then because the polygon ABODE is similar to the polygon FGHEJU 

therefore the angle B AE is equal to the angk QiFL, 
and as BA to AE, so is GF to FL ; 
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therefore the two triangles BAE, GFL haviDg one angle m one 
equal to one angle in the other, and the sides about the equal 
angles proportionals, are equiangular; 

therefore the angle AEB is equal to the angle FLG $ 

but AEB is equal to AMB, because they stand upon the same circum- 
ference ; (in. 21.) 

and the angle FLG is, for the same reason, equal to the angle FNG ; 

therefore aho the angle AMB is equal to FNG. 

And the right angle BAM is equal to the right angle GFN ; (in. 31 ) 

therefore the remaining angles in the triangles ABM, FGN are equals 

and they are eqitiangular to one another; 
therefore as BM to GN, so is BA to GF ; (vi. 4.) 

wherefore the duplicate ratio of 'BM. to GN, is the same with the dupli' 
cate ratio of BA to GF ; (v. def. 10. and v. 22.) 

but the ratio of the square on BM to the square on GN, is the duplicate 
ratio of that which BM has to GN ; (ti. 20.) 

and the ratio of the polygon ABODE to the polygon FGHEL is the 
duplicate of that which B A has to GF ; (vi. 20.) 

tberefore as the polygron A8CBB to to tlie polygon 
VCHSX&p so ts the square of BM to tlie square of GV. 

TN'herefore, similar polygons, &c. Q. E. D. 



PROP. II —Theorem. 

Circles are to one anotlier as the squares of tlteir diameters. 

(References — Prop. i. 41 ; rr. 6 ; ^ii. 14 ; xn. 1.) 
let ABOD, EFGH be two circles, and BD, FH their diameters. 

Tben as tbe square of BB to tbe square of FB« so sball 
tbe cirole ABCB be to tbe circle BFGB. 






For, if not, the ' square of BD must be to the square of FH, as the 
circle ABOB is to some space either less than the circle EFGH, 
or greater than it. 



\ 
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Fint, if possible, let it be as the circle ABCD is to a space S less than 
a circle EFGH. 

In the circle EFGH inscribe the square EFGH. (nr. 6.) 

This square is greater than half of the circle EFGH. 

Because, if through the points £, F, G, H, there be drawn tangents to 
the circle, the square EFGH is half of the square described about the 
circle ; (i. 41.) 

and the circle is less than the square described about it ; 

therefore the square EFGH u greater than half the circle. 

Divide the circumferences £F, FG, GH, HE, each into two equal parts 
in the points E, L^ M, N, and join EE, EF, FL^ LG, GM, HM, 
HN, NE ; 

then each of the triangles EEF, FLG, GMH, HNE, u greater than 
half of the segment of the circle in which it stands ; 

for, if straight lines touching the circle be drawn through the points K, 
L, M, N, and the parallelograms upon the straight lines EF, FG, GH, 
HE be completed, each of the triangles EEF, FLG, GMH, HNE is 
the half of the parallelogram in which it is ; (i. 41.) 

but every segment is less than the parallelogram in it is ; 

therefore each of the triangles EEF, FLG, GMH, HNE is greater Oan 
half the segment of the circle which contains it. 

Again, if the remaining circumferences be divided each into two equal 
parts, and their extremities be joined by straight lines, by continuing 
to do this, there will at length remain segments of the circle, which 
together are less than the excess of the circle EFGH above the 
space S ; 

because, by the preceding Lemma, if from the greater of two unequal 
magnitudes there be taken more than its half, and from the remainder 
more than its half, and so on, there will at length remain a mag^ 
nitude less than the least of the proposed magnitudes. 

Let then the segments EK, EF, FL, LG, GM, MH, HN, NE be those 
that remain, and are together less than the excess of the circle 
EFGH above S ; 

therefore the rest of the circle, viz. the polygon EKFLGMHN, is greater 
than the space S. 

Describe likewise in the circle ABCD the polygon AXBOCPDB 
similar to the polygon EEFLGMHN ; 

therefore as the square on BD is to (he square on FH, soiaAe pciygon 
AXBOCFDR to the polygon EEFLGMHN ; (xii. 1.) 
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bnt the square on BD is also to the square on FH, as the curde ABCD 
is to the space S ; (hyp.) 

therefore aa the circle ABCD ia to the apace S, ao mttat die polygon 
AXBOCPDR be to the polygon EKFLGMHN ; (v. 1 1.) 
but the circle ABCD is greater than the polygon contained in it ; 
therefore the apace S muat be greater than the polygon EKFLGMHN- 
(V. 14.) 

But it is likewise less, as has been demonstrated ; which is impossible ; 

therefore the aquare ofBD ia not to the aquare ofFH, aa the circle 
ABCD ia to any apace leaa than the circle EFGBL 
In the same manner, it may be demonstrated, that neither is the square 

of FH to the square of BD, as the circle EFGH is to any space less 

than the circle ABCD. 

Nor is the square of BD to the square of FH, as the circle ABCD is to 
any space greater than the circle EFGH ; 







For, if possible, let it be so to T, a space greater than the circle EFGH; 
then, inveraely, aa the aquare of FH to the aquare of BD, ao muat the 
apace T be to the circle ABCD; 

but as the space T is to the circle ABCD, so must the circle EFGH 
be to some space, which is less than the circle ABCD, because the 
space T is assumed to be greater than the circle EFGH ; (y. 14.) 

therefore aa the aquare of FH ia to the aquare of BD, ao muat the circle 
EFGH be to a apace leaa than the circle ABCD, 

which has been demonstrated to be impossible *, 

therefore the aquare of BD ia not to the aquare of FH aa the circle 
ABCD ia to any apace greater than the circle EFGH. 

And it has been demonstrated, that neither is the square of BD to the 
square of FH, as the circle ABCD to any space less than the circle 
EFGH; 

wherefore! as tbe square on BB to to the ttgnare on TS, 
so is the oirele A8CB to tbe elrole BrCHB. 

Therefore, circles, &c* (^ E. D. 



NOTES 



ON 



EUCLID'S ELEMENTS. 



Euclid, the aathor of the celebrated 'Elements* which go by his name, 
lived at Alexandria in the time of the first Ptolemj', b.g. 828-288, and is con- 
sidered to have been the founder of the Alexandrian Mathematical School. 
Since the time when the Elements were first used in that school, they have 
been adopted as the basis of mathematical instruction in all civilised countries, 
up to the present day. * It is a remarkable fact in the history of science,* says 
Professor Playfair, * that the oldest book of Elementary Geometry is still con- 
sidered to be the best, and that the writings of Euclid, at the distance of 
2,000 years, continue to form the most approved introduction to the mathe- 
matical sciences.' Many other treatises on Geometry have been written, but 
the work of Euclid has been almost universally preferred, not only for the 
elegance and strictness of its reasoning, but also for the admirable manner 
in which it is arranged for the purpose of instruction. We must not, however, 
regard Euclid as the author or discoverer of all the propositions con- 
tained in the Elements. Many of them, it is certain, were known before his 
time, for numerous philosophers of celebrity had laboured in the same field 
before him. But as the compiler and arranger of the work, the great Greek 
Geometer is entitled to the highest praise 

The Elements, as left by Euclid, consist of fifteen books, of which the first 
six, the eleventh, and twelfth, form the most valuable part, and, accordingly , 
fiBw editions contain more than these. The seventh, eighth, and ninth books 
treat of number, the tenth of commensurable and incommensurable magni- 
tudes, and the last five of solids. Two of the fifteen books are believed by 
some not to have been written by Euclid, but to have been added by 
Hypsicles. 

The edition of Euclid mostly used in this country Is that of Dr. Bobert 
Simson, which has, in some form or other, superseded most others. This 
edition, which has in the main been followed in the present work, presents 
to us the principal books of the original freed from those errors which had 
crept into it while passing through the hands of the ancient editors. While 
aiming to restore the text to its original purity. Dr. Simson has in many 
cases removed imperfections that probably belonged to the original work. 

The most exact translation of the Elements is that by the Rev. James 
Williamson, Fellow of Hertford College, Oxford, published In two v<AsassN»^ 
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quarto, the first at Oxford in 1781, and the second in London, in 1788. Editions 
of the fifteen books have also been published by Barrow, Gregory, Peyrard and 
several others. The article EucUdes in Dr. Smith's * Dictionary of Greek 
and Roman Biography,* written by Professor De Morgan, contains an account 
of the principal editions of Euclid which have been published since the 
revival of learning in Europe, and to this article the student is referred. 

ON THE FIRST BOOK. 

Bellnltioiis. 

The entire system of Geometry, as a science, is based on a few definitions 
and axioms. The first seven definitions, it is said, are defective, and many 
substitutes have therefore been proposed for them. Into this controversy it 
would lead us beyond our present limits to enter. It is sufficient to remark 
that there is considerable difficulty in framing accurate definitions of the 
simple and primitive ideas of which geometry treats ; and it is scarcely pos- 
sible to do so in a manner which would satisfy every mind. 

In the first definition, a point is stated to be ' that which has no parts, or 
which has no magnitude,' which may be regarded as a caution, that in de- 
termining a point we should teke no notice of its size. It simply indicates 
position ; and as we cannot represent such an object to the eye, it is sufficiently 
near the truth to call a point that which has an infinitehf small extension. A 
line is defined to be ' length without breadth ;' for when its length is ascer- 
tained, we know all that is necessary concerning it The breadth forms no 
part of its conception, and does not enter into i^enmetrical reasoning. A 
line is thus, in geometry, extension in one direction only, and it might be 
defined as the path described by a point moving only in one direction. A super- 
ficies, in the same way, is said to be *that which has only length and 
breadth,' or to be extension in two directions. 

To understand rightly the definitions of a point, line, and superficies, it is 
necessary, says Simson, to consider a solid, that is a magnitude which has 
length, breadth, and thickness ; for these all arise from a solid and exist in 
it * The boundary or boundaries which contain a solid are called superficies ; 
or the boundary which is common to two solids which are contiguous, or 
which divides one solid into two contiguous parts, is called a superficies.' 
* The boundary of a superficies is called a line, or a line is the common 
boundaiy of two superficies that are contiguous, or which divides one super- 
ficies into two contiguous parts.' * The boundary of a line is called a point ; 
or a point is the common boundary or extremity of two lines that are con- 
tiguous.' 

It is important to remember that in the ninth definition the magnitude of 
an angle is determined by the divergence, and not the length, of the lines 
which include it The sides or legs of an angle may be increased or 
diminished in length without affecting its magnitude. An angle is in 
fact a distinct species of magnitude, and its equality may be proved, like 
that of triangles and other figures, by superposition. « The angle made by a 
straight line with its own continuation is a definite angular magnitude, and 
its half is the best definition of a right angle. It is to be regretted that 
there is no single phrase for two right angles.'— De Morgan. 

According to the fifteenth definition, the circle is the space enclosed, and 
the circumference is the line that bounds it In the third book, the circum- 
ference ia often coiled the circle. 
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The definition of a square is redundant, inasmuch as it would have been 
snfBlcient to mention one right angle ; for if a quadrilateral have all its sides 
equal, and have one right angle, it may be proved, as in i. 46, that it will 
have all its angles right angles. Euclid's definition has, however, the ad- 
vantage of being clear and concise* 

Postulates* 

There are certain operations, the possibility of performing which must be 
conceded, which are necessary to a demonstration. These are called the 
Postulates, or Problems granted without construction. They permit the 
use of the rale to draw straight lines, and the compasses to describe 
circles. The rule, it should be observed, must not be graduated, nor the 
ends touched, so that we may not draw lines of a given length. And the 
compasses are not to be used for any other purpose thun to describe a circle 
from a given point, with a given radius ; that is, they must close the moment 
they are taken off the paper. 



There are certain general principles or self-evident truths, on which geo- 
metrical, like all other reasoning, must be based. These are the Axioms, or 
Theorems, granted without demonstration. We must not, it must be re- 
marked, admit among the number of the axioms any proposition, however 
self-evident, which can be deduced from axioms already granted. And, on 
the other hand, if a proposition be not self-evident, and yet is not capable 
of being demonstrated, we are compelled to consider it as an axiom, as is 
the case with the twelfth axiom. 

The eighth axiom is the definition of geometrical equality. Superposition, 
by which one figure is conceived to be placed upon another in such a manner 
that all tiieir parts coincide, or exactly fill the same space, enables us to 
prove that the two figures are exactly equal to each other. 

Tbe Propositions. 

Propositions are of two kinds: those requiring something to be done, 
which are called problems ; and those requiring something to be proved, which 
are called theorems. Every proposition consists of two parts: a problem 
consists of the datOf or things granted, and the qtuBsitOf or things demanded ; 
a theorem consists of the hypothesis, or the things supposed, and the predicate^ 
or things to be demonstrated. It is of the greatest importance that the 
learner should clearly discriminate in each case between these two parts of a 
proposition, for it would be useless for anyone to enter upon the demonstra- 
tion until he understands what is assumed or granted, and what is required 
to be done or proved. 

According to Proclus, a complete proposition consists of six parts : — 1. The 
general enunciation of the problem or theorem. 2. Th^ particular enunciation, 
which refSsrs to the figure in question. 8. The determination, which announces 
the thing sought. 4. The construction, which states the necessary parts of 
the figure to be drawn. 5. The demonstration, which proves that the theorem 
is true or false, or that the problem is solved. 6. The conclusion^ which is a 
mere repetition of the enunciation. 

The First Book is devoted chiefly to the properties of triangloa asi^ 
parallelograms. 
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A triangle ii the mnst simple of all rectilineal figures, since less than fbree 
straight lines cannot form any figure. All other rectilineal figures may be 
resolved into it by drawing straight lines from any point urithin them to 
their several angles. The triangle iM therefore, in effect, the element of all 
rectilineal figures ; and on its properties, the properties of all other recti- 
lineal figures depend. 

Next to the triangle, the most important rectilineal figure is the parallelo- 
gram, which involves the doctrine of parallels, with which a consider- 
able portion of the first book is also taken up. 

L 2. It is a useful exercise to vary the position which the given straight 
line and given point may have with respect to each other. For instance, the 
given point may be joined with either extremity of the given line, the 
equilateral triangle may be constructed on either side of this line, and the 
sides of the equilateral triangle may be produced either way. 

This proposition shows the necessity for the caution mentioned in the 
Postulates with regard to the use of the compasses. For as the compasses 
are considered to close as soon as they are removed from the paper, we are 
prevented from measuring the required line by this instrument. 

1. 4. This the first case of the equality of triangles. This proposition is 
proved by the method called Superposition. 

1. is the converse of one part of l 5, that is, the h3rpothesis of this is the 
predicate of the fifth, and the predicate of this is the hypothesis of the fiftli. 

The demonstration of this proposition is indirect, a mode of proof which 
establishes a result by showing the absurdity of supposing it to be untni& 
The argumentum ad abturdum is well adapted to converse truths, as in this 
Instance. 

I. 7 seems to have been introduced simply for the sake of proving the 
eighth. The argument employed in this demonstration, is that called a 
dUemma, 

1. 8 is the second case of the equality of triangles. 

1. 0. The equilateral triangle is constructed on the side remote from A, or 
it might happen that the vertex F might coincide with A, in which case 
there would be no solution of the problem. By this proposition we are 
enabled to divide an angle into any number of equal parts expressed by 
a power of two, as, 4, 8, 16, &c. 

L 11. The corollary to this proposition was added by Simson. It is con- 
sidered objectionable, and is often omitted. 

X. 12. It is necessary that the straight line A6 be of unlimited length, 
or it might perhaps happen that the circle might not cut it in two points. 

L 13. * The words "makes angles with it," are introduced to exclude the 
case in which the line AB is at the extremity of 'DC.*—Lardner, 

1. 14. The words ' upon the opposite sides of it ' are important ; for if 
they were omitted, the two straight lines might form angles together equal 
to two right angles, and yet not lie in the same straight line. 

1. 17 is the converse of axiom 12. 

1. 18. The order in this and the following proposition corresponds to 
I. 5. and i. 6. The difi!culty of distinguishing between these two proposi- 
tions arises from the hypothesis being stated before the prediccUe. 

L 20, This proposition has been ridiculed as being * evident even to 
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Though self-eyident, it is demonstrated, not to convince the student of its 
truth, but to avoid increasing the number of the axioms. 

L 24. The limitation that DE is to be the side which is not the greater 
of the two, was added by Simson, to render the proof generally applicable. 
Without these words, there would arise three different cases. The point G 
might fall on, above, or below the base £G. 

I. 26, This forms the third case of the equality or identity of two triangles. 
The first and second cases were contained in l 4. and i. 8. The three com- 
bined will give rise to the four following cases : — 

a. Given two sides and the included angle, (i. 4.) 

b. Given the three sides, (i. 8.) 

c. Given two angles and an adjacent side. (i. 26.) 

d. Given two angles and a side opposite to the equal angles, (i. 26.) 

There is also one other case, which, however, 'is of no great use, viz.— 

e. Given two sides, and an angle opposite to one side of one triangle, 

equal to the angle opposite to the equal side of the other triangle. 

This is called the ambiguous case, since it is true only under certain con- 
ditions, viz. that the opposite angles must be of the same kind ; that is, 
both right angles, both acute, or both obtuse. 

I. 27. Scarcely anything is more obvious to the senses, and yet, at the 
same time, more difiGicult to prove, than the properties of parallel lines. 
Euclid gets over the difficulty by assuming the following as an axiom : — ' If a 
straight line meets two straight lines, so as to make the two interior angles 
on the same side of it taken together less than two right angles ; these 
straight lines being continually produced, shall at length meet upon that 
side on which are the angles which are less than two right angles.' This, it 
has been objected, is not self-evident, and ought therefore to have been 
matter of demonstration. To supersede the necessity of assuming this axiom, 
numerous other theories have been proposed. Most of these, however, have 
the defect of being very complicated and subtle, and therefore quite unfit 
for beginners ; while Euclid's, after having once admitted the twelfth axiom, 
is simple and clear. 

X. 82. The two corollaries were added by Simson. There is another kind 
of exterior angle, besides that to which Euclid confines himself. When any 
of the sides bend inwards, they form what are called re-entrant angles. The 
teeond corollary is not true for a figure with one or more of these angles. 

I. 35. Simson has here departed from the original, in order to avoid the 
three cases which Euclid's method requires. The word equal in this proposi- 
tion assumes a new meaning. The equality is that of area, and not of 
identity of sides and angles. 

L 36. It is supposed that the equal bases are placed in the same straight 

line. 
Z. 44. A parallelogram is said to be applied to a straight line, when it has 

that line for one of its sides. 

L 47. This celebrated proposition is said to have been discovered by 

Pythagoras. The side opposite to the right-angle is called the hypotenuse, 

In the diagram the squares are described on the outer sides of the triangle ; 

but the proposition may be demonstrated when the squares are on the ia\\«x 

sides of the triangle, or some on one side and some on \.Yi^ oVXiQc. 
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A. Bdatimg tf Slnigkt 

t. From a given poSot, to dnwaatni^it tine equal to a gHca 
finite Btnii^t Hue • • I. 2. 

2. From llie gmtar of two given stnlglit liamto cnt off apart 
equal to llie lev . I. 3. 

3. To biaeet a giTen fimte stxaiglit line .1. 10. 

4. To draw a straiglit line at ligfat Mn^^ to a given atniglit 

line, fiom a given point in the same . . . . . I. 11. 

5. To dxav a atndglit line perpendicular to a given atrught Une 

of anlimited Iwigth, fiom a given point in the same . .1. 12. 

6. Through a given p(Hnt to draw a straight line paralld to a 
given atnugfat line . . I. 31. 

B. BdaUag to RteUlimeal Amgla. 

L At a given p<Hnt in a given straight line, to make a rectilineal 
angle eqoal to a given rectilineal angle . . I. 23. 

2. To bisect a given rectilineal angle . . . 1. 9. 

CL Utiatng to TVunpIes. 

1. To make a triangle of which the sides shall be eqoal to three 
given straight lines, bat any two whatever of these must be greater 

than the third . . . 1. 22. 

2. To describe an equilateral triangle upon a given finite straight 

line . . . . . . . . .LI. 

D. SehiiMg to Paralldograma. 

1. To describe a parallelogram that shall be equal to a given 
triangle, and have one of its angles eqoal to a given rectilineal 

angle . . . . . . . . L 42. 

2. To a given straight line to apply a parallelogram, which shall 
be eqoal to a given triangle, and have one of its angles equal to a 

given rectilineal angle . . . . . I. 44. 

8. To describe a parallelogram equal to a rectilineal figure, and 

having an angle equal to a given rectilineal angle . . . L 45. 

4. To describe a square upon a given straight line . . I. 46. 

Tlieoreiiis. 

A. Relating to Angles formed by the Meeting or Inteneetion 

of Straight Lines. 

1. The angles which one straight line makes with another upon 
one side of it, are either two right angles, or are together equal to 

two right angles . . . . . . I. 13. 

2. If, at a point in a straight line, two other straight lines, upon 
the opposite sides of it, make the adjacent angles together equal to 
two right angles ; then these two straight lines are in one and the 

same straight line . . . . . . L 14. 

8. If two straight lines cut one another, the vertical or opposite 
angles are equal . , . . . . I. 18. 
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B. RelaHng to the Sides and Angles of TriangUt. 

1. The angles at the base of an isosceles triangle are equal to one 
another ; and if the equal sides be produced, the angles on the other 

side of the base are equal . . . . . . I. 5. 

2. Conversely, if two angles of a triangle be equal to each other ; 
the sides also which subtend, or are opposite to the equal angles, are 
equal to one another . . . . . . . I. 6. 

3. The greater side of every triangle is opposite to the greater 

angle . . . . . . L 18. 

4. The greater angle of every triangle is subtended by the greater 

side, or has the greater side opposite to it * . . . . I. 19. 

5. Any two sides of a triangle are together greater than the 

Uiird ......... I. 20. 

6. If one side of a triangle be produced, the exterior angle is 
greater than either of the interior opposite angles . . .1. 16. 

7. Any two angles of a triangle are together less than two right 
angles . . . . . . . . L 17. 

8. If a side of any triangle be produced, the exterior angle is 
equal to the two interior and opposite angles ; and the three interior 
angles of every triangle are together equal to two right angles t . L 32. 

9. In every right-angled triangle, the square which is described 
upon the side subtending the right angle, is equal to\he square de- 
scribed upon the sides which contain the right angle . . I. 47. 

10. And conversely, if the square described upon one of the sides 
of a triangle be equal to the squares described upon the other two 

sides of it, the angle contained by these two sides is a right angle . I. 48. 

C. Relating to the Comparison of Triangles as to Eqwdiiy or 

Inequality, 

1. If two triangles be upon the same base, and on the same side 
of it, they cannot have their sides which are terminated in the one 
extremity of the base equal to one another, and likewise those which 

are terminated in the other extremity . . . . I. 7. 

2. Two triangles are equal, or of the same identity of form, when — 
a. Two sides of the one are equal to two sides of the other, 

each to each, and the angles contained by these sides are 
equal to each other . . . . . . L 4. 

6. Two sides and a base of the one are equal to two sides and 

a base of the other . . . . . . L 8. 

e. Two angles in the one are respectively equal to two angles in" 
the other, and the side adjacent to those two angles in the 
one, equal to the corresponding side in the other . • 

d. Two angles in the one are respectively equal to two angles 
in the other, and the side opposite to these equal angles 
in the one, equal to the corresponding side in the other \ 

3. If two triangles have two sides of the one equal to two sides of 
the other, each to each, but the included angle of the one be greater 

* * The foor (i.e. i. 5, 6, 18, 19) might b« thus combined :— oue angle of a triangle it 
greater or lets than another, or equal to it, according at the tide oppoted to the one It 
greater or lett than, or equal to the tide oppoted to, the other; and «<ee verto.*— >LiiMrtMtT. 
t The 82Dd proposition thus includes the \«tti i&d Vl\3t^. 



L 26. 



L28. 
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than the incladed angle of the other, the base of that which is fhe 
greater angle is greater than the base of the other . . • L 24. 

4. If two triangles have two sides of the one eqaal to two sides 
of the other, each to each, but the base of the one greater than 
the base of the other, the angle contained by the sides of the one 
which has the greater base is greater than the angle contained hy 

the sides equal to them of the other * . . . .1. 25. 

5. Triangles are equal in area when — 

a. They are upon the same base and between the same parallels . !■ 37. 

b. They are upon eqnal bases and between the same parallels . I. 88. 

6. Conversely, triangles are between the same parallels when — 

a. They are eqnal in area, and upon the same base, and on the 

same side of it ' . . . . . . X. 89. 

b. They are upon eqnal bases in the same straight line, and on 

the same side of it . . . . . . L 40. 

D. Relating to Parallel Lines. 

1. Two straight lines are parallel, when another line falling upon 
them makes— 

a. The alternate angles equal to one another . • . I. 27. 

6. The exterior angle equal to the interior and opposite upon' 
the same side of the line .... 

c. The interior angles upon the same side together eqnal to 

two right angles 

2. And conversely, if a straight line fall upon two parallel straight 
lines, it makes — 

a. The alternate angles equal to one another . . .x 

b. The exterior angle equal to the interior and opposite upon 

the same side . . . . . . ^ 1. 29. 

c. And the two interior angles upon the same side together 

together equal to two right angles . . . . ^ 

3. If two straight lines are parallel to the same straight line, 

they are parallel to each other . . . . . L 3(^ 

E. Relating to Paralkhgrams, 

1. The opposite sides and angles of a parallelogram are equal to 
one another, and the diameter that bisects it, that is, divides it into 

two equal parts. . . . . . . L 34. 

2. Parallelograms are equal in area when — 

a. They are upon the same base and between the same pa- 

rallels . . . . * . • L 35. 

b. They are upon equal bases and between the same parallels . L 36. 
8. K a parallelogram and a triangle be upon the same base and 

between the same parallels, the parallelogram is doable of the tri- 
angle ....••« L 41* 

* * The 4th, 8th, 24th, &nd^25th propositions may be announced together thus :— 'if 
two urianglei have two sides of the one respectivelf equal to two tides of the other, 
the remaining side of the one will be greater or less than, or equal to, the remaining 
side of the other, according as the angle opposed to it in the one is greater or less thas 
or equaJ to the SQfle opposed to it in the other, or vice vend*-~Lardiiuir» 
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4. The complements of the parallelograms which are about the 
diameters of any parallelograms are equal to one another . I. 43. 

The following summary of the Propositioni of Book I., by Profecior De Morgan, 
-Kill be useful to the student. 

* Wfchout describing minutely the contents of the First Book of the Elements, we may 
observe that there is an arrangement of the Propositions which will enable any teacher 
to divide it into sections. Thus Fropp. 1 — 3 extend the power of construction to the 
drawing of a circle with any centre and any radius; 4 — 8 are the basis of the theory of 
equal triangles ; 9 — 12 increase the power of construction ; 13— 15 are solely on relations 
of angles ; 16 — ^21 exarafaie the relations of parts of one triangle; 22, 23 are additional 
constructions ; 23—26 augment the doctrine of equal triangles ; 27—31 contain the 
theory of parallels ; 82 riands alone, and gives the relation between the angles of a 
triangle; 33, 34 give the first properties of a parallelogram ; 3&— 41 consider paraUelo> 
grams and triangles of equal areas, but different forms ; 42—46 apply what precedes to 
augmenting power of construction ; 47, 48 give the celebrated property of a right 
angled triangle and its converse.*— Article Euclides, in * Smith's IMctionary of Greek 
and Roman Biography.' 

ON THE SECOND BOOBL. 

In Book I. the general properties of parallelograms were considered. In 
Book II. a particular kind of parallelogram, viz. the rectangle, is considered, 
and under an entirely new aspect. To determine a rectangle or right-angled 
parallelogram, it is only necessary to know two of the sides which contain 
(me of the right angles. In this book, therefore, a rectangle is expressed 
by its two conterminous sides. 

In the Appendix it is shown how the propositions of this book may be 
applied to number. It is only necessary to remark here, that the algebraical 
and arithmetical demonstrations there given must never be substituted as 
an equivalent for the geometrical. For it must be always remembered, that 
geometry treats only of mngnitude or s/xice, but not of number. 

The first eight propositions are all based on the obvious truth, that the 
whole is equal to all its parts together. 

n. 2 and ii. 3 might be thus combined. * The difference between the 
rectangle under two lines and the square of one of them is the rectangle 
under that one and their difference. If that one be greater, this is Uie 
second proposition ; and if it be less, it is the third.* — Lardner, 

IL 6 is identical with n. 6 ; it differs only in appearance. They may be 
both included under one statement; Hhe rectangle under the sum and 
difference of two lines is equal to the difference of the squares on those lines.' 
In II. 5 the whole line is the sum of the unequal parts, and each of the 
equal parts is half the sum of the unequal parts. And since the greater of 
the unequal parts exceeds one of the equal parts by the intermediate part, 
and one of the equal parts exceeds the lesser part by the same intermediate 
part, it follows that the greater part exceeds the lesser by twice the inter- 
mediate parts. Therefore the intermediate part is half the difference of the 
unequal parts. In ii. 6 the line AB is cut externally in the point. D; the 
unequal parts are AD, DB, and the intermediate part is CD. 

n. 7 may be joined to ii. 4, thus * the rectangle under the sum and differ- 
ence of the squares on those lines.* 

n. 10. This proposition is identical with the ninth, and bean the same 
relation to it as the sixth does to the fifth. 
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n. 12 and n. 13 shoald be viewed in connection with l 47. They are 
all three of the greatest importance in Trigonometry. 
n. 14 is a particular case of vi. 25. 

A CLASSIFICATION OF THE PROPOSITIONS OF BOOK 11. 

The second book, though small in bulk, is generally felt to be a difficult 
one by beginners. This difficulty, to some extent, proceeds from the many 
forms in which the same proposition is presented. It may perhaps assist 
the student in gaining a comprehensive view of the whole book, to look at 
the propositions as exhibiting the relations that exist between the rectangles 
formed by a line, and the various parts into which it can be divided. 

Tlieoreins. 

A. Bdating to a Straight Line divided into any twoparU. 

Under this aspect there will be three lines to be considered : 1st, the whole 
line ; 2nd, its greater part ; 8rd, its less part 

1. The square on the whole line is equal to the rectangles under 

the whole and each of the parts . . . . . n. 2. 

2. The rectangle under the whole and one of the parts, is equal 
to the rectangle under the two parts, together with the square on 

the aforesaid part . . . . . . . n. 3. 

3. The square on the whole line is equal to the squares on the 

two parts, together with twice the rectangle under the parts . n. 4. 

4. The squares on the whole line, and on one of the parts, are 
equal to twice the rectangle under the whole and that part, together 

with the square on the other part . . . . . n. 7. 

5. Four times the rectangle under the whole line, and one of the 
parts, together with the square on the other part, is equal to the 
square on the straight line, which is made up of the whole and 

that part • . IL 8. 

B. Bdating to a Straight Line, divided in two pointi, equally and unequally. 

Under this aspect there will be several lines to be considered : Ist, the 
whole line; 2nd, the equal parts; 3rd, the unequal parts; 4th, the inter- 
mediate part or the part between the points of section. 

1. The rectangle under the unequal parts, together with the 
square on the intermediate part, is equal to the square on half the 

line . . . . . . . • n. 5. 

2. If a straight line be bisected, and produced to any point, the 
rectangle under the whole line thus produced and the part of it 
produced, together with the square on half the line bisected, is 
equal to the square on the straight line which is made up of the 

half and the part produced . . . . . . IL 6. 

8. The squares on the two unequal parts are together double of 
the square on half the line, and of the square on the intermediate 
part ......... L9, 

4. If a straight line be bisected and produced to any point, the 

square on the whole line thus prodpce4t <lQd the square oil the part 

ofJt produced, are together double of the square on half the line 
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bisected, and of the square on the line made up of the half and the 

part prodaced • . . • • • . n. 10. 

C. Rdaiing to a Sirtu^t Line divided into any number of parte, and 
another Strai^ Line which is not divided, 
1. The rectangle under the two lines is equal to the rectangles 
under the undivided line, and the several parts of the divided 
line • . . • . . . . . II. 1. 

D. On Me Relations between the Sides of a Triangle and the 
Perpendicular from the Vertex, 

1. In obtuse-angled triangles, if a perpendicular be drawn from 
either of the acute angles to the opposite side produced, the square 
on the side subtending the obtuse angle is greater than the squares 
on the sides containing the obtuse angle, by twice the rectangle 
under the side upon which, when produced, the perpendicular falls, 
and the straight line intercepted without the triangle between the 
perpendicular and the obtuse angle . . . . . H. 12» 

2. In every triangle, the square on the side subtending either of 
the acute angles is less than the squares on the sides containing 
that angle, by twice the rectangle under either of these sides, and 
the straight line intercepted between the acute angle and the per- 
pendicular let fall upon it fh>m the opposite angle * . . . IL 13. 

Problems. 

t. To divide a given straight line into two parts, so that the 
rectangle under the whole and one of the parts is equal to the 
square on the other part . . . . . . n. 11. 

2. To describe a square that shall be equal to a given rectilineal 
angle . . . . . . . . H. 14. 



ON THE THIRD BOOK. 

In Book m. are demonstrated the properties of the circle, the most perfect 
of all figures. This book is considered of great importance, as the scijBnee of 
Mathematics is, to a great extent, founded upon its propositions. 

Def. 1. Simson calls this a theorem, and not a definition. The equality 
of circles may be shown by superposition, that is, by placing one upon the 
other, so that the centre of one is on the centre of the other. 

Many of the demonstrations of this book are indirect, a mode of proof 
quite as correct as the direct. Some of these indirect propositions, as the ' 
first, for example, are incapable of being proved directly. 

m. 2. We have preferred the direct proof of Gommandine to the indirect 
proof of Euclid, on account of the simplicity of the figure. 

m. 5. * This proposition may be better annonnced thus : Concentric circles 

cannot meet, and that which has the less radius will be included within 

the other.* — Lardner. 

* II. 12 and II. 13, takpn in connection with i. 4T, may be thus combined:—* The 
square of the base of a tiiangle is less than, equal to. or greater than the sum of the 
squares of the sides, according at th^ vertical angle is less than, ^ual to, or greater 
than a right angle.* 

O 
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m. 11 and m. 12. In these propositious it is pnnred that the line 
which joins the centres of the two touching circles passes through a point of 
contact. 

In m. 13 it is proved that this is the only point of contact 

in. 17. It is evident that there can be drawn two tangents from the point 
A, lying in different sides to the centre. And these two tangents are equal 
in all respects. 

m. 20. This demonstration is slightly defective. In the first case it is 
assumed that the sum of the doubles of two magnitudes is double of their 
sum ; and in the third case it is assumed that the difference of the doubles 
of two magnitudes is double of their difference, both of which are afterwards 
proved in Book v. 

This proposition is equally true of those circles which have their central 
angles greater than two right angles ; that is, it may be proved by joining 
BF and £C in Fig. 1, that the reverse angle B£G is double of the 

angle BFG. 

• If this extension of the idea of an angle were adopted, some of the follow- 
ing demonstrations might be abridged. 

m. 21. If the term angle be extended in the manner just mentioned, 
there would require no division of this proposition into two cases ; for in 
case 2, if B, C, C, D, be joined, the reverse angle BCD at the centre — ^that is, 
the angle greater than two right angles — is double of each of the angles 
BAD, BED. Euclid, however, only gives the first case; the second hss 
been added by Simson. 

m. 26— in. 29. Whatever is proved of equal circles in these propositioDS 
is true also of the same circle. 

m. 35 is an illustration of the truth that a product remains constant, 
while the sum of its factors is greater or less according as they are more or 
less unequal. 

A Classification of the Propositions of Book III. 

Problems relating to Circles. 

1. To find the centre of a given circle .... m. 1. 

2. To draw a straight line from a given point, either without or in 

the circumference, which shall be a tangent to a given circle . m. 17. 

3. To bisect a given arc, that is, to divide it into two equal parts . m. 30. 

4. A segment of a circle being given, to describe the circle of 
which it is the segment ...... m. 25. 

5. Upon a given straight line to describe a segment of a circle, 
which shall contain an angle equal to a given rectilineal angle . in. 33. 

6. From a given circle to cut off a segment which shall contain 

an angle equal to a given rectilineal angle . . • • HL 34. 

Tlieoreiiis. 

A. BdtUwg to Straight Lines drawn from any Point to Ae Cireum- 

ference of a Circle, 

1. If a straight line drawn through the centre of a circle bisect 
a straight line in it which does not pass through the centre, it cuts 
it at right angles; and conversely, if it cut it at right angles^ it 
bisects it , . . . . . . . HLS. 
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' in a circle two straight lines cut one another, which do not 
iss through the centre, they do not hisect each other . m. 4. 

two straight lines cut one another within a circle, the rect- 
under the segments of oue of them is equal to the rectangle 
the segments of the other ..... m. 35. 

' from any point without a circle two straight lines be drawn, 
which cuts the circle, and the other touches it ; the rectangle 
led by the whole line which cuts the circle, and the part 
without the circle, is equal to the square on the line which 
s it . . . . . . . in. 36. 

nd conversely, if from a point without a circle there be drawn 

'aight lines, one of which cuts the circle, and the other meets 

the rectangle under the whole line which cuts the circle, and 

rt of it without the circle, be equal to the square on the line 

meets it, the line which meets shall touch the circle . in. 37. 

f any point be taken in the diameter of a circle which is not 

itre, of all the straight lines which can be drawn from it to 

cumference, the greatest is that in which the centre is, and 

ler part of that diameter is the least ; and, of the rest, that 

is nearer to the line which passes through the centre is always 

r than the one more remote ; and from the same point there 

I drawn only two equal straight lines to the circumference, one 

)ach side of the diameter ..... m. 7. 

f any point be taken without a circle, and straight lines be 
from it to the circumference, whereof one passes through the 
; of those which fall upon the concave part of the circum- 
e, the greatest is that which passes through the centre ; and 
) rest, that which is nearer to the one passing through 
sntre is always greater than one more remote ; but of those 
fall upon the convex part of the circumference, the least is 
etween the point without the circle and the diameter ; and of 
!St, that which is nearer to the least is always less than one 
remote. And only two equal straight lines can be drawn from 
me point to the circumference, one upon each side of the line 
. passes through the circumference .... in.8. 

B. Relating to the Contmct of Circles, 

[f one circumference of a circle cut another, they have not the 
centre . . . . . . . . m. 5. 

f one circle touch another internally, they have not the same 

/ «....*.■ JXJLi O. 

Dne circumference of a circle cannot cut another in more than 

oints ........ m. 10. 

[f one circle touch another internally in any point, the straight 
rhich joins their centres, being produced, passes through that 
of contact ....... m. 11. 

[f two circles touch each other externally in any point, the 

:ht line which join their centres passes through that point, oit 

et ..... , . . • TSUVi« 

o55 
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' 6. One circle ctnnot toadi another in more pointf than in cub, 
whether it touches it on the inside or outside • IIL13. 



C Rdatmgio TamgemtM. 

1. A straight line drawn jfhmi the extremity of the diameter of 
a circle perpeodicolar to it &I]s without the circle; and if any 
straight line be drawn firom a pdnt within that perpendicular to 

the point of contact, it cuts the circle .... in. 16. 

2. If a straight line be a tangent to a circle, the straight line 
drawn fiom the centre to the point of contact is perpendicular to it . in. 18. 

8. If a straight line be a tangent to a circle, the straight line 
drawn perpendicular to it from the point of contact passes through 
the centre of the circle ..•..• HI. 19. 

4. If a straight line be a tangent to a drcle, and from the point 
of contact a straight line be drawn cutting the circle, the angle 
made by this line with the tangent is equal to the angle in the alter- 
nato segment of the circle ...... m. 32. 

D. Relating to the An^^ in a Cirele. 

1. The angle at the centre of a circle is double of the angle at the ■ 
circumference upon the same base, that ia, upon the same part of the 
circumference ........ III.20. 

2. The angles in the same segment of a circle are equal to one 
another. ........ HI. 21. 

8. The opposite angles of any quadrilateral figure inscribed in a 
circle, are together equal to two right angles . . . m. 22. 

4. In equal circles, equal angles stand upon equal arcs, whether 

the angles be at the centres or circumferences . . . DI. 26. 

5. In equal circles, the angles which stand upon equal arcs are 
equal to one another, whether they be at the centres or circum- 
ferences .... ... in. 27. 

6. In a circle, the angle in a semicircle is a right angle ; but the 
angle in a segment greater than a semicircle is less than a right 
angle ; and the angle in a segment less than a semicircle is greater 

than a right angle ...... m. 31. 

£. Relating to Segments and t?ieir Chords, 

1. Upon the same straight line, and upon the same side of it, 
there cannot be two similar segments of circles, not coinciding with 

one another ........ IXL 23. 

2. Similar segments of circles upon equal straight lines are equal 

to one another ....... m. 24. 

8. Equal straight lines in a circle are equally distant from the 
centre ; and conversely, those which are equally distant from the 
centre are equal to one another ..... IIL 14. 

4. The diameter is the greatest straight line in a circle ; and of 
the rest, that which is nearer to the centre is always greater than 
one more remote ; find conversely, the greater is nearer to the centre 
than the less ........ IIL 15. 
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5. In equal circles, equal atraight Hdss cut off equal arcs, the 
greater equal to the greater, and the less to the less . . . in. 28. 

6. In equal circles, equal ai'cs are subtended by equal straight 

lines ......... m. 29. 



ON THE FOURTH BOOK. 

The inscription and circumscription of triangles, squares, and polygons in 
and about circles, forms the subject of Book ly. 
A polygon whose sides and angles are equal is called a regular polygon. 

IV. 2. In this proposition Euclid assumes that the lines AB, AC will cut 
the circumference. 

rv. 4. In this proposition it is assumed that the straight lines, BD, CD 
will meet in the point D. This may be easily proved, by showing that the 
angles they make with the side BC are together less than two right angles, 
after the manner of i. 44 and il 10. 

rv. 7. From this it is clear that the only rectangle which can be circum- 
scribed about a circle is a square, but that either a square or a rectangle may 
be inscribed in it. 

rv. 10. This proposition shows the moans by which we may divide a 
right angle into five equal parts ; for the vertical angle being the fifth part of 
two right angles, if we bisect it, we shall obtain the fifth part of a right angle. 

rv. 15. Any equilateral figure inscribed in a circle must be equiangular, 
because the angles are contained in equal arcs, and therefore stand on 
equal arcs. 

From the Fourth Book it follows that the circumference of a circle may be 
divided into 8, ^ 6, 15 parts. And by bisecting any angle standing on an 
arc, we can bisect the arc ; consequently, we can subdivide any of the 
original divisions of the circle by 2, or any power of 2, as 4» 6, 8, &c And, 
therefore, a polygon of a number of sides corresponding to the number of 
divisions in the circumference, may be inscribed in a circle, or described, 
about it. We are not able, however, to divide geometrically a circle into 
seven equal parts. 

It has been proved by M. Gauss, in his ' Disquisitiones Arithmetics,* that we 
are able to describe geometrically a regular polygon of 2" + 1 sides, if 2" -f 1 
be a prime number. 

A Classification of the Propositions of Book IV. 

This book consists entirely of problems, the object of which is to divide 
the circumference of the circle into a certain number of equal parts. When, 
for example, we inscribe in a circle an e][uilateral triangle, a square, a 
regular pentagon, &c, we in efiect divide the circumference into 8,4, 5, &c. 
equal parts. * The general design,* says De l^Torgan, ' is somewhat concealed 
by the first propositions relating to any triangle : it so happens that it is as 
easy to divide the circle into three parts, which arc in the ratio of the angles 
of a triangle, as into three equal parts.* We shall classify, then, the pro- 
positions of this book, according as they refer to triangles, squares^ 
pentagons, &c. 
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A. Relating to TrkmgUs. 

1. In a given circle to inscribe a triangle eqniangolar to a given 
triangle . . • • • ... . HT. 2. 

2. Abont a given circle to describe a given triangle eqniangolar 

to a given triangle ..••••• IT> 3. 

3. To inscribe a circle in a given triangle . • . IT. 4. 

4. To describe a circle abont a given triangle . • . HT. 5. 

B. Bdating to Sqmareg, 

1. To inscribe a square in a given circle • • • • HT. 6. 

2. To describe a square about a given circle . • . HT. 7. 

3. To inscribe a circle in a given square .... IV. 8. 

4. To describe a circle abont a given square . . . XV. !^ 

G. Rdaiing to Pentagons, 

1. To inscribe an equilateral and equiangular pentagon in a given 

circle IV.ll. 

2. To describe an equilateral and equiangular pentagon abont a 

given circle ........ IV. 12. 

3. To inscribe a circle in a given equilateral and equiangular 
pentagon ........ IV. 13. 

4. To describe a circle about a given equilateral and equiangular 
pentagon ........ XV. 14. 

D. Relating to a Hexagon. 

1. To inscribe an equilateral and equiangular hexagon in a given 
circle . , ...... IV. 15. 

£. Relating to a Quindecagon, 

1. To inscribe an equilateral and equiangular quindecagon in a 
given circle ........ IV. 16. 

Propositions 1 and 10 do not fall in with any of these divisions, being 
simply employed in preparing the way for the following propositions. 



OX THE FIFTH BOOK. 

This book, which introduces a new criterion of magnitude, differs entirely 
from the four preceding books. In them we had to consider whether one 
magnitude was greater, less than, or equal to, another; but in this we con- 
sider how many times one is greater than the other. In other words, we hers 
treat of rdative, and not of absolute magnitude. 

Although the definitions and propositions of Book y. are applied by Euclid 
only to geometry, and are restricted to lines, figures, &c., they are of general 
application, and are equally true of nuntber, or, in short, of any species of 
quantity. These demonstrations are capable, therefore, of being treated alge- 
braically, like those of Book ii. 

Befl 1. The word * part,* in this definition, signifies not ai^ part, but an 
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aliquot part, or gubtnuhiple. Thus, a line of five inches is a part, in this ac- 
ceptation of the term, of a line of fifteen inches ; but it is not a part of a line 
of fourteen inches, though in the ordinary meaning of the term it would be. 

The magnitudes spoken of in the first two definitions must, of course, 
alwa3*8 be of the same kind. We cannot compare a line with a surface, or a 
surfkce with a solid. A line can only be compared with a line, a surface with 
surface, and a solid with a solid. 

Def. 3. * Euclid defines Ratio to be the relation of two magnitudes of the 
same kind one to another in respect of quantity, and he defines Proportion 
to be the sameness or similitude of ratios. (Def. 8.) Tet this is not enough, 
for he has recourse to a definition to explain what is meant by saying that 
one magnitude has a ratio to another, and again he finds himself obliged in 
like manner to expound at length the meaning of the expression ** sameness of 
ratio.** Now it is evident that if the definition of ratio were in the first in- 
stance adequate there would be no necessity for an explanation of the words 
** same ratio." ... It is probable that Euclid was betrayed into vagueness 
of speech on this subject by his desire to avoid any reference to the idea of 
amber, which, in rendering his explanation of ratio perfectly char, would 
'.t the same time have restricted it to commensurable quantities, or those 
capable of numerical comparison. In adopting a more general mode of ex- 
pression, applicable alike to commensurable and incommensurable quantities, 
he has not only become obscure, but, what is worse, he has ofi^red a definition 
of sameness of ratio or proportion which is not an elemental oi: self-evident 
truth, but a theoreoi requiring proof and elucidation.' — CooJey. 

The objections here referred to have led many commentators to reject 
Defs. 3 and 8 as useless. Simson considers that they are * not Euclid's, but 
added by some unskilful editor ;' and Dr. Barrow, in his Lectures, describes 
them as metaphysical and not properly mathematical definitions, as nothing 
in mathematics depends upon or can be deduced from them.' (Lect. III.) 

Def. 5. This definition is intended to furnish a criterion by which we may 
determine when two ratios are equal. For the better understanding of this 
definition, which is the keystone of Euclid's doctrine of ratio, the student 
is referred to the corresponding algebraical statement given in the Appendix. 
It would be also well if he would read the first and last propositions of the 
Sixth Book, which may be considered as u commentary on this definition. 

The accuracy of this definition consists in its being applicable to incom- 
tnensurabh as well as commensurable magnitudes. By commensurable mag- 
liitades are meant those which are capable of being measured by the same 
magnitude, or which have an exact common measure ; and those magnitudes 
are incommensurable which have no common measure. 

Def. 11. This definition, usually called the dejinition of compound raiiot 
was supplied by Simson ; for though Euclid used the term, he did so without 
defining it. 

' No definition of compound ratio is to be found in any copy of the Greek 
text of Euclid, though it is clear that a technical use of the term was in- 
tended in the enunciation of Prop. 23, Book vi. : ** Equiangular parallelograms 
have to one another the ratio which is compounded of the ratios of their 
sides.** It may easily be seen that the ratio of two equiangular parallelograms 
is in some way dependent on the ratios of their sides ; but without a defini- 
tion it would be impossible to infer from the above enundeXioxi ^VaX. \t^t 
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cise relation between them it was proposed to establbh. To snpply this 
defect, Dr. Simson framed a deOnition, founded upon the demonstrated resolt 
from which the truth- of the enunciation is inferred in fiaolid's proposition.'— 
War^t Fif^ Book of Euclid proved AlgebraicABy. 

Def. 12— 17. The substance of these defiuitiooes maybe familiarly illus- 
trated by means of numbers. Thus, if we considtrthe magnitades. A, B, 
C, D, to be represented respectively by the numbers IS^ 6, 10^ and 4, and 





IfA:B::C:D 


or if 15^ 6:^10: 4; then 


AUemando 


A:C::B:D 


and 16Mt)'^r 6:4. 


Invertendo 


B: A::D:C 


and 6 : 15 :: 4 : 10 


Compungndo 


A+B:B::C + D:D 


and 15+ 6: 6::10-i- 4:4) 
i.e. 21 :6 :: 14:4j 






Dividendo 


A-B:B::C-D:D 


and 16-6 :6 ::10- 4:4> 
ie. 9 :6 :: 6: 4 i 






Oonvertendo 


A: A-B::C:C— D 


and 15:16 -6 ::10:10~4) 
i.e. 15 :9 ::]0: 6. J 



Def. 1&— 20. The two kinds of proportion here referred to may be 
similarly illustrated thns:^ 
(1) In the two ranks of magnitudes — 



A,B,C,D; 


or 6, 9, 15, 12; 


P, Q, R, S. 


10, 15, 26, 20 ; 


If A:B::P:Q; 


or if 6: 9::10:15; 


B:C::Q:R; and 


9:15::15:25; 


C:D::R:S 


15:12::26:20; then 


Extequo A:D::P:S 


6:12::10:20. . 


(2) In the two ranks of magnitudes- 


- 


A.B,CD,E; 


or 24,86,18,16,60; 


P,Q.R,S,T. 


12, 45, 40, 20, 80. 


If A:B::S:T; 


orif 24:d6::20:80; 


B:C::R:S; 


86:18::40:20 


C:D::Q:R; 


18:16::46:40; 


D:E::P:Q. 


16:60::12:45; then 


^i^^'*^2rJA:E::P:T. 


24:60::12:30. 



The axioms in this book are additions by Simson. They are introdnced 
into five of the propositions, and are nsefrd in adding to the precision of 
the demonstrations. 

V. 1. This proposition has already been assumed In m. 20, case L, where 
the sum of the doubles of two angles was taken for granted to be double of 
their sum ; and in n. 8, where the sum of the quadruples of two figures is 
taken for granted to be quadruple of their sum. 

V. 1, 2, 3, 5, 6. 'These are simple propositions of concrete arithmetic, 
covered in language which makes them unintelligible to modem ears. The 
first, for instance, states no more than that ten acres and Urn roods make fat 
times as much as one acre and one rood.' — De Morgan, 

V. 5. This proposition has been assumed in m. 20, case iii., where the difflv- 
ence of the doubles of two angles was taken fbr granted to be doaUe of 
ffteir diftrence. 
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V. D. This proposition may be tenned a conditional converse of the pre- 
ceding. The exact converse would be to the second as the third to the 
fourth ; the first shall be the same multiple of the second, or the same part 
of it, that the third is of the fourth. But that would not be always true; 
for the first need not be a multiple or part of the second, nor the third of 
the fourth. 

V. 10. *■ This proposition is to ratios what Axiom 1, Book i. is to mag- 
nitudes.' — Lardner, 

The propositions A, B, C, D, E were added by Simson, And have been con> 
tinned in most editions of the Elements since his time. 

A Classification of the Propositions of Book V. 

* The propositions of the fifth book might be divided into four sections. 
Propositions 1 to 6 relate to the properties of equimultiples. Propositions 
7 to 10 and 13 and 14 connect the notionr of rath of magnitudes with the 
ordinary notions of greater, equal, and I?ss. Propositions 11, 12, 15, and 16 
may be considered as introduced to show that, if four quantities of the same 
kind be proportionals, they will also he proportionals when taken alternately. The 
remaining propositions show that magnitudes are proportionals by composition, 
by division, and ex ^quo, 

*In this division of the Fifth Book, Propositions 13 and 15 are supposed to be 
placed immediately after Prob. 10. ; and they might be taken in this order 
without any change in Euclid's demonstration.'— Todhunter, 

This division will give rise to the following classification : — 

Theorems. 

A. Relating to the Multiples of Magnitudes, 

1. If any number of magnitudes be equimultiples of as many, 
each of each ; what multiple soever any one of the first is of its part, 
the same multiple shall all the first magnitudes taken together, be 

of all the others taken together . . . . . V. 1. 

2. If one magnitude be the same multiple of another, which a 
magnitude taken from the first is of a magnitude taken from the 
other ; the remainder is the same multiple of the remainder, that 

the whole is of the whole . . . . . . V. 5. 

3. If two magnitudes be equimultiples of two others, and if equi- 
multiples of these be taken from the first two ; the remainders are 
either equal to these others, or equimultiples of them . . V. 6. 

4. If the first magnitude be the same multiple of the second that 
the third is of the fourth, and the fifth the same multiple of the 
second that the sixth is of the fourth ; then shall the first together 
with the fifth be the same multiple of the second, that the third 
together with the sixth is of the fourth . . . . V. 2. 

5. If the first be the same multiple of the second which the third 
is of the fourth ; and if of the first and third there be taken equi- 
multiples ; these shall be equimultiples, the one of the second, and 

the other of the fourth . . . . . . V. 3. 

6. If the first of four magnitudes has the same ratio to the second 
which the third has to the fourth ; then any oquimullviplft% \«\v»X.w^t 

o3 
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of the first and third shall have the same ratio to any equimultiples 
of the second and fourth, viz. the equimultiple of the first shall 
have the same ratio to that of the second, which the equimultiple 
of the third has to that of the fourth . . . . Y. 4» 

B. Rdating to Ratios ofJEquality or InequaJxty. 

1. If four magnitudes are proportionals ; if the first be greater 
than the second, the third is also greater than the fourth; and if 
equal, equal ; if less, less . . . . . . Y. A. 

2. If the first be the same multiple or submultiple of the second 
that the third is of the fourth ; the first is to the second as the 
third is to the fourth . . . . . . . Y. C. 

3. If the first be to the second as the third is to the fourth, and 
if the first be a multiple or submultiple of the second ; the third is 

the same multiple or submultiple of the fourth . . . Y. D. 

4. If four magnitudes are proportionals, they are proportionals 
when taken separately . . . . . . . Y. B. 

5. Equal magnitudes have the same ratio to the same magnitude ; 

and the same has the same ratio to equal magnitudes . . Y. 7. 

6. Magnitudes which have the same ratio to the same magnitude 
are equal to one another ; and those to which the same magnitude 

has the same ratio, are equal to one another . . . . Y« 9* 

7. Of two unequal magnitudes the greater has a greater ratio to 
any other magnitude than the less has ; and the same magnitude 
has a greater ratio to the less of two other magnitudes than it has 

to the greater . . . . . . . . Y. 8. 

8. That magnitude which has a greater ratio than another has to 
the same magnitude, is the greater of the two ; and that magni- 
tude to which the same has a greater ratio than it has to another 
magnitude, is the lesser of the two . , . . . Y, 10. 

9. If the first have to the second the same ratio which the third 
has to the fourth, but the third to the fourth a greater ratio than 
the fifth has to the sixth ; the first also has to the second a greater 

ratio than the fifth has to the sixth . . . . . Y. 13. 

10. If the first have the same ratio to the second which the third 
has to the fourth ; then if the first be greater than the third, the 
second is greater than the fourth ; and if equal, equal ; and if less, 

less ....*.•*. Ya 14* 

C. Relating to Alternate RatioM, 

1. Ratios that are equal to the same ratio are equal to one 
another . . , , . . . . . Y. 11. 

2. If any number of magnitudes of the same kind be propor- 
tionals, as one of the antecedents is to its consequent, so are all the 
antecedents taken together to all the consequents . . , Y. 12. 

8. Magnitudes have the same ratio to one another which their 
equimultiples have . . . . . . . V, 15. 

4. If four magnitudes of the same kind be proportionals, they are 
also proportionals when taken alternately . . . . Y. 10. 
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D. Of Ftvportionala hy QmposUion, Division, and Ex JEqito, 

1. If magnitudes, taken jointly, be proportionals, they are also 
proportionals when taken separately . . . . . V. 17. 

2. If magnitudes, taken separately, be proportionals, they are 

also proportionals when taken jointly . . * . . V. 18. 

3. If a whole be to a whole as a magnitude taken from the first 
is to a magnitude taken from the other ; the remainder is to the 
remainder as the whole to the whole . . . . . V. 19. 

4. If four magnitudes be proportionals, they are also proportionals 
byconversion . . . . . . . . V.E. 

5. If there be three magnitudes, and other three, which, taken 
two and two, have the same ratio ; then if the first be greater than 
tb« third, the fourth is greater than the sixth ; and if equal, equal ; 

and if less, less . . . . . . . V. 20. 

6. If there be three magnitudes, and other three which have the 
same ratio taken two and two, but in a cross order ; then if the 
first magnitude be greater than the third, the fourth is greater than 

the sixth ; and if equal, equal ; and if less, less . . . V. 21. 

7. * £x »quali,' or * £x aequo * . . . . . V. 22. 

8. <Ex lequali in proportione perturbat&,' or, '£x aequo per- 
turbato * . . . . . . . . V. 23. 

9. If the first have to the second the same ratio which the third 
has to the fourth ; and the fifth to the second, the saipe ratio which 
the sixth has to the fourth ; the first and fifth together have to the 
second, the same ratio which the third and sixth together have to 

the fourth . . . . ... . V. 24. 

10. If four magnitudes of the same kind be proportionals, the 
greatest and least of them together are greater than the other two 
together . . . . . . . . V. 25. 

11. Ratios which are compounded of the same ratios are equal to 

one another . . . . . . . . V. F. 

12. If several ratios be equal to several other ratios, each to each, 
the ratio which is compounded of ratios which are equal to the first 
ratios, each to each, is equal to the ratio compounded of ratios which 

are equal to other ratios, each to each. . . . . V. O. 

13. If a ratio which is compounded of several ratios be equal to 

a ratio which is compounded of several other ratios, &c. . . V. H. 

14. If there be any number of ratios, and any number of other 
ratios such that the ratio which is compounded of ratios which are 
equal to the first ratios, each to each, &c . . . V. E. 



ON THE SIXTH BOOK. 

This is a valuable book, as it exemplifies the application of the doctrine 
of ratio and proportion — the general principles of which formed the subject 
of the preceding book — to the comparison of the sides of similar triangles 
and the areas of plane rectilineal figures. 

Def. 1. This definition, so far as it refers to triangles, is redundant ; for if 
triangles be equiangular, it follows as a consequence that the sidea &b^>&.\.\X:^'<^ 
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eqaal angles must be proportional. Hence only one condition is necessary 
to similar triangles, viz. that they be equiangular. 

Def. 3. Lardner substitutes the following as preferable : — * A straight line 
is said to be cut in extreme and mean ratio, when the whole line is to one 
segment as that segment is to the remaining one.' 

Def. 4. This definition appears to be too generally expressed, as in tbe 
first six books altitude is confined to triangles and parallelograms only. 

TL 1. < The rationale of this proposition is best understood, after com 
parison with the last of the book, by the following enunciation — ** If there be 
two species of magnitudes^ named A and B, and if every A be accompanied 
by one B, and one only ; and if every B be accompanied by one A, and one 
only ; and if, according as one A is greater than, equal to, or less than 
another, the B of the first is g^reater than, equal to^ or less than that of the 
second ; and if, when one A is a multiple of another, the B of the first is 
the same multiple of the second ; then any two A's have always the same 
ratio to one another as their corresponding B's.** ' — De Morgan, 

TL 2. ' The enunciation of this proposition is inaccurate in several respects. 
In the first part, the manner in whidi the parallel cuts the sides is not dis- 
tinctly described, and the second part is, strictly speaking, ftdae, inasmuch 
as a line may cut two sides praptrtionalfy, and yet not be parallel to the 
third side.' — Lardner. 

The same commentator suggests that the enunciation should be changed 
in the following manner: — 1. If a Une be drawn paraUd to any side of a 
triangle^ it divides the other sides, or those produced so thai their segments between 
the parallel and the third side ahcUl have the same ratio to their segments between 
the parallel and the vertex of the opposite angle; and 2, If a line cut the two 
sides in this manner, it will be parallel to the third side. 

VI. A. This is Simson's. It consists of two theorems, the converse of 
each other. It is not, however, universally true ; for example, in an eqoi- 
lateral triangle tbe line which bisects the external angle is parallel to the 
base, and can never meet it. The property specified, indeed, is only true of 
scalene triangles that are not right-angled. 

VI. 4. This proposition is tbe first case of similar triangles. It is a gene- 
ralisation of the third case of equal triangles (Prop. i. 26), which refers to 
equal triangles, while this proposition refers to similar triangles. By * homo- 
logous ' sides are meant those which are the antecedents or the consequents 
of the ratios. 

VI. 5. By Def. 1 two things are necessary to similar figures, viz. that the 
angles be equal, and the sides proportional. As this definition applies to 
triangles, it is, as has been before remarked, tautological, for by Prop. 4 it is 
proved that if the angles be equal, the sides are proportional ; and conversely, 
by Prop. 5, if the sides be proportional, the angles are equal. 

This proposition corresponds to i. 8 in the same way that the preceding 
one does to i. 26. 

VL 4 and 5 and 1. 47 and 48 are the most important propositions in tbe 
Elements, since it is by them we are enabled to apply algebra to geometry, 
and also to solve all problems relating to rectilineal figures, inasmuch as all 
•uch figures may be resolved into triangles, and triangles may be resolved 
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into two right-angled triangles by drawing a perpendicular from the vertex 
to the base. 

TL 6 corresponds to l 4, and is the third case of similar tnanglea. 

TL 0. The word * part ' here is nsed in the sense in which it is employed 
in y. def. 1. i. 10 is a particular case of this problem. 

TL 10. To divide a line similarly to another is to divide it so that its 
segments are proportional to those of the other. The preceding proposition 
is a particular case of this. 

VI. 11. The student will easily perceive that the method here given of 
finding a third proportional to two given straight lines, may be extended to 
a series of ratios in progression. A repetition of the same construction as 
here given will solve the problem. 

This is a particular case of the next proposition. 

VI. 13. Ihis proposition enables us to find 3, 7, 15, &c., means between 
two given straight lines. For we may insert one between the first and 
second, and one between the second and third. And thus we may continue 
to find means between the terms to any extent. 

We are not able, by geometry, to find two mean proportionals between two 
given 'lines, though various practical contrivances have been suggested to 
solve this problem, which was much discussed by the ancients. One of the 
earliest of these was by Plato, another by Philo, and another, in more modem 
times, by Descartes. 

VI. 14. * Owing to the disjointed manner in which Euclid treats compound 
ratio, this proposition is strangely out of place. It is a particular case of 
VI. 23, being that in which the ratio of the sides, compounded, gives a ratio 
of equality. The proper definition of four magnitudes being reciprocally 
proportional, is that the ratio compounded of their ratios is that of equality.* — 
JJe Morgan, 

VI, 16. This is an important proposition, as many useful results grow out 
of it. To mention only one, it is the foundation of the operation in arith- 
metic known as the Rule of Three, that is, in which three terms, being given, 
it is required to find a fourth proportional. 

This proposition is a case of vi. 14. 

VI. 18. We practically make use of this propositioQ ha drawing plans, 
maps, &c. The converse of this is in vi. 20. 

VI. 19. By * duplicate ratio ' is meant the ratio of their squares, or that 
ratio which arises from the composition of two equal ratios. The enunciation 
might be thus expressed : Similar triangles are to one another as the squares 
of their corresponding or like sides. From vi. 1 it follows that triangles are 
in the ratio compounded of their bases and altitudes. When they are similar, 
this compound ratio becomes the duplicate ratio. 

VI. 20. This proposition furnishes the method of finding the area of a 
regular polygon and a circle. 

VI. 22. * This proposition is equivalent to stating that if two ratios be 
equal, their duplicates and subduplioates will also be equal.* — Lardner, 

VI. 23. 'The use of compound ratio consists wholly in this, that by means 
of it circumlocutions may be avoided, and thereby propositions may be more 
briefly either enunciated or demonstrated, or both may be done ; for instance, 
if this 23rd proposition of the Sixth Book were tu be enunciated, without 
mentioning compound ratio, it might be done us follows : If twQ pordlUV- . 
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ograwuheeqmkmgmliirfaMdtfaMaaideof&efirsitoa $ideofAemeomd,mn 
anwmed Mtrai^ Ume he made to a second Mtraig^ ttue; and cul&e oAerddetff 
tkejirst to the •tker aide o/Ae eeeond, » the eeeond etraigki &w be taade to a 

tkird, ThefrttpandkhgnnnutoAeteeondtasUieJlntetwmigktlmeioihe 
third.* — Simaon, 

VI. 25. This 18 a verf nsefol problem, as bj it we can eoostiiict a figure 
of a diflerent shape to another, while its qoantitj is the same; as for example 
an equilateral triangle may be made equal to a square. 

VI. 27, 28, 29. These propositions are not considered of mnch importance 
by many geometers. Dechales, Lardner, and others, recommend thai they 
should be omitted. Simson, on the other hand, thinks them * the most 
general and useful of all in the Elements,' and asserts that they are ' most 
frequently made use of by the ancient geom^«rs in the solution of other 
problems.' 

VI. 31. This is the general proposition, of which i. 47 is only a particular 



VI. 33. * The second part of the proposition is an addition of Theon's, as 
he tells us in his c<Hnm«itary on Ptolemy's Mry«Ai| 2vrrtt|t;, p. 50.' — Simeon, 
VI. B, O, D, were added by Simson. 

A Classhigation of thb PBOPOsiTiom of Book VI. 

Problems. 

1. From a given straight line to cut off any part required . VI. y. 

2. To divide a given straight line similarly to a givoi divided 
straight line, that is, into two parts that shall have the same ratios to 

one another which the parts of the divided given straight line have . VI. 10. 

3. To find a third proportional to two given straight lines . VI. 11. 

4. To find a fourth proportional to three given straight lines . VI. 12. 

5. To find a mean proportional between two given straight lines . VI. 13. 

6. To cut a given straight line in extreme and mean ratio . VI. 30. 

7. To a given straight line to apply a parallelogram equal to a given 
rectilineal figure, and deficient by a parallelogram similar to a given 
parallelogram ; but the given rectilineal figure to which the parallel- 
ogram to be applied is to be equal, must not be greater Uian the 
parallelogram applied to half of the given line, having its defect 
similar to the defect of that which is to be applied ; that is, to the 

given parallelogram ....... VI. 28. 

8. To a given straight line to apply a parallelogram equal to a 
given rectilineal figure, exceeding by a parallelogram similar to 
another given ....... VI. 29. 

9. Upon a given straight line to describe a rectilineal figure similar, 

and similarly situated to a given rectilineal figure . . . VI. 18. 

10. To describe a rectilineal figure which shall be* similar to one, 
and equal to another given rectilineal figure. 

Tlieoreiiis. 

A. Bdating to Similar Trianglu. 

1. Similar triangles are to each other in the duplicate ratio of 
their bomologona ades, . . . ... VL19. 



VI. 15. 
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2. In equiangular triangles the sides about the equal angles are 
proportional, and the sides which are opposite to the equal angles 
are homologous ....... VI. 4. 

8. Conversely, if two triangles have their sides proportional they 
are equiangular, and the equal angles are subtended by the homo- 
logous sides ........ VL 5. 

4. If two triangles have one angle in each equal, and the ddes 
about the equal angles proportional, the triangles are equiangular, 

and have those angles equal which the homologous sides subtend . VI. 6. 

5. If two triangles have one angle in each equal, the sides about 
two other angles proportional, and each of the remaining angles 
either less or not less than a right angle, the triangles are equi- 
angular, and those angles are equal about which the sides are pro- 
portional ........ VI. 7. 

6. In a right-angled triangle, if a perpendicular be drawn from 
the right angle upon the opposite side, it divides the triangle into 

parts which are similar to the whole and to one another . . VI. 8. 

7. Equal triangles, which have one angle in each equal, have the* 
sides about the equal angles reciprocally proportional ; 

Conversely, two triangles which have an angle equal, and the 
sides about the equal angles reciprocally proportional, are equal .> 

8. If two triangles have two sides proportional, and be so placed 
at an angle that the homologous sides are parallel, the remaining 

sides form one straight line ...... VI. 32. 

B. Relating to Simlar FaraUdograms. 

1. Equiangular parallelograms are to each other in the ratio com- 
pounded of the ratio of their sides ..... VI. 23. 

2. In any parallelogram the parallelograms which are about the 
diagonal are similar to the whole and to each other . . ^* 24. 

8. If two similar parallelograms have a common angle, and be 
similarly situated ; they are about the same diameter . . "^^ 26. 

4. Equal parallelograms which have one angle in each equal, have' 
the sides about the equal angles reciprocally proportional ; 

And conversely, parallelograms which have one angl^ in each 
equal, and the sides about them reciprocally proportional, are equal % 

C. Relating to Similar Polygons and Rectilineal Figures in 

general, 

1. Similar polygons may be divided into similar triangles equal 
in number and proportional to the polygons ; and the polygons are 

to each other in the duplicate ratio of their homologous sides . VI. 20. 

2. Rectilineal figures which are similar to the same figure are 
similar also to each other ...... VI. 21. 

3. If four straight lines be proportional, the similar rectilineal^ 
figures similarly described on them are also proportional ; 

And conversely, if four similar rectilineal figures, similarly de- i- VI. 22. 
scribed on four straight lines, be proportional, the straight lines are 
also proportional 

4. K any similar rectilineal figures be similarly described on thA 
sides of a right-angled triangle, the figure descn\>ed. oa ^•b €\^% v^- 



VI. 14. 
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tending the right angle is equal to the sum of the figures on the 

other side . . . ... . . . VI. 31. 

D. RdaJting to the Comparison of Parallelograms with Triangles, 

1. If triangles and parallelograms have the same altitude, they 
are to one another as their bases . . . . . VI. 1. 

£. Relating to the Proportions arising from Lines drawn in 

Triangles, 

1. If a straight line be drawn parallel to any side of the triangle,\ 
it divides the other sides, or those sides produced, proportionally ; I 

And conversely, if a straight line divide the sides of a triangle, >* VI. 2. 
or those sides produced, proportionally, it is parallel to the remaining I 
side .••••••• * 

2. A straight line bisecting the angle of a triangle divides the^ 
opposite side into segments proportional to the conterminous sides ; 

And conversely, if a straight line drawn from any angle of a }- VI. 3. 
triangle divide the opposite side into segments proportional to the 
conterminous sides, it bisects the angle .... 

F. Relating to Rectangles format by Straight Lines that are 

Proportionals. 

1. If three straight lines be proportionals, the rectangle under, 
the extremes is equal in area to the square on the mean ; ' 

And conversely, if in three straight lines the rectangle under the 
extremes is equal in area to the square on the mean, the lines are 
proportionals . . . . . . . .' 

2. If four straight lines be proportionals, the rectangle under the< 
extremes is equal in area to the rectangle under the means ; 

And conversely, if in four straight lines the rectangle under the [* VI. 16. 
extremes be equal in area to the rectangle under the means, the lines 
are proportionals ...... 

G. Relating to Circles, 

1. If angles are in equal circles, whether at the centres or circum- 
ferences, they have the same ratio which the circumferences on 
which they stand have to one another .... VI. 33. 

H. Relating to inscribed Figwres. 

1. If a parallelogram be constructed on the half of one of the 
sides of a triangle in which it is inscribed, it is the greatest parallel- 
ogram which can be inscribed in the triangle . . . VI. 27. 



VI. 17. 



ON THE ELEVENTH BOOK. 

In the first six books the figures are supposed to be drawn in the same 
plane, but in this book we consider the properties of lines which are in dif- 
ferent planes, and also the relative position of planes. 

Det, S. It ought to be added, that the planes do not meet, though pro<luced 
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both ways, for they might be produced in one direction and not meet, and yet 
be not parallel. 

Def. 10. This definition does not appear to be quite correct, as there are 
some solid figures contained by similar plane figures in the same number and 
of the same magnitude that are neither similar nor equal. This defect has 
led some geometers to reject this definition as an interpolation. 

Def. 11. The following improrement of this definition has been suggested : 
* Of solid figures contained by planes, those are similar which hare all their 
solid angles equal, each to each, and which are contained by the same 
Dumber of similar plane figures, similarly situated.' — J. Thomson, LL.D, 

XI. 3. This proposition presents a straight line to us in a new aspect. 

'When. the walls, floor, and ceiling of an apartment are planes, the lines 
in which they cut each other are straight lines. So likewise are the ridge 
and the eaves of a house, when the walls and the sloping surfaces of the roof 
are planes.' — James TTiomson, LL.D, 

XI, 7. Siroson thinks this proposition has been put into this book by some 
tmskilfnl editor. 

As in Book 11. a rectangle was said to be contained by two of its sides 
which contain one of its right angles, so a right-angled parallelopiped in the 
same way may be said to be contained by the three straight lines which con- 
tain any one of its solid angles. And as a numerical expression was found 
for a rectangle, by multiplying the length of the conterminous sides together, 
so a similar expression may be found for a right-angled parallelopiped, by 
multiplying the length of the three sides which contain any one of the solid 
angles. Thus, if the three adjacent edges of a rectangular parallelopiped 
be respectively 4, 5, and 6 feet, the product of these three numbers, viz. 
4x 6 X 6=sl20, feet, will be the number of cubic feet contained in the solid. 
And if the three sides be equal to one another, that is, if the figure be a 
cube, the volume will be found by cubing the length of the sides. 

A superficies was in Book I. defined to be extension in two directions, and 
similar plane rectilineal figures were shown in Book YI. to be to one another 
in the duplicate ratio or as the squares of their homologous sides. In a similar 
manner, a solid may be considered as extension in three directions, and 
similar solids may be shown to be to one another in the triplicate ratio, or as 
cubes of their homologous edges. 

A Classification of the Pbopositionb of Book XI. 

Problems. 

1. To draw a straight line perpendicular to a plane, from a given 

point above it . . . . . . . XI. 11. 

2. To erect a straight line at right angles to a given plane, from 

a point given in the plane ...... XI. 12. 

Tlieoreins. 

A. Relating to tAe Position of Sirai^ Lines with respect to Planes, 

1. One part of a straight line cannot be in a plane, and aiiotVv«t 
part above it ...••.** 
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2. If two stnigfat lines cot one another, they are in one plane; 
and three straight lines which meet are in one plane, or in other 
words, only one plane can bte drawn throng three pcunts which are 

not on the same right line * . . . . . . XL 2. 

3. If a straight line stand at right angles to each of two straight 
lines in the point of their intersection, it is also at right angles 

to the plane through them, that is, to the plane in whidi they are . XL 4. 

4. If three straight lines meet all in one point, and a straight line 
stand at right angles to each of them in that point, these three 
straight lines are in one and the same plane .... XL 5. 

5. If two straight lines be at right angles to the same plane, they 

are parallel to one another ...... XL 6. 

6. If two straight lines be parallel, the straight line drawn from * 
any point in the one to any point in the other, is in the same plane 

with the parallels ....... XL 7. 

7. If two straight lines be parallel, and one of them be at right 
angles to a plane; the other also shall be at right angles to the 

same plane ........ XL 8. 

8. Two straight lines which are each of them parallel to the same 
straight line, and not in the same plane with it, are parallel to one 
another ......... XL 9. 

9. If two straight lines meeting one another be parallel to two 
others that meet one another, and are not in the same plane with 
the first two; the first two and the other two shall contain equal 
angles . ... . . . . . XLlOi 

10. If two straight lines be drawn from a given point either in or 

above a plane, they cannot both be at right angles to it . . XI. 13. 

B. Bdaimg to the Position of Planes unth respect to each other 

1. If two planes cat one another, their common section is a 
straight line ........ XI. 3. 

2. If two planes which cut one another be each of them perpen- 
dicular to a third plane, their common section is perpendicular to 

the same plane ........ XL 19. 

3. Planes to which the same straight line is perpendicular, are 
parallel to one another ...... XL 14. 

4. If two straight lines meeting one another be parallel to two 
other straight lines which meet one another, but are not in the 
same plane with the first two; the plane which passes through 

these is parallel to the plane passsng through the others . . XL 15. 

5. If two parallel planes be cut by another plane, their common 
sections with it are parallels ...... ^CL 15i 

6. If two straight lines be cut by parallel planes, they shall be 

cut in the same ratio ....... XI. 17. 

7. If a straight line be at right angles to a plane, every plane 
which passes through it shall be at right angles to that plane . XL 18. 

* Three points not in the same straight line are therefore suflSclent to determine a 
/>lane. 
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C. Beating to SoHd Angle*. 

1. If a solid angle be contained by three plane angles, any two of 

them are greater than the third ..... XL 20. 

2. Every solid angle is contained by plane angles, which together 

are less than four right angles ..... XI. 21. 



ON THE TWELFTH BOOK. 

In Book XII., of which only two propositions are here given, introdnces a 
new mode of comparing magnitudes. It is that called *the method of ex- 
haustion,' which was often employed by the ancient geometers, but which 
is now discarded as too tedious, xn. 2 is, however, interesting as an example 
of this method. 
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GEOMKTRICAL ANALYSIS. 

The truths of geometry were gradually made known to mankind by 
patient and laborious investigation. The means or instrument by which 
the ancients obtained these results is called Geometrical Anafygia, because 
it was conducted purely on geometrical principles, and without the aid of any 
of the other branches of the mathematics which are now in use among the 
modems. The ancient analysis, though not so expeditious as the modem, 
which has the assistance of algebra, is nevertheless worthy of attention 
on account of its purity and rigour. 

Analysis may be defined to be the separation or reaolutum of a whole into 
its component parts. SjTithesis, which is the reverse of this, may be said to 
be the composition or making up a whole out of its parts. This latter is the 
method chiefly used in the Elements. 

In the analysis of a problem^ we commence by assuming the qmesita or 
what is required to be done, and by a process of reasoning we arrive at the 
data or some conclusion which may furnish us with the means of solving the 
problem. In the synthesis, we begin where we left off in the anah'sis, and 
retrace our steps until we come to where we started at first, viz. the solution 
of the problem. 

In analysing a theorem, our object is to ascertain whether the statement be 
true or not We therefore in the first place, assume it to be true; and by a 
chain of deductions we arrive at some result which is either an admitted 
truth or an evident fallacy. If the final conclusion be some demonstrated 
truth, the statement is true, and by retracing our steps we ma}' prove the 
proposed theorem. If, however, the final result contradict some established 
truth, then the statement is false. 

Previous to the pupil attempting the analysis of new propositions, he 
should accustom himself to retrace the steps uf some of the propositions (tf 
Euclid from the end to the beginning, endeavouring to find some clue which 
might suggest the mode of demonstration. This will serve as an introduc- 
tion to the analytical method. Thus, take for example i. 82, in which we 
are required to prove that the exterior angle is equal to the two interior and 
opposite angles. First, draw the line C£, assuming that it divides the exterior 
angle into parts that are respectively equal to the two interior and opposite 
angles. It becomes at once evident that the line thus drawn must be parallel 
to BA, the side of the triangle, which is the necessary construction to make 
in order to prove the theorem. 

No very useful directions can be given for conducting an analysis, each 
instance mostly requiring a treatment peculiar to itself. The student must 
rely chiefly on his own penetration to discover the steps to be taken ; and it 
will often be not until after repeated failures that the problem is finally solveil. 
Nor should these unsuccessful attempts be thought altogether useless ; such 
attempts have sometimes led to the discovery of other propositions. 

An example will perhaps' better illustrate the manner of conducting an 
analysis. 
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PROP.L PROBLEM. 

Tojmd a poUt in a ghen straight Hne, which shall be at an equal disttutee 

from two other given potnte* 

Let AB be the given straight line, and G and D the given points. 

Anabfm, — Assume tliat the point £ is eqoallj distant from the points C 
aadD. 




Join CD, CE, DE, then CED is an isosceles triangle ; 
bisect CD in F, and join FE. 
Then because CE is eqaal to DE, and CF eqoal to FD, and £F common, 
therefore the triangle CEF is equal to the triangle DEF ; (l 8.) 
therefore the angle CFE ie equal to the angle DFE, which are there- 
fore rig^ angles, 

Synthetis, — Join the points C and D, and bisect CD in F, 
from the point F draw a perpendicular to the line AB in £ ; 
the point £ is equally distant from C and D. 
Because CF is equal to FD and FE common, 
and the angle CFE equal to the angle DFE, 
therefore CE is equal to ED. 

PROP. IL PPvOBLEM. 

I'Vom two given points on the same side of a given straight Hue it is required to 
draw two straight lines to the same pnint in the given straight Htu, which shall 
make equal angles with it. 
Let C and D be the given points, and AB the given straight line. 

Analysis, — Assume CE and l£D to be the two straight lines, which make 
equal angles with AB. 




•nF 



Produce CE, make EF equal to ED, and join DF. 
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Then becatise the angle DEB is equal to the angle CEA« 
and the angle GEA is equal to the angle GEF, (l 15) 
therefore the angle DEB ts equal to the angle GEF ; 
and because the side ED is equal to the side EF (constr.) and £6 is eonunon; 
and the angle DEG is equal to the angle FEG ; 

there/ore the nde DG is equal to €ie aide GF, and the angle DGE it 
equal to the angle EGF, which are consequenUy right angles, 

5yntAent.— From D draw DG at right angles to AB, 
produce DG to F, and make GF equal to DG ; 
join CF, cutting AB in E ; and join ED. 

Then because DG is equal to GF, and EG common, 
and the angle DGE is equal to the angle FGE (constr.) ; 

therefore the angle DEG is equal to the angle FEG ; 
but the angle FEG is equal to the angle CEA, 

therefore the angU DEG w equal to the angUGEJi, 



QUESTIONS AND EXERCISES 

ON 

BOOK I. 



DEFINITIONS. 

L Define a point, n. Define a line. in. What are the extremities of a 
line? rv. What is a straight line? v. Define a superficies, vi. The extre- 
mities of a superficies, vn. A plane superficies, yin. A plane angle, ix. 
A plane rectilineal angle, x. A right angle, and a perpendicular, xi. An 
obtuse angle, xn. An acute angle, xiu. What is a term, or boundary? 
XIV. Define a figure, xv. A circle, xvi. What is the centre of a circle? 
XVII. What is the diameter of a circle? xvin. What is a semicircle? xix. 
What is the centre of a semicircle? xx. Define a rectilineal figure, xn. A 
trilateral figure or triangle, xxii. A quadrilateral figure, xxni. A mul- 
tilateral figure, or polygon, xxiv. An equilateral triangle, xxv. An 
isosceles triangle, xxvi. A scalene triangle, xxvu. A right-angled triangle, 
xxvni. An obtuse-angled triangle, xxix. An acute-angled triangle, xxx. 
A square, xxxi. An oblong, xxxu. A rhombus, xxxni. A rhombdd. 
xxxrv. A trapezium, xxxv. What are parallel straight lines? 

POSTULATES. 

I. Enunciate the first postulate. 
n. Enunciate the second postulate. 
m. Enunciate the third postulate. 

AXIOMS. 

I. How are things which are equal to the same thing related to one 
another ? 

n. If equals be added to equals, how are the wholes related to on« 
another ? 

ni. If equals be taken from equals, how are the remainders related to 
one another ? 

rv. If equals be added to unequals, how are the wholes related to om 
another ? 

V. If equals be taken from unequals, how are the remainders related U 
one another? 
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VI. How are the doubles of the same thing related to one another? 

▼n. How are the halves of the same thing related to one another? 

ym. When are magnitudes equals? 

nc. How is the whole related to its part? 

z. How are right angles related to one another? 

XL Under what circumstances will two straight lines meet, if thej are 
oontinoallj produced, and on what side will thej meet? 



ENUNCIATIONS AND COBOLLARIES OF THE PBOPOSITIONS 

OF BOOK L 

FOR EXAHINATIOH APABT FBOM THE TEXT. 

Prop. 1. To describe an equilateral triangle upon a given finite straight 
line. 

Pn^ 2. From a given point to draw a straight line equal to a given straight 
line. 

Prop. 3. From the greater of two given straight lines to cut off a part equal 
to the less. 

Prop. 4. If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have likewise the angles contained by those sides eqnal 
to one another, they shall likewise have their bases, or third ndet^ equal ; and 
the two triangles shall be equal ; and their other angles shall be equal, each to 
each, viz., those to which the equal sides are opposite. 

Prop. 5. The angles at the base of an isosceles triangle are equal to one 
another; and if the equal sides be produced, the angles upon the other side of 
the base shall be equal. 

Cor. Every equilateral triangle is also equiangular. 

Prop. 6. If two angles of a triangle be equal to one another, the sides also 
which subtend, or are oppasite to the equal angles, are equal to one another. 
Cor. Every equiangular triangle is also equilateral. 

Prop. 7. Upon the same base, and on the same side of it, there cannot be 
two triangles having their sides terminated in one extremity of the base, eqanl 
to one another, and likewise those which are terminated in the other extremity. 

Prop. 8. If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have likewise their bases equal; the angle which is 
contained by the two sides of the one shall be equal to the angle contained by t!ie 
two sides equal to them of the other. 

Prop. 9. To bisect a given rectilineal angle ; that is, to divide it into two 
equal angles. 

Prop. 10. To bisect a given finite straight line ; that is, to divide it into two 
equal parts. 

Prop. 11. To draw a straight line at right angles to a given straight line, 
firom a given point in the same. 

Pn^. 12. To draw a straight line perpendicular to a given straight line uf 
oolimited length, from a given point without it. 
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Prop. 13. The angles which one straight line makes with another upon one 
side of it| are either two right angles, or are together equal to two right 
angles. 

Prop. 14. If, at a point in a strught line, two other stnught lines, npon the 
opposite sides of it, make the adjacent angles together equal to two right 
angles, these two straight lines shall be in one and the same straight line. 

Prop. 15. If two straight lines cat one another, the vertical or opposite angles 
shall be equal. 

Cor. 1. If two straight lines cut one another, the angles they make at the 
point where they cut, are together equal to four right angles. 

Cor. 2. All the angles made by any number of lines meeting in one point are 
together equal to four right angles. 

Prop. 16. If one side of a triangle be produced, the exterior angle is greater 
than either of the interior opposite angles. 

Prop. 1 7. Any two angles of a triangle are together less than two right 
angles. 

Prop. 18. The greater side of every triangle is opposite to the greater angle. 

Prop. 19. The greater angle of every triangle is subtended by the greater 
side, or has the greater side opposite to it. 

Prop. 20. Any two sides of a triangle are together greater than the third side. 

Prop. 21. If from the ends of a side of a triangle, there be drawn two 
straight lines to a point within the triangle, these shall be less than the other 
two sides of the triangle, but shall contain a greater angle. 

Prop. 22. To make a triangle of which the sides shall be equal to three 
given straight lines, but any two whatever of these must be greater than the 
third. 

Prop. 23. At a given point in a given straight line, to make a rectilineal 
angle equal to a given rectilineal angle. 

Prop. 24. If two triangles have two sides of the one equal to two sides of the 
other, each to each, but the angle contained by the two sides of one of them 
greater than the angle contained by the two sides equal to them of the other; 
the base of that which has the greater angle shall be greater than the base of 
the other. 

Prop. 25. If two triangles have two sides of the one equal to two sides of 
the other, each to each, but the base of the one greater than the base of the 
other; the angle contained by the sides of that which has the greater base, 
shall be greater than the angle contained by the sides equal to them of the 
other. 

Prop. 26. If two triangles have two angles of the one equal to two angles of 
the other, each to each; and one side equal to one side, viz., either the sides 
adjacent to the equal angles, or the sides opposite to equal angles in each ; then 
the other sides shall be equal, each to each, and also the third angle of the one 
to the third angle of the other. 

Prop. 27. If a straight line falling upon two other straight lines, make the 
alternate angles equal to one another ; these two straight lines shall be parallel. 

Prop. 28. If a straight line falling upon two other straight lines, make the 
exterior angle equal to the interior and opposite angle upon the same side of the 
line ; or make the interior angles upon the same side together equal to twa 
right angles ; the two straight lines shall be parallel to oii« aiio\^«t. 

P 
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Prop. 29. If a straight line M upon two parallel stnSglit Ubes, it makes 
the alternate angles equal to one another ; and the exterior angle equal to the 
interior and opposite angle upon the same side; and likewise the two intecior 
angles upon the same side together equal to two right angles. 

Prop. 30. Straight lines which are parallel to the same straight line, an 
parallel to each other. 

Prop. 31. To draw a straight line through a given point parallel to a given 

straight line. 

Prop. 32. If a side of anj triangle be produced, the exterior angle is equal 
to the two interior and opposite angles; and the three interior angles of evety 
triangle are together equal to two right angles. 

Cor. 1. All the interior angles of any rectilineal figure, together with four 
riglit angles, are equal to twice as many right angles as the figure has sides. 

Cor. 2. AH the exterior angles of any rectilineal figure (made by producing 
the sides successively in the same direction), are together equal to four right angles. 

Prop. 33. The straight lines which join the extremities of two equal and 
parallel straight lines towar^ the same parts, are also themselves equal and 

parallel 

Prop. 34. The opposite sides and angles of a parallelogram are equal to 
one another, and the diameter bisects it, that is, divides it into two equal parts. 

Prop. 35. Parallelograms upon the same base, and between the same paial- 
lels, are equal to one another. 

Prop. 36. Parallelograms upon equal bases, and between the same parallels, 
are equal to one another. 

Prop. 37. Triangles upon the same base, and between the same parallels, are 
equal to one another. 

Prop. 38. Triangles upon equal bases, and between the same parallels, are 
equal to one another. 

Prop. 39. Equal triangles upon the same base, and upon the same nde of ft, 
are between the same parallels. 

Prop. 40. Equal triangles upon eqnal bases in the same straight lin^ and 
towards the same parts, are between the same parallels. 

Prop. 41. If a parallelogram and a triangle be upon the same base, and 
between the same parallels ; the parallelogram shall be double of the trianglsb 

Prop. 42. To describe a parallelogram that shall be equal to a given triangle, 
and have one of its angles equal to a given rectilineal angle. 

Prop. 43. The complements of the parallelograms, which are about the 
diameter of any parallelogram, are equal to one another. 

Prop. 44. To a given straight line to apply a parallelogram, which shall be 
equal to a ffYen triangle, and have one of its angles eqnal to a given rectilineal 

angle. 

Prop. 45. To describe a parallelogram equal to a given rectilineal figure, and 
having an angle equal to a given rectilineal angle. 

Cor. To a given straight line, to apply a parallelogram, which shall have an 
angle equal to a given rectilineal angle, and i^U be equal to a given recUUneal 

figure. 

Prop. 46. To describe a square upon a given straight Ime. 

Cor. Eveiy parallelogram that has one right angle, has all its angles light 

angles. 
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Prop. 47. In anj right-angled triangle, the square which is described npon 
the ade subtending the right angle, is equal to the squares described npon the 
sides which contain the right angle. 

Prop. 4S. If the square described npon one of the sides of a triangle, be 
equal to the squares described npon the other two sides of it; the angle con 
tuned by these two sides is a right angle. 



GEOMETBICAL EXERCISES ON BOOK I. 

The following Exercises, which haye been selected on account of their sim- 
plicity, and tiieir value as geometrical facts useful to the learner in more 
adranced investigations, have been arranged, up to Ex. 48, as far as possible in 
the order of the Propositions. After that number they are of a more miscel- 
laneous character, but it is believed that none of them are beyond the capacity 
of the student who has gone carefully through the First Book. 

1. In the figure of Euclid, Book I., Prop, i., describe an equilateral triangle 
upon the other side of AB. 

2. If in the same figure, AB be produced both ways to meet the circles in D 
and E, and fix)m C, the lines CD and CE be drawn; show that the triangle 
ODE is isosceles. 

3. In the same figure, if the circles intersect in F on the other side of AB, 
and AF, BF be drawn ; prove that ACBF is a rhombus. 

4. In the same figure, if the given line is produced to meet either of 
the circles in P ; show that P and the points of intersection of the circles, are 
the angular points of an equilateral triangle. 

5. If in the same figure, CA, CB be produced to meet the circumference 
in D, E, and F be the other point of intersection of the circles, show that 
DF, £F are in one line. 

6. Upon a given straight line describe an isosceles triangle that shall have 
each of its sides double of the base. 

7. Prove by superposition, that if two squares have one side of the one equal 
to one side of the other, the squares are equal in all respects. 

8. In the figure of Prop. i. 5, if FC and BG meet at H, show that AH 
bisects the angle BAC. 

9. In the same figure, if FC and BG meet at H, show that FH and GH are 
equal. 

10. On a given strai^rht line to describe an isosceles triangle, of which the 
perpendicular height is equal to the base. 

11. In an isosceles triangle, the straight line which bisects the vertical angle 
also bisects the base, and is perpendicular to it. 

12. In an isosceles triangle, the line drawn from the vertex to the middle 
point of the base bisects the vertical angle, and is perpendicular to the base. 

13. If, in a trianf;1e, the perpendicular from the vertex on the base bisect the 
base, the triangle is isosceles. 

14. The opposite angles of a rhombus are equal. 
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15. A giyen angle BAG is bisected ; if CA be produced to 6, and the angle 
BAG bisected, the two bisecting lines are at right angles. 

16. Prove the second part of Prop. i. 16, viz., that the exterior angle AGD 
is greater than the interior opposite angle ABC. 

17. In the figure of Prop. i. 17, show that ABC and AGB are togetfatf 
less than two right angles, by joining A to any point in BC. 

18. The perpendicular is the shortest straight line that can be drawn from s 
given point to a given straight line ; and of others, that which is nearer to the 
perpendicnlar is less than the more remote ; and two, and only two, equal straight 
lines can be drawn from the given point to the given stnught line, one on each 
side of the perpendicular. 

19. The difference of any two sides of a tnangle is less than the third. 

20. The three sides of a triangle taken together are greater than the doable 
of any one side, but less than the double of any two sides. 

21. To make a triangle equal to a given triangle. 

22. The perpendiculars let fall on two sides of a triangle from any point 
in the straight line bisecting the angle between them, are equal to each other. 

23. If two lines bisect perpendicularly two sides of a triangle, the perpendi- 
cular from their point of section upon the base, will bisect it. 

24. If a straight line falling upon two other straight lines, make the two 
ezterior angles on the same side o£ it equal to two right angles, tibese two 
straight lines are parallel. 

25. Any straight line parallel to the base of an isosceles triangle makes | 
equal angles with the sides. ■ 

26. If a line be perpendicular to one of two parallel lines, it will be perpeo- ! 
dicular also to the other. 

27. Lines which are perpendicular to parallel lines are also paralleL | 

28. The straight line which bisects the sides of a triangle is parallel to its 
base. 

29. If a line be drawn through the middle point of one side of a triangle, 
parallel to the base, prove that it will bisect the other side. 

30. Prove that the triangle cut off by this parallel is one-fourth part of tiie 
whole triangle. 

31. Prove that the line drawn from the vertex of a triangle, bisecting the 
base, bisects every parallel to the base, whether above or below the vertex. 

32. Each angle of an equilateral triangle is a third of two right angles, or 
two-thirds of one. 

33. Trisect a right angle. 

34. If the straight line bisecting the exterior angle of a triangle be parallel 
to the base, show that the triangle is isosceles. 

35. If the sides of an equilateral and equiangular hexagon, or six-sided 
figure, be produced till they meet, the angles formed at the points of meetiog 
are together equal to four right angles. 

36. The parts of all perpendiculars to two parallel lines, intercepted between 
them, are equal. 

37. If the opposite sides of a quadrilateral be equal, it is a parallelogram. 
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38. The diagonals of a parallelogram bisect each other. 

39. The parallelogram, whose diameters are equal, is rectangnlar. 

40. A6CD is a parallelogram, E is the middle point of DO ; show that the 
triangle AEB is half the pu^lelogram. 

41. Prove that the four triangles into which a parallelogram is divided by 
its diagonals are equal in area. 

42. If the opposite sides of a trapezium be parallel to one another, the 
straight line joining their bisections, bisects the trapezium. 

43. If, from any point within a parallelogram, straight lines be drawn to the 
extremities of two opposite sides, the two triangles upon these sides are together 
equal to half of the parallelogram. 

44. The parallelograms about the diagonal of a square are squares. 

45. In the figure, i. 43, join EH, BD, and GF; prove that the three diagonals 
thus drawn, are pandlel to each other. 

46. In the figure, i. 47, if BG and CH be joined, these lines will be 
parallel 

47. In the figure, i. 47, if G and H be joined, show that the triangle GAH 
will be equal to the given triangle ABC. 

48. In a rhombus, the squares of all the sides are tc^ether equal to the 
squares of the diagonals. 



49. A straight line is drawn bisecting a parallelogram ABCD, and meetmg 
AD in £ and BC at F ; show that the triangles EBF and CED are equal 

50. Given the diagonal of a square to construct it 

51. If the sides of a quadrilateral figure be bisected, and the points of bisec- 
taon joined, the included figure is a parallelogram, and equal in area to half the 
tnigiii^l figure. 

52. The square on the diameter of any square is double of it. 

53. The square on the base of an isosceles triangle, whose vertical angle is 
a right angle, is equal to four times the area of the triangle. 

54. If the diagonals of a parallelogi-am are equal, all its angles are equal 

55. Through a given point P, to draw a straight line, which shall cut off 
equal parts from two straight lines AB and AC, cutting one another in A. 

56. To draw a straight line from a given point to meet another straight line, 
which shall make with it an angle equal fb a given rectilineal angle. 

57. To draw a straight line through a given point such that the part of it 
intercepted between two given parallel straight lines may be of given length. 

- 58. Draw a line EF parallel to the base BG of a triangle ABC, so that £F 
shall be equal to BE. 

59. In a given square to inscribe an equilateral triangle, having one of its 
angular points upon one of the angular points of the square, and its two 
remaining angular points one in each of two adjacent sides of the square. 

60. To inscribe a square in a given right-angled isosceles triangle. 

61. Given the perpendicular and the side of an isosceles triangle, to con- 
stmct it. 
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62. If the two exterior angles at the base of a triangle be bisected, and the 
bisecting lines produced antU they intersect, the line drawn from the poiiit to 
the yertical angle will bisect iL 

63. ABC is a triangle, right-angled at A, and having the angle B doaUe of 
the angle G ; show that the side CB is doable of the side AB. 

64. The lines which bisect the angles of any parallelogram, form a reetangolar 
parallelogram, whose diameters &re parallel to the sides of the former. 

65. In any triangle ABO, if BE, CF be 'perpendiculars on any line through 
A, and D be the bisection of BC, show that DE»DF. 

66. In any right-angled triangle, the middle point of the hypotenuse (side 
opposite the right angle) is equally distant from the three angles. 

67. On the sides AC, BO of a triangle ABO, squares AODE, BCFH are 
described; show that the straight lines AF and BD are equal. 

68. The square on the side subtending an acute angle of a triangle is less than 
the squares ou the sides containing the acute angle. 

69. The square on the side subtending an obtuse angle of a triangle is greater 
than the squares on the sides containing the obtuse angle. 

70. In the figure of Prop. i. 47 prove that if perpendiculars be let &11 firem 
F and E on BO produced, the parts produced will be equal ; and the perpendi* 
culars together will be equal to BO. 

71. If two circles cut each other, the line joining their points of intersectioD 
is bisected at right angles by the line joining their centres. 

72. Describe a circle which shall pass through two given pdnts, and have its 
centre in a given line. 

73. From two given points on the same side of a given line, draw two lioee 
which shall meet in that line and make equal angles with it. 

74. Through a given point draw a line, so that the perpendiculars upon it 
from two other given points may be equal to each other. 

75. In a given straight line, find a point equally distant from two gives 
points ; one in, and the other without, the given straight Ime. 

76. If the straight lines bisecting the angles at the base of an isosodes tn< 
angle be produced to meet, they will contain an angle equal to an exterior angle 
of the triangle. 

77. If in a right-angled triangle a line be drawn dividing the right angle into 
two parts, which shall be respectively equal to the adjacent base angles, prove 
that it will bisect the hypotenuse. 

78. If a line be drawn from the middle of the hypotenuse of a right-angled 
triangle to the right angle, prove that it will be equal to half the hypotenuie. 

79. Draw a line DE, parallel to the base BO of a triangle ABO, so that DE 
is equal to the sum of BD and OE. 

80. Draw a line DE, parallel to the base BO of a triangle ABC so that DE 
is equal to the difference of BD and OE. 
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DEFINITIONS. 

1. Define a rectangle. Bj what is it contained? 

2. Define a gnomon. 

PROPOSITIONS AND COROLLARIES. 

Prop. I. If there be two straight lines, one of which is divided into any 
nnmber of parts ; the rectangle contained bj the two straight lines is equal to 
the rectangles contained bj the undivided line, aod the several parts of the 
divided line. 

Prop. 2. If a straight line be divided into anj two parts, the rectangles con- 
tained bj the whole and each of the parts, are together equal to the square of 
the whole line. 

Prop. 3. If a straight line be divided into anj two parts, the rectangle con- 
twned by the whole and one of the parts, is equal to the rectangle contained by 
^e two parts, together with the square of the aforesaid part. 

Prop. 4. If a straight Ime be divided into any two parts, the square of the 
whole line is equal to the squares of the two parts, together with twice the 
rectangle contained by the parts. 

Cor. The parallelograms about the diameter of a square are likewise squares. 

Prop. 5. If a straight line be divided into two equal parts, and also into two 
unequal parts, the rectangle contained by the unequal parts, together with the 
square of the line between the points of section, is equal to the square of half 
the line. 

Cor. The difibrence of the squares of two unequal lines is equal to the 
rectangle coptained by their sum, and their difference. 

Prop. 6. If a straight line be bisected, and produced to any pdnt, the rectangle 
oontained by the whole line thus produced, and the part of it produced, together 
with the square of half the line bisected, is equal to the square of the straight 
line which is made up of the half and the part produced. 

Prop. 7 If a straight line be divided into any two parts, the squares of the 
whole line, and of one of the parts, are equal to twice the rectangle coutaicveiiVs^ 
the whole and that part, together with the squi^Te o{ \ixe ol\iet "gu^i. 
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Prop. 8. If a straight line be diTided into anj two parti, four tinwi tbo 
rectangle contained bj the whole line, and one of the parts, together with the 
square of the other part, is equal to the square of the straight line, which is 
niade up of the whole and that part. 

Prop. 9. If a straight line be diidded into two equal, and also into two un- 
equal parts, the squares of the two unequal parts are together double of the 
square of half the line, and of the square of the line between the punts of 
section. 

Prop. 10. If a straight line be bisected, and produced to anj pmnt, the square 
of the whole line thus produced, and -iie square of the part of it produced, are 
together double of the square of half the line bisected, and of the square of the 
line made up of the half and the part produced. 

Prop. II. To divide a giyen suaight line into two ports, so that the rectangle 
contamed bj the whole and one of the parts shall be equal to the square of the 
other part. 

Prop. 12. In obtuse-angled triangles, if a perpendicular be drawn from either 
of the acute angles to the opposite side produced, the square of the side sub- 
tending the obtuse angle is greater than the squares of the sides oontaining the 
obtuse angle, by twice the rectangle contained bj the side upon which, when 
produced, the perpendicular falls, and the straight line intercefAed withcot the 
triangle between the perpendicular and the obtuse angle. 

Prop. 13. In every triangle, the square of the side subtending either of the 
acute angles, b less than the squares of the sides containing that angle, by twice 
the rectangle contained by either of these sides, and the straight line intercepted 
between the acute angle and the perpendicular let fall upon it firom the opposite 

angle. 

Prop. 14. To describe a square that shall be equal to a given rectilineal 
figure. 

ALGEBRAICAL AND ARITHMETICAL PROOFS OF THE 
PROPOSITIONS OF BOOK IL 

The propositions of this book can be demonstrated both algebraically and 
arithmetically. A line may be represrated by the number of linear units it 
contains ; thus, the line AB, which contains a or 6 units, may be designated as 
a or 6. A rectangle, which in geometry is said to be contained by any two of 
the straight lines containing one of the right angles, may be expressed by the 
product of its length and breadth; thus, in the rectangle contained by AB, AD, 
if AB be equal to a or 4, and AD to h or 3, the area of the rectangle may be 
represented by a6 or 4x3. And therefore if the two sides of the rectangle be 
equal, or if b be equal to a, the figure is a square, which may be represented by 
multiplying the length of the side into itself, as axa=€?, ox 4x4s4s or 16. 

An algebraical and arithmetical proof of each proposition will now be giyen, 
and the learner may be exercised in solving the problems independently by 
means of other letters and figures. 

PROP. I. THEOREM. 

Ji!;e6.— Referring to the figure in Book II., if A=x, BC=a, BDibm, DB««, 
and ECsp; 

then aasm-f n+p, 
multiply both sides by «, 

l.e., A .BCs JL .'BD-VK .'OTLV K. .'SXl^ 
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JrAik.— Again, let x = 6, a=13, tnssli, ns3, and pa4; 

then 12^5+3+4, 
multiply both sides by €, 

.*. 72=30-1-18+34. 

PROP. II. THEOREM. 

Algfb.^Let ABso, AC=«, and CB=:y; 

then assg+jf, 
multiply both sides by a, 

i.e., AB2s=AB . AC-I-AB . BC« 
JrAA.— Again, let a=9, «s5, and ys4 ; 

then 9s5-|-4, 
multiply both sides by 9, 

.•.9x9=(9x5)+(9x4). 
9>or81s45-|*36. 

PROP. III. THEOREIL 

Algeb.~~Let AB=a, BCsx, and ACsy; 

thenuBX-fy, 
multiply both sides by «, 

.•. axsax (*+y), 

i.e., AB . BCsAC . CB-t-CB*. 

Aritk Again, let a=9, jr=6, and y =3 ; 

then 9=6-|*3, 
multiply both sides by 6, 

.*. 6x9:=6 (6-1-3) 
54=36-1-18. 

PROP. IV. THEOREBT. 

Jlgeb Let ABbo, ACa«, and BC—y; 

then ii=s4r+y, 
squaring these equals, a'^ws{t+ff)9 

srafi-\-2xy+y*. 
i.e., AB2=AOi-t-CB3-|-2 AC . CB. 
JrOA.— Again, let aal3, x=8, and ^=4; 

then 12=8-1-4 
sqiuuing these equals, 122=(8-t-4)2 

144=82-^-2 (8 X 4)+ 4« 
••• 144=64-t-64-|-i& 

PROP. V. THEOREM. 

Algf^,^lAt ABs2a, then ACsCB=a; and CD=«; 

then AD, the greater of the two unequal parts, sui-t-«, 
and DB, the less, =a-x, 

.•• (a-h«) (fl-*)=a2-«», 
to each of these equals add jr^, 

.'. (a-«-*) (fl-#)-t-«2-o2, 

l.e., AD . DB-hCD3«CBS. 
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FBOP. YL THEOREIC. 

JJge6,-~lM ABmtSt tbm ACsCBso; and CD=si 

tb«B AD, tiM greater of tlia two iwrgnal parte, s^'fa; 
aod BD, tlia leee, =«'«, 

bjr treitipoilHon, ('4-a) (^r— a)4-«^J^. 

1^^ AD . DB-f'BC^CD*. 
AritM^AgalOf let asS» tkeo 20sl6; and ir=12$ 

tbeo ADs|2+8, aad BDsft-ll 

bj tntupoMon, 20x4-f'82»122, 

80+64*144. 

PBOP. VIL THEOBEM. 

Jigeb^^htt ABmtr, ACwtd, aod CB«y ; 

then d^M—9, 
•quaring tbeee, <f>Mj*'>2cy'|'^, 

bjr trasfpoeftloD, i^-t-p^^dP+Txp, 

le^ AB>-fBCSs2 AB . BC+AC*. 
ilr/lA- Again, let 4rBl6,(f b9, andy'sr ; 

then 7:r 16-9, 
squaring tbeM, T^sr 162-2 (9 m 16)-t>9S» 

49s296-268-)-8l, 
by traotpotitkm, 494'2883B2{y6-)>8I. 

FBOP. VIIL THEOBEM. 

A/g^b.—Let ABbo, and CBbsBDb^; 

then AB+BDsn+y, 
and AC or AB— EDsa-y, 

(a+|^)2=:a«+2fly+y2, 
(a-y)a=a«-2fly+y2, 
by subtraction, («+y)*— (a-y)2=4 ay, 
by transpoiition, (0-fy)^=4ay-f-(O'^)*. 

U., 4 AB . BC+ACSs(AB+BC)* 

ilWM.-.Agalo, let a* 16, and CBsBDae, 

then AB+BD3l6-f6, 
and AB-BDs16-6, 

(16+6)2=266+192+100, 
(16-6)«axlB6-192+100, 
by lubtraetlon, 823-102b884 

by tranfposltion, 484«ilB4+100. 

PROP. IX. THEOREM. 

A/gtb^Ltt ACmCBma, and CDva; 

then AD, the greater of the two unequal parts, aia+jr, 
aod DB, the leii, aia— a, 
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(a+»)2=ra2+2fl*+«2, 
(a-*)2=a2-2fl«+*2, 
by addition, (a-l*f}'-f(a-'')==2a2+2«2. 

i.e., AD2+DB2=2 (AC»+CD«). 
JritA.— Again, let as 10, aQ4 «x4, 

then AD:7lO+4 
and DBb10-4 

(10+4)8=100+80+19, 
(10-4)2s 100-80+ 16, 
by addiUon, 196+36=200+32. 

FROP.X. THEOREM. 

Alg^^-Jjet AC=CB=a, and CD=x, 

then AD, the greater of the two unequal parti, =«+ii, 
and BD, the less* sss—a^ 

(»+a)2:=4r2+2ax+a^ 
(z-a)2=««-2ar+aa, 
by addition, (*+a)2+(«-a)2=2*2+2a2. 

i.e„ AD«+DB2=2 (AC2+CD«). 
Arith,— Again, let a=10, and 4r=12; 

then AD=12+10, and BD=12'10, 
(12+10)2=144+240+100 
(12*10)^=144-240+100 
by addition, 484+4=288+200. 

PROP. XL THEOREM. 
Algeb^— Let AB=a, and one of the unknown parts =», the other will therefore 

then by the problem x-=a (a~x) 

by transposition we have the quadratic equation, x^+ax^O', 
and completing the square, «>+ ar+^ sa2+2l 

2 
Thus AH the one part=x= ^^ . AB. 

and KB the other part=a— x=— ;r^ . AB. 

Arith^—We cannot demonstrate this proposition numerical^f,(oT it is impossible 
to divide a number into two parts, so that the product of the whole num- 
ber and one of the parts shall be exactly equal to the square of the other 
part. We can, howeirer, approxiinjite to the Talue of AH and HB by 
extending the ropi Qf 5 to any number of decimal places desired. 

PROP. XII. THEOREM. 

^tfft.— Let BCso, CAs;6, AB=c, CD=x, and DAs=y; 

then BDaa+«, 
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by Prop. 1. 47, ^=(a+«)*+^, 

and ftSs^a-f j^2. 
by subtraction, .*. d<— ^s(a+«)2-«*, 

by tranipoiltlon, .*. ^ssfts+a>+8<ur, 

.*. c* is greater than ft^-f a2 by 2»r. 
i.e., AB* is greater than ACS+CB^ by 2 BC . CD. 

ilrM.— Again, let a^b, fts&TOS, cslO; and «ss3, and sf=6; 

then BDsra+xssS'f 3 
by Prop. 1. 47, 102«=(6+3)a+62, 

6-7082 or 45=32+62, 
by subtraction, 102-45=:(5+3)2.32s62-|-2 (6x3)-f3>-S*, 

.•.102=46+62+2(5x3), 
1. e., 102 is greater than 45+62 by 2 (6x8}» 
or 100 is greater than 45+25 by 30. 



PROP. XIIL THEOREM. 

CASB I. 

Algeb,'~Jjet BCsa, ACs6, ABsc; and BDs«, and ADay. 

Then DCsa-jr, 
by Prop. 1. 47, ifl^i/^-k-tfl, 

62«y2+(a-j.)2, 

by subtraction, .*. ^-62s-j.«_(ii -jr)2, 

es««-a2+2a»-««, 
B2a»-a2, 

by transposition, a2+c2=:62+2ar, 

or b^+2ax=a^+(fl, 
.*. 62 ig leu than a2+c2 by 2Ar. 

i.e., AC2 is less than CB2+BA2 by 2 CB . BD. 

Jrt'M.— Again, let aslO, &= V^I or 6-4031, e«V6l or 7*8102; and «b6, and sf»5s 

then DBaa- «=10-6=s4, 
by Prop. I. 47, 7-81022=82+62, and 6*40312=52+42, 

by subtraction, 7*81 022-6-40312=62>42=62- 102+2 (10x6)-62s2 (10x6)'l0>, 
by transposition, 102+7*81022=6-40312+2 (10x6), 
or 6*40312+2 (10x6)=102+7'81022, 
i.e. 6-40312 is less than 102+7-8102 by 2 (10x6), 
or 41 is less than 100+61 by 120. 



CASB II. 

Algeb,^ DC=x-a, 

by Prop. 1. 47, .'. tflssx^+^t 

ft2=(,-fl)2+,^, 

by subtraction, c2-62--x2-.(4.-o)«^ 

B«s-.«2+2ajr-tf2, 
=2«r-a2, 

by transposition, a2+c2=:^+2ar, 

or 62^2ax=a2+e2, 

.*./&2 is less than a2+c2 by Tax, 

i. e. A<^ is less than AB2+BC2 by 2 DB . BC. 
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.iriCl.— Again, let as2, fts^/TT, c^^^Bl; «=6, ys5; 

then DCaG'2s:4, 
by Froi>. 1. 47, 61=r6S-|-SS,and41aii4S+8'i 

by subtraction, 61 -41s62-4«==6S-6S+a (6x2)-9>aa (6-(-2)-9*, 
b7 transposition, 824.61a41-|-2 (6x2) or 41 -4-2 (6x2)sS>-t-61. 
i.e. 41 is less than 22-1-61 by 2 (6x2), 
or 41 is less than 4-f 61 by 24. 

CASB ui. 

il^^A.— Here AD and AC coincide, and also the points D and C; 
by Prop. 1. 47, A«+fl»«c*, 

add a> to both sides, 62-|-2a<s<^-Hi*, 

.*. 62 ii less than ifl-^-tfl by 2aS, or 2m. 

i.en AC> is less than ABS+BC* by 2 BC or 2 BC . BC. 

JrM.— Again, let as4, 6s5, and ce3V4I; 

by Prop. 1. 47, 62-t-4>3:41, 

add 4^, 8>+2 X 16s41 + 16, 

L e., S> or 25 is less than 414-16 by 2x16 

PROP. XIV. THEOREM. 

Algeb.^lst Asaft, BEsft, EDsa; EHs:«; 

then ^^ab, 

Ariik^^Agaiat let a6s36, 6s9, and c=4i 

then 363>4X9 
.'. V3^or 6=:«. 
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1. The square of a line is four times the square of its half. • 

2. The rectangle under any two lines is equal to three times the rectangle 
imder either of them, and a third of the other. 

3. If two lines be divided, each into any nmnber of parts, the rectangle con- 
tained by the two lines is equal to the smn of the rectangles contamed by the 
seyeral parts of the one and the several parts of the other. 

4. Prove Prop. u. 4 in a shorter way, bj using some ooroUaries to the 
propositions in Book I. 

5. Show that the difference of the squares of two unequal lines Is equal to the 
rectangle contained by their sum and difference. 

6. If a line CD be drawn from the vertex C of an isosceles triangle ABC to any 
point D in the base, or in the base produced, the difference of the squares of this 
line and one of the sides is equal to the rectangle contained hj AD, DB. 

7. The sum of the squares of two lines is never less than twice their 
Mctangle. 

8. The square of the sum of two lines is equal to four times the rectan^ 
ooDtained Ij them, together with the square of their d\f£Qi«U!Cft. 
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9. The sum of the sqnares of two lines is equal to half the square of th« mm, 
together with half the square of the di£ference. 

10. ABC is a trianglo, haying the sides A6 and AG equal : if AB is pro- 
duced to D, so that BD is equal to AB, show that the sqoare on CD is equal to 
the square on AB, together with twice the square on BC. 

11. Show that in a parallel(^ram the squares of the diagonals are equal to 
the sum of the squares of all the sides. 

12. The square on the base of ai) isosceles triangle, whose vertical angle is a 
right angle, is equal to four times the area of the triangle. 

13. Any rectangle is the half of the rectangle contained by the diameters of 
the squares on its two sides. 

14. If the points 0, D, be equidistant from tiie extremities of the straight line 
AB, show that the squares constructed on AD and AC, exceed twice the 
rectangle AC, AD, by the square constructed on CD. 

15. ABCD is a rectangle, £ any point in BC, F in CD ; show that the 
rectanp:le ABCD is equal to twice the triangle AEF, together with the rectangle 
BE, DF. 

• 

16. In any triangle ABC, if BP, CQ be drawn perpendicular to AC, AB, pro- 
duced if necessary, then shall the squaro of BC be equal to the i^ectangle AB, 
BQ, together with the rectangle AC, CP. 

17. If DE be drawn parallel to the base BC of an isosceles triangle ABC, 
then the square of BE is equal to the rectangle BC, DE, together with t^e square 
of CE. 

18. If from any point within a rectangle lines be drawn to the angular points, 
the sums of the squares of those which are drawn to the opposite angles are 
equal. 

19. If two sides of a trapezium be parallel to each other, the squares of its 
diagonals are together equal to the squares of its two sides, which are not 
parallel, and twice the rectangle contained by its parallel sides. 

20. The squares of the diagonals of a trapezium are together double the 
squares of the two Hues joining the bisections of the opposite sides. 

21. ABC is a triangle in which C is a right angle, and DE is drawn from a 
point D in AC perpendicular to AB ; show that the rectangle AB, A£ is equal 
to the rectangle AC, AD. 

22. In AB, the diameter of a circle, take two points C and D equally distant 
from the centre, and from any point E in the circumference draw EC, ED; show 
that the squares on EC and ED are together equal to the squares on AC and AD. 

23. ABC is a triangle, of which the angle at C is obtuse, and the angle at 
B is half a right angle: D is the middle point of AB, and CE is drawn perpen- 
dicular to AB. Show that the square of AC is double of the squares of AD 
and DE. 

24. Divide a given straight line into two parts, such that the squares of the 
whole line and of one of the parts shall be equal to twice the square of the other 
part. 

25. In any triangle, if a line be drawn from the vertex bisecting the base, the 
sum of the squares of the two sides of the triangle is douUe the sum of the 
squares of the bisecting line and of half the base. 



QUESTIONS AND EXEBCISES 

ON 

BOOK III. 



DEFINITIONS. 

t. What are eqttal circleB ? n. When is a straight line said to tonoh a 
circle? in. When are circles said to tooeh one another? ly. When are 
straight lines said to be eqnallj distant from the centre of a circle ? y. When 
is one straight line said to be farther from the centre of a circle than another? 
yi. What is a segment of a circle ? yn. What is the angle of a segment ? 
Tm. What is an angle in a segment ? ix. Upon what is an angle in a segment 
of a circle said to insist ? x. What is a sector of a circle ? zi. What are 
similar segments of circles ? 

PROPOSITIONS AND COROLLAKIES OF BOOK IIL 

Prop. 1. To find the centre of a given circle. 

Cor. If in a circle a straight line bisect another at right angles, the centre 
of the circle is in the line which bisects the other. 

Prop. 2. If anj two points be taken in the circumference ci a circle, the 
straight line which joins them shall fall within the circle. 

Prop. 3. If a straight line, drawn through the centre of a circle, bisect a 
straight line in it which does not pass through the centre, it shall cut it at 
right angles: and conversely, if it cut it at right angles, it shall bisect it. 

Prop. 4. If in a circle two straight lines cut one another, which do not both 
pass through the centre, thej do not bisect each other. 

Prop. 5. If two circles cut one another, they shall not have the same centre. 

Prop. 6. If one circle touch another internally, they shall not have the same 
centre. 

Prop. 7. If any point be taken in the diameter of a circle, which is not the 
centre, of all the straight lines which can be drawn from it to the circum- 
ference, the greatest is that in which the centre is, and the other part of that 
diameter is the least ; and, of any others, that which is nearer to the line which 
passes through the centre is always greater than one more remote : and 
from the same point there can be drawn only two equal straight lines to the 
circumference, one upon each side of the diameter. 

Prop. 8. If any point be taken without a circle, and straight lines be dtVR^ 
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from it to the drcomferenoe, whereof one passes through the centre ; of those 
which fall upon the concave drcnmfetence, the greatest is that whidi passes 
through the centre; and of the rest, that which is nearer to that through the 
centre is always greater than one more remote : hut of those which fall upon 
the convex circumference, the least is that between the point without the circle 
and the diameter; and of the rest, that which is nearer to the least is always 
less than one more remote: and only two equal straight lines can be drawn 
from the same point to the oiicumference, one upon each side of the line which 
passes through the centre. 

Prop. 9. If a point be taken within a cirdo, from which there fall more than 
two equal straight lines to the circumference, that point is the centre of the 
circle. 

Prop. 10. One droumftrenoe of a curde cannot cut another in more than 
two points. 

Prop. 11. If one circle touch another internally in any pdnt, the straight 
line which joins their centres, being produced, shall pass through that point 
of contact 

Prop. 12. If two circles touch each other externally in any pdnt, the straight 
line which joins their centres shall pass through that pdnt of contact. 

Prop. 13. One circle cannot toudi another iu more points than one, whether 
it touch it on the inside or outside. 

Prop. 14. Equal stnught lines in a drcle are equally distant from the centre; 
and those which are equidly distant from the centre are equal to one another. 

Prop. 15. The diameter is the greatest straight line in a drde ; and, of all 
others, that which is nearer to £he centre is always greater than one more 
remote: and the greater is nearer to the centre than the less. 

Prop. 16. The straight line drawn at right angles to the diameter of a 
drde, from the extremi^ <^ it, falls without the drcle ; and no straight line 
can be drawn from the extremity between that straight line and the circum- 
ference, so as not to cut the circle; or, which is the same thing, no straight 
line can make so great an acute angle with the diameter at its extremity, or 
80 small an angle with the straight Ime which is at right angles to it, as not 
to cut the drde. 

Cor. The straight line which is drawn at right angles to the diameter of a 
drde frt>m the extremity of it touches the cirde; and it touches it only in one 
point; also there can be but one straight line which touches the drde in the 
same point 

Prop. 17. To draw a straight line fix>m a given pdnt, dther without or in 
the circumference, which shall touch a given circle. 

Propw 18. If a straight line touch a drde, the straight line dmwn from the 
cmtre to the point of contact, shall be perpendicular to the line touching the 
drde. 

Prop. 19. If a stnught line touch a drde, and from the point of contact a 
straight line be drawn at right angles to the touching line, the centre of the 
eirde shall be in that line. 

Prop. 20. The angle at the centre of a cirde is double of the angle at the 
drcmuferenoe upon Uie same base, that is, upon the same part of the cireum 
ferenoe. 

Prop. 2]. The angles in the same segment of a drde are equal to cos 
ADotber. 
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Prop. 22. The opposite angles of any quadrilateral figure inscribed in a 
circle, are together equal to two right angles. 

Prop. 23. Upon the same straight line, and upon the same side of it, there 
eannot be two similar segments of circles, not coinciding with one another. 

Prop. 24. Similar segments of circles, upon equal straight lines, are equal to 
one another. 

Prop. 25. A segment of a circle being given, to describe the circle of which 
it is the segment. 

Prop. 26. In equal circles, equal angles stand upon equal circumferences, 
whether they be at the centres or circumferences. 

Prop. 27. In equal circles, the angles which stand upon equal circumferences 
are equal to one another, whether thej be at the centres or circumferences. 

Prop. 28. In equal circles, equal straight lines cut off equal circumferences, 
the greater equal to the greater, and the less to the less. 

Prop. 29. In equal circles, equal circumferences are subtended by equal 
straight lines. 

Prop. 30. To bisect a giren circumference, that is^ to cKvide it into two eqwU 
parts. 

Prop. 31. In a circle, the angle in a. .semicircle is a right angle; but the 
angle in a segment greater than a semicircle is less than a right angle; and the 
angle in a segment less than a semicircle is greater than a right angle. 

Cor. If the angle of a triangle be equal to the other two, it is a right angle, 
because the angle adjacent to it is equal to the same two, and when the adjacent 
angles are equal, they are right angles. 

Prop. 32. If a straight line touch a circle, and from the point of contact a 
straight line be drawn cutting the circle; the angles made by this line with 
the line touching the circle, shall be equal to the angles which are in the 
alternate segments of the circle. 

Prop. 33. Upon a given straight line to describe a segment of a circle, which 
ahall contain an angle equal to a given rectilineal angle. 

Prop. 34. From a given circle, to cut off a segment which shall contain an 
angle equal to a given rectilineal angle. 

Prop. 35. If two straight lines cut one another within a circle, the rectangle 
contained by the segments of one of them is equal to the rectangle contained 
by the segments of the other. 

Prop. 36. If from any point without a circle two straight Uses be drawn, one 
of which cuts the circle, and the other touches it; the rectangle contained by 
the whole line which cuts the circle, and the part of it without the circle, shall 
be equal to the square of the line which touches it. 

Cor. If from any point without a circle there be drawn two straight lines 
cutting it, the rectangles contained by the whole lines and t!ie parts of them 
without the circle are equal to one another. 

Prop. 37. If from a point without a circle there be drawn two straight lines, 
one of which cuts the circle, and the other meets it; if the rectangle contained 
by the whole line which cuts the circle, and the part of it without the circle, be 
equal to the square of the line which meets it, the line which meets shall 
tonch the circle. 
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GEOMETRICAL EXEBCISES ON BOOK IIL 

i. Describe a circle of giren radios, which shall pass through two giren 
pomts. 

2. Id the figure of Prop. m. 3, if any line be drawn parallel to AB, the 
diameter CD will bisect it. 

3. Given two points in the circomference of a circle : describe the circle. 

4. If two chords of a circle intersect each other, and make equal angles 
with the diameter passing through their point of contact, they are equal. 

5. If one circle touch another internally, the distance between their centres is 
less than the difference of their radii. 

6. Draw the shortest chord through a given point inside a circle. 

7. If AD, CE be drawn perpendicular to the sides BC, AB of the triangle 
ABC, and DE be joined; prove that the angles ADE and ACE are equal to 
each other. 

8. Parallel chords of a circle intercept equal arcs. 

9. A quadrilateral is described so that its sides touch a circle: show that 
two of its sides are together equal to the other two sides. 

10. Show that two tangents can be drawn to a circle from a given external 
point, and that they are of equal length. 

Note.— A tangent is a straight Ime which touches a circle. 

11. Right-angled triangles are described on the same hypotenuse; show tliat 
the angular points opposite the hypotenuse all lie on a circle described on the 
hypotenuse as diameter. 

12. A chord PAQ cuts the diameter of a circle in A in an angle which is 
half a right angle ; show that the squares of AP and AQ are together double 
of the square of the radius. 

13. A is any point in the diameter (or diameter produced) of a circle, 
whose centre is 0, OB a radius perpendicular to the diameter; if AB cut the 
circle in P, and the tangent in P cut AO in C, show that ACb=CP. 

14. If two circles touch each other, and parallel diameters be drawn, then 
lines which jcnn the extremities of these diameters will pass through the 
point of contact 

15. ABCD is a parallelogram; draw CE perpendicular to the diagonal BD, 
and show that the perpendiculars upon AB, AD, at the points B, D, will 
intersect in CE. 

16- The exterior angle of a quadrilateral figure inscribed in a circle, is 
equal to the interior and opposite. 

1 7« Two circles intersect in A« B, the centre of one being in the circum- 
ference of the other; draw any chord ACD cutting them both ; show that 
CB=CD. 

18. If AB, CD, be chords of a circle at right angles to each other, prove 
that the sum of the arcs AC, BD, is equal to the sum of the arcs AD, BC. 

19. With a given radius to describe a circle touching two given circles. 

20. Two circles intersect in the points A and B ; through A and B any two 
straight lines CAD, EBF, are drawn cutting the circles in the points C, D, E, 
F; prove that CE is parallel to DF. 
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21. If two isosceles triangles be of eqnal altitad^s, and the side of one be 
equal to the side of the other their bases shall be equal. 

22. If a straight line be drawn to touch a circle and parallel to a chord, 
the point of contact will be the middle point of the arc cut off hj that 
chord. 

23. If a circle be described on the radius of another circle, anj straight 
line drawn from the point where they meet to the outer circumference, is 
bisected bj the interior one. 

24. If two opposite angles of a quadrilateral figure be together equal to 
two right angles, a circle may be described about it. 

25. Of two circular segments upon the base, the larger is that which con- 
tains the smaller angle. 

526. If two circles intersect, the common chord produced bisects the com- 
mon tangent. 

27. Four circles are described so that each one may touch internally three of 
the sides of a quadrilateral ; show 'that a circle may be described so as to pass 
through the four centres of the above circles. 

28. If two circles cut each other, the straight line joining their centres will 
bisect their common chord at right angles. 

29. The perpendiculars let fall from the three angles of any triangle upon 
the opposite sides, intersect each other in the same point. 

30. If a straight line touch the interior of two concentric circles and be 
placed in the exterior one, it will be bisected in the point of contact. 

31. If from any two points in the circumference of the greater of two given 
concentric circles, two straight lines be drawn so 8« t^ touch the less circle, they 
shall be equal to one another. 

32. If a quadrilateral rectilineal figure be described about a circle, the angles 
subtended, at the centre of the circle, by any two opposite sides of the 'figure, 
are, together, equal to two right angles. 

33. If an arc of a circle be divided into three equal parts by three straight 
lines drawn from one extremity of the arc, the angle contained by two of the 
straight lines is bisected by the third. 

34. If an equilateral triangle be inscribed in a circle, the square on a side 
thereof is equal to three times the square described upon the radius. 

35. Given the vertical angle, the base, and the altitude of a triangle, to con- 
struct it. 

36. Given the vertical angle, the base, and the sum of the sides of a triangle, 
to construct it. 

37. Describe a circle which shall touch a given circle, and also touch a given 
line in a given point 

38. If on the three sides of any triangle, equilateral triangles be described; 
straight lines joining the centres of the circles described about these three 
triangles, will form an equilateral triangle. 

39. ABD, ACE are two straight lines touching a circle at 6 and 0, and if 
D£ be joined, D£ is equal to BD and CE together ; show that D£ touches the 
circle. 

40. The greatest rectangle which can be inscribed in a chrcle is a square. 
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ON 
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DEFINITIONS. 

I. When is a rectilineal figure said to be inscribed in another rectilineal figure? 
n. When is a rectilineal figure said to be deticribed about another rectilineal 
figure? in. When is a rectilineal figure said to be inscrilied in a circle? iv. 
When is a rectilineal figure said to be described about a circle? v. When is a 
circle said to be inscribed in a rectilineal figure? vi. Wiien is a circle said to 
be described about a rectilineal figure? vu. When is a straight line said to 
be placed in a circle? 

PROPOSITIONS AND COROLLARIES OF BOOK IV. 

Prop. I. In a given circle, to place a Ktraight line equal to a given straight 
line not greater than the diameter of a circle. 

Prop. 2. In a given circle, to inscribe a triangle equiangular to a given 
triangle. 

Prop. 3. About a given circle, to describe a triangle equiangukr to a given 
triangle. 

Prop. 4. To inscribe a circle in a given triangle. 

Prop. 5. To describe a circle about a given triangle. 

Cor. When the centre of a circle falls within the triangle, each of its angles 
is less than a right angle; but when the centre is in one of the sides of the 
triangle, the angle opposite to this side is a right angle; and if the centre falls 
without the triangle, the angle opposite to the side beyond which it is, is 
greater than a right angle. And conversely if the given triangle be acute- 
angled the centre of the circle falls within it: if it be a right-angled triangle the 
centre is in the side opposite to the right angle; and if it be an obtuse-angled 
triangle, the centre falls without the triangle, beyond the side opposite to the 
obtuse angle. 

Prop. 6. To inscribe a square in a given circle. 

Prop. 7. To describe a square about a given circle. 

Prop. 8. To inscribe a circle in a given square. 

Frop, 9. To describe a circle about a g^ven squart 
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Prop. 10. To describe an isosceles triangle, having each of the angles at the 
base doable of the third angle. 

Prop. 11. To inscribe an equilateral and equiangular pentagon in a given 
drcle. 

Prop. 12. To describe an equilateral and equiangular pentagon aboat a given 
circle. 

Prop. 13. To inscribe a circle in a given equilateral and equiangular pen- 

lagoD. 

Prop. 14. To describe a circle about a given equilateral and equiangular 
pentagon. 

Prop. 15. To inscribe an equilateral and equiangular hexagon in a given 
circle. 

Cor. The side of the hexagon is equal to the stnught line from the centre, 
that is, to the semi-diameter of the circle. 

Prop. 16. To inscribe an equilateral and equiangular quindecagon in a given 
circle. 

GEOMETRICAL EXERCISES ON BOOK IV. 

1. In a given cux;Ie, to place a straight line equal and parallel to a straight 
line given in position, and not greater than a diameter. 

2. In a given circle place a line of given length, which shall pass through a 
given point. 

3. An equilateral triangle is inscribed in a circle, and through the angular 
points tangents are drawn ; show that thej will form an equilateral triangle 
whose area is four times the former. 

4. In figure Prop. iv. 4, show that the straight line DA will bisect the angle 
at A. 

5. In figure Prop iv. 5, show that the perpendicular from F on BC will 
bisect BC. 

6. In the fip^ure Prop. iv. 10, show that the angle A at the vertex of the 
triangle ABD is one-fifth of two right angles, and each of the angles at the base 
two-fifths of two right angles. 

7. Divide a right angle into five equal parts. 

8. In the figure Prop. n% 10. show that AC is the side of a regular decagon 
inscribed in the larger circle. 

9. In figure Prop. iv. 10, show that the angle ACD is equal to three times 
the angle at the vertex of the triangle. 

10. On a given line to describe an equilateral and equiangular pentagon. 

11. Given a regular pentagon; describe a triangle of the same area and 

altitude^ 

12. Describe an equilateral and equiangular octagon in a circle. 

13. If two circles be described, one without and the other within a right- 
angled triangle, the sum of their diameters is equal to the sum of the sides 
containing the right angle. 

14. Inscribe a square in a given right-angled ibosceles triangle. 

15. The centres of the inscribed and circumscribed circles of an equilateral 
triangle coincide, and the diameter of one is double that of the othsc. 



16. The liMi j«iniag tbe altcmste sngfai. «r the in tfitC w of tki 
oate adei of a regular peoUgoou vill f unn anodier Rgvlar penUgoD. 

17. IiKxtte a circle in a given ibwnVn a . 

18. ABCDE U a regular pentagon; joon AG and BE, and let BE meet AC 
io F; ibov that AC is equal to tlie sun of AB and BF. 

19. The tqnare ineeribed in a drefe is equal to half the equare described 
about the seme circle. 

20. The eentre of the cirde irhirh touches the two seanicircles described on 
the sides of a rigfat-aagied triangle is the nuddle point of llie fajpotenuse. 

21. Aregubur octagon inscribed in a circle b equal to the reetingle under the 
ades of the inscribed and drcumticribii^ squares 

22. To inscribe a circle in a ^tcq quadrsnt. 

23. The square on the side of a pentagon inscribed in a diele, is equal to the 
sum of the sqoares on the sides of a hexagon and decagon, iw«'*'a***i in the same 
circle. 

24. Describe a circle which sbaD pass through one sngle, and tooch two sides 
of a giren square. 

25. If DE be drawn parallel to the base EC of a triangle ABC, show that the 
circles described about the triangles ABC and AD£ hare a common «^ng»nt- 

26. The angle ACB of any triangle is bisected, and the base AB is lusected 
at right angles, bj straight lines which intersect at D ; show that the angles 
ACB, ADB are together equal to two right angles. 

27. If ABCDEF is a regular hexagon, and AC, BD, CE, DP, EA, FB, be 
joined, anotlier hexagon will be formed whose area is one-third of that of the 

former. 

28. If anj number of parallelograms be inscribed in a given paralldogrun, 
the diameters of all the figures shall cut one another in the same point. 

29. If ABCDE be anj pentagon inscribed in a circle, and AC, BD, CE, DA, 
£B, be joined, then are the angles ABE, BCA, CDB, DEC, EAD, together 
equal to two right angles. 

30. If in anj circle the side of an inscribed hexagcm be produced till it be- 
comes equal to the side of an inscribed square, a tangent drawn from the 
extremity, without the circle, shall be equal to the side of an inscribed octagon. 
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ON 

BOOK V. 



DEFINITIONS. 

I. When is a less ma^iitude said to be a part of a greater ? Ji. A greater 
magnitude a multiple of a less ? ni. What is ratio ? ly. When are magni- 
tudes said to have a ratio to one another ? y. Of four magnitudes, when is 
the first said to have to the second the same ratio which the third has to the 
foarth? VI. What are proportionals? vii. Of four magnitudes, when is 
the first said to have a greater ratio to the second than the third to the fourth? 
viii. What is * analogy * or * proportion ' ? ix. Of how manj terms must a 
proportion consist? x- If three magnitudes are proportionals, what is the 
relation between the first and second as compared with that between the first 
and third ? xi. If four magnitudes are continued proportionals, what is the 
relation between the first and second as compared with the relation between 
the first and fourth ? Define ' compound ratio/ xn. What is meant bj ' homo- 
logous ' terms in proportionals ? xiii. What is meant hj the terms ^ permu- 
tando ' or * altemando 'as used in proportion ? xiv. * Invertendo' ? xv. ^Com- 
ponendo'? xvi. * Dividend©'? xvii. * Convertendo'? xviiL Explain the term, 
' Ex cequall distantia * ox ^ Ex cequoJ xix. ^ Ex asgwdu* xx. ' Ex csquaH 
in proportione perturbatd. 

AXIOMS. 

I. What is the relation between equimultiples of the same or of equal magni- 
tudes ? II. What is the relation between magnitudes of which the same or 
equal magnitudes are equimultiples ? iii. The relation between a multiple of 
a greater magnitude and the same multiple of the less ? iv. How are magni- 
tudes related, a multiple of one of which is greater than the same multiple of 
another ? 

PROPOSITIONS OF BOOK V. 

Prop. 1. If any number of magnitudes be equimultiples of as many, each of 
each ; what multiple soever any one of them is of its part, the same multiple 
shall all the first magnitudes be of all the others ? 

Prop. 2. If the first magnitude be the same multiple of the 8ecoudl\^■a.\»^JBR^ 
third is of the fourth, and the fifth the same muWi^Ye o? W^ «»^^wA ^^N» ^^ 
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sixth 18 of the fourth ; then shall the first together with the fifth be the same 
multiple of the second, that the third together with the sixth b of the foarth. ' 

Prop. 3. K the first be the same multiple of the second^ which the third is of 
the fourth ; and if of the first and third there be taken equimultiples ; these 
shall be equimultiples, the one of the second, and tlie other of the fourth. 

Prop. 4. If the first of four magnitudes has the same ratio to the second 
which the third has to the fourth ; then any equimultiples whatever of the first 
and third shall have the same ratio to any equimultiples of the second and 
fourth, viz. ' the equimultiple of the first shall have the same ratio to that of 
the second, which the equimultiple of the third has to that of the fourth.* 

Prop. 5. If one magnitude be the same multiple of another, which a mag- 
nitude taken from the first is of a magnitude taken from the other ; the re- 
mainder shall be the same multiple of the remainder, that the whole is of the 
whole. 

Prop. 6. If two magnitudes be equimultiples of two others, and if equimul- 
tiples of these be taken from the first two ; the remainders are either equal to 
these others, or equimultiples of them. 

Prop. A. If the first of four magnitudes has the same ratio to the second, 
which the third has to the fourth ; then, if the first be greater than the second, 
the third is also greater than the fourth ; and if equal, equal ; if less, less. 

Prop. B. If four magnitudes are proportionals, thej are proportionals also 
when taken inversely. 

Prop. C. K the first be the same multiple of the second, or the same part of 
it, that the third is of the fourth ; the first is to the second, as the third is to 
the fourth. 

Prop. D. If the first be to the second as is the third to the fourth, and if the 
first be a multiple, or a part of the second ; the third is the same multiple, or 
the same part of the fourth. 

Prop. 7. Equal magnitudes have the same ratio to the same magnitude : and 
the same has the same ratio to equal magnitudes. 

Prop. 8. Of two unequal magnitudes, the greater has a greater ratio to any 
other magnitude than the less has: and the same magnitude has a greater 
ratio to the less of two other magnitudes, than it has to the greater. 

Prop. 9. Magnitudes which have the same ratio to the same magnitude are 
equal to one another : and those to which the same magnitude has the same 
ratio are equal to one another. 

Prop 10. That magnitude which has a greater ratio than another has unto 
the same magnitude, is the greater of the two : and that magnitude to which 
the same has a greater ratio than it has unto another magnitude, is the less of 
the two. 

Prop. 1 1 . Batios that are the same to the same ratio, are the same to one 
another. 

Prop. 12. If any number of magnitudes be proportionals, as one of the ante- 
cedents is to its consequent, so shall all the antecedents taken together be to all 
the consequents. 

Prop. 13. If the first has to the second the same ratio which the third has to 
the fourth, but the third to the fourth a greater ratio than the fifth has to the 
sixth ; the firt>t shall also have to the second a greater ratio than the fifth has 
to the sixth. 
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Prop. 14. If the first has the same ratio to the second which the third has to 
the fourth ; then, if the first be greater than the third, the second shall be 
greater than the fourth ; and if eqnal, equal ; and if less, less. 

Prop. 15. Magnitudes have the same ratio to one another which their equi- 
multiples have. 

Prop. 16. If four magnitudes of the same kind be proportionals, thej shall 
also be proportionals when taken alternately. 

Prop. 17. If magnitudes, taken jointly, be proportionals, thej shall also be 
proportionals when taken separately : that is, if two magnitudes Ibgether have 
to one of them, the same ratio which two others have to one of these, the re- 
maining one of the first two shall have to the other the same ratio which the 
remaining one of the last two has to the other of these. 

' Prop. 18. If magnitudes, taken separately, be proportionals, they shall also 
be proportionals when taken jointly : that is, if the first be to the second, as 
the third to the fourth, the first and second together shall be to the second, as 
the third and fourth together to the fourth. 

Prop. 19. If a whole magnitude be to a whole, as a magnitude taken from 
the first is to a magnitude ts^en from the other ; the remainder shall be to the 
remainder as the whole to the whole. 

Prop. E. If four magnitudes be proportionals, they are also proportionals by 
conversion ; that is, the first is to its excess above the second, as the third lo 
its excess above tl e ioxa:\\ 

Prop. 20. If there be three magnitudes, and other three, which, taken two 
and two, have the same ratio ; then, if the first be greater than the third, the 
fourth shall be greater than the sixth ; and if equal, equal ; and if less, less. 

Prop. 21. If there be three magnitudes, and other three, which have the 
same ratio taken two and two, but in a cross order ; then if the first magnitude 
be greater than the third, the fourth shall be greater than the sixth ; and if 
equal, equal ; and if less, less. 

Prop. 22. If there be any number of magnitudes, and as many others, which 
taken two and two in order, have the same ratio ; the first shall have to the 
Ust of the first magnitudes, the same ra'io which the first has to the last of 
the others. N. B. This is usually cited by the words * ex sequali,* or * ex aequo.' 

Prop. 23. If there be any number of magnitudes, and as many others, which 
taken two and two in a cross order, have the same ratio ; the first shall have 
to the last of the first magnitudes the same ratio which the first has to the last 
of the others. N. B. Tliis is usually cited by the words * ex aequali in proper- 
tione perturbat& ;* or ' ex asquo perturbato.' 

Prop. 24. If the first has to the second the same ra^io which the third has 
to the fourth ; and the fifth to the second the same ratio which the sixth has to 
the fourth ; the first and fifth together shall have to the second, the same ratio 
which the third and sixth together have to the fourth. 

Prop. 25. If four magnitudes of the same kind are proportionals, the greatest 
and least of them together are greater than the other two together. 

Prop. F. Batios which are compounded of the same ratios, are the same to one 
aqpther. 

Prop. G. If several ratios be the same to several ratios, each to each ; the 
ratio which is compounded of ratios which are the same to the first ratios, each 
to each, shall be the same to the ratio compounded of ratios which are the same 
to the other ratios each to each. 
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Prop. H. If a rafao which is eompomided of sereral niam be the mme to a 
ratio which is componnded of several other ratios ; and if one of the first ratios, 
or the ratio which is eomponnded of several of them, be the same to one of the 
last ratios, or to the ratio which is compounded of several of them ; then the 
remaining ratio <^ the first, or, if there be more than one, the ratio componnded 
of the remaining ratios, shall be the same to the rMnaining ratio of the last, or, 
if there be more than one, to the ratio componnded of these remaining ratios. 

Prop. K If there be anj number of ratios, and any number of other ratioB 
such, that H^ ratio which is componnded of ratios which are the same to the 
first ratios, each to each, is the same to the ratio which is componnded of ratios 
which are the same, eac < to each, to the last ratios ; and if one of the first 
ratios, or the ratio which is compounded of ratios which are the same to seversl 
of the first ratios, each to each, be the same to one of the last ratios, or to the 
ratio which is compounded of ratios whidi are the same, ieacfa to eadi, to 
several of the last ratios ; then the remaining ratio of the first, or, if them be 
more than <me, the ratio which is compounded of ratios which are the same 
each to each to the remaining ratios of the first, shall be the same to the re- 
maining ratio <^ the last or, if there be more than one, to the ratio which is 
compounded of ratios which are the same each to each to these remi^aing 
ratios. 



THE FIFTH BOOK OF EUCLID PROVED ALGEBRAICALLY. 

The Fifth Book is read ohieflj bj advanced students for the sake of its logic. 
With young students, perhaps, the better plan is to folbw tiie recommendation 
of De Morgan— eitiier reject the book altogether and substitute the numerical 
definition of proportion, or if the book be retained make the numerical definition 
accompanying it ; for ratio which is essentially a property of number, will be 
more readily apprehended by arithmetic, than by the tedious but correct method 
of Euclid. 

It is well, in the first place, to observe the distinction between the geome- 
trical and the arithmetical view of the subject. In geometry the question in 
confined to the equality or inequality of lines, angles, surfiuies, and solids, without 
reference to any unit whereby they are estimated. Geometry thus gives a defi- 
nite, bat at the same time, an indeterminate measure. Arithmetic, on the 
other hand, gives or * attempts to give the exact values in numbers.' A geome- 
trical ratio can therefore only be represented by the magnitudes themselves ; thus, 
the ratio of two lines is expressed by the length of the lines themselves. But 
an arithmetical ratio may be represented by a third term, which will be an exact 
number when the terms of the ratio are commensurable, and an iq>proiximation 
to it when they are inconunensurable. This distinction seems to have been 
recognised by Euclid, who has treated of arithmetical ratio in Books YIL, VIIL, 
and IX., whilst in Book V. he has given a definition the widest and most 
general of proportion, purposely avnding, no doubt, any reference whatever to the 
exact numerical measure of ratios. 



DEimirioiis. 

1. If a and & be two quantities, and m be any integer which indicates the 
number of times b is contained in a, that is a=mbf then 6 is tLpartot soIndqI- 

tiple of a. 

2. If a=mbj m as before being any integer, a is said to be a mnltiple ofb. 
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3. The quantity of a ratio is known bj dividing the antecedent bj the con- 
sequent ; as the ratio of a ^ 6 is expressed by ~ 



5. The following will show the meaning of this definition :— Let a, 5, a;, ^ be 
foor magnitudes, then the first a is said to have to the second 6, the same ratio 
which the third « has to the fourth y, when if a and x are maldplied by any 
number whatever as m, and b and ^ are maltipUed by any other number as n 
it is found that — 

t If ma be greater than nby then mx is greater than nff, 

' il lima = ft&, then mx = ny. 

Si. If ma be less than n5, then mx is less than ny. 
The second case is true only trhen the terms are commensurable, the other 
two cases apply to magnitudes which are incommensurable.* 

6. If the ratio of a : 5 be the same as the ratio of a; : y, the four terms form a 
proportion, and is thus expressed — 

a:6::a?:3r, 
which is read a is to 6 as a; to y. 

7. Let the four magnitudes a, 6, «, y be taken as in def. 5 ; that is, a lb: I 
X : y, and let ma be greater than n5, but mx not greater than ny ; then a is 
said to have to 6 a greater ratio than » has to y, and x is said to have to y a 
less ratio than a has to b, 

10. If a :&::&: c, a is said to have to c the duplicate ratio of that which it 
has to b. 

11. If a :&::&: c::^: (2::(2:e,&c., a is said to have to (7 the triplicate 
ratio of that which it has to&, and to e the quadruplicate ratio of that which it 
has to 6, &c 

12. If albl*,xiy\ a and x the antecedents are said to be homologous 
to one another ; and b and y the consequents are homol<^ous. 

13. If a ! 6::aj : y, * permntando,' or * altemando' aixllbiy. 

14. If a : b:\x: y, ' invertendo* 6 : a::y r. a. 

15. If a : bi:x :y, * componendo* o + 6 : blVt^-y :y. 

16. If a : b:',x :y, * dividendo' a-b : bllx-y : y ; or which is the same 
thing (v. 17), if a+6 : i:uc+y : y, « : b:\x \ y. 

17. If a : 6;:a; : y, *convertendo* a : a-&::aj : x-y, 

19. Let the first series of magnitudes be 

a, 5, c, l,mjn\ 

and let the second be, 

i», g, *•, «, y, «. 

« It has sometimei been objected to this deBnition that it bears no resemblance to 
the commoD notions of ratios employed in Arithmetic and Algebra. The truth is, this 
resemblance seems never to have been intended. Bj comparing, however, the Arith- 
metical definition with Euclid's, we shall see that they both lead to the same result. 
The obscurity so often complained of in this definition, arises Arom the very general 
and wide terms which it is necessary to employ in order to include every case of equi- 
multiples, net simply such multiples as the doubles and trebles, but every conceivable 
multiple. 

Q2 
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hlollqir, 

m inllf/ :& 

'Exasqaali^a: nllp : «. 

20. Let the first series of magnitades be 

afhfO Iffiifn; 

and let the second be, 

Pi2fr aj,y,p. 

Ifa:(::y :s^ 
b : o::x :^, 
&c. &o. 

limiiqiXt 
minllplq 
' £z asquali in proportione perturbttA,' 
ain::p:x. 



PROP. I. 

Let each of the magniUtdet a, A, e, &a, be equimultiplei of ai many p, q, r, ftc.) 
so that a^mpf bmtmq, csmr, &c. 
Then shall a+6+c+&c.sm(p-(-9+r+&c.) 

For V asBfnp, b^rnqt CBsmr, Ac. 

.*. a+6+c+&c.ssmp+m9+f»r, &c. 
/. af 6+c+&c.=m(p+g + r+&c.) 
That 4s a-^b+c+Ac. is the same multiple of /i+^+r+ftc, that each of a, b, e, ftc 
is of its part Pt 9, r, ftc. 

PROP. II. 

Let a the first magnitude, be the same multiple otb the second, thai e the third is of d 
the fourth ; and e the fifth the same multiple of b the second, that / the sixth is 
of d the fourth j so that, 

a^mbt CBsnbt 

csimdf fssnd. 

Then shall a+0 be the same multiple of b that c+/ls of tf. 

For '/ asamb, and e^nb, 

by addition .*. a+tf«im6-|-n6=>(m+n) ft. 

Similarly *.* c=md^ and/sfuf, 

/, c+/Hm<f-f n4fss(fn-ffi) (i^ 
It has been shown that a-^e contains 6, {m-^'n) times, 
and c4/also contains (f, (m-fn) times ; 
therefore a-f is the same multiple otb that c-f/is of 4. 

PROP. III. 

Let a, ft, sr, y, be four magnitudes such that a is the same multiple of 6 that sr is of y, 
and let c, x, be equimultiples of a andx} that is, letasmft, srsm^, aodosna, 

XssfU?. 

Then shall c, x be also equimultiples of ft and fu 
For '.' ammmb^ and c^na, 

.*. c=nx wftsnmft. 
And '.' gwmmy^ and xiviu, 

/. xssnxmysnmyi 
It has bee* shown that c, and % conuin ft and y respectively urn ilmet | 
/. Ct % are equimultiples of ft and y. 
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PROP. IV. 



Let a, btX^yhe proportionally that li, letalblW. y* 
Then ma : nbl Imx I ny. 

For V a :&::*: y, 
"i"y' 

multiply these equals by ?, m and n being any integers. 

. ma ms , 
rU> ny 
that is, ma : n6: :mx : ny. 
Cor. If » be unity, than ma * 6; :mx * y ; 
and if m be unity, then a I nbl \n I ny. 

PROP. V. 

Let a be the same multiple of b, that x is of y, so that a=mb, x=myt x and y being 
parts ofa and 6. 

Then shall a—x=sm (ft— y). 
For '.* a=fnby and xssmy, 

by subtraction, a—xssmb—my, 

.'. a-x=mib^y), 
that is, a— X is the same multiple oib—y that a is of 6. 

PROP. VI. 

Let a and b be equimultiples of x and y, and let c and d subtracted from a and 6, also 
be equimultiples of x and y ; so that a=mx^ b=myy and c=nx, d—ny. 
Then shall a— c and b—d be either equal to x and y, or equimultiples of them. 

For *.' a=mx, and c=nx, 
by subtraction, a — ca=»ix ^nxss.{m'-n) x j 

and '.* b—my^ and d=ny, 
by subtraction, b'-d=my—ny={m'-n) y ; 

If m— n=l, then a—cssx^ and b—d—y^ but if not, then a— c, and 6— d contain 

X and y, (m— n) times ; 
that is, a—c and 6— d are either equal to x and y, or are equimultiples of them. 

PROP. A. 

Let Ht b^x^ybe four proportionals, that is a : A: Ix ! y* 

Then if a be greater than 6, x shall be also greater than y ; and if equal, equal ; • 
and if less, less. 

Forv« :ft::*:y; 

• «_* . 
b y 

(1) if, then, a be greater than 6, x must be greater than y ; 

(2) if a be equal to 6, x must be equal to y ; 

<3) if a be less than 6, x must be also less than y. 

PROP. B. • INVERTENDO.' 

Let a, 6, x, y be proportionals, that is, albllxly. 
Then shall 6 : a: ly : x. 

For •/ a : bl Ix : y. 



and if 1 be diTided by each of these equals. 



* y 



l-i-"— 1-:-' 

.Mx*=lxl^, 
a X 

ie ^=1? 

a X 



PROP. C. 

Let «,*,«, jr b0 four mfnttadM f 

TbcBikaIl«:ft::jr:jr. 

V^^ • • ■ nil • ^ - - , 

' Ummt 



• • 









ThaiAan«:»:u:F* 

• *»» . 

• • — ^— « 

F » 

* F' 

• • •••••'• F' 



PROF. D. 

Let c,*,x.|rb0pnpoi1ioaalf, that is, «;&::« :fu 
fiM; kt « be a aoltiple of ft ; M that, 1 



Fflrstoee«:ft::jr:jr. 

and •/•-«*, Ay 

F 
i.e. jmrngf $ 

tberefore «if the MNie multiple of |f that a if of ft. 
Secondly^ let « be apart of ft; lO that, a=i 



Then shall »mU, 
n 




ForfinceJ-^; 
ft y 


anda«^ 


••ft"«' 













therefore » it the same part of p that a is of ft. 

PROPS. VII., VIII., IX. 
Are 10 obvious as not to require algebraieal proot 

PROP. X. 

Int, let a have a greater ratio to e than ft has to e. 

Then shall a be greater than ft. 
8loce a hat a graatai ratio to « ibaa dbaa to e^ 



• •• 
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.', t is greatnr than i, 
c c 

.*. a if greater than b. 

Secondly t let c have a greater ratio to b than c hat to a ; 

Then shall b be lets than a. 

Since c has a greater ratio to b than c has to a, 

V - is greater than £; 
b a 

,\ ft is lets than a. 

PROP. XI. 

Let the ratio of a : ft be the same as the ratio of c : d, and the ratio of c : cf the same as 
the ratio of e If. 
Then shall the ratio of a ; ft be the same as the ratio of e :/. 

For': alb Held, 

"b d* 
and •/ c : d-e :/ 

hence ?^=^; 
o f 
and a *. 6: le :/. 

PROP. XII. 

Let a, 6 ; c, tf ; e, A be proportionals, so that a\bl\c\dl\e\f. 
Then shall a\bl\ a-i-c-^e : 6+<^-f/. 

Fox\'a\b:\cldl\e\f, 

• » — C_e, 
"b~d~7' 

a 

also oAasfto, 
hence a (6+d+/)=6 (a+c+Oi 
dividing these equals by b (6 +(/+/)> 

. a^ a+e+e 

"b''S:fd:ir/ 

and a : b: la-^c+e I b+d-^/, 

PROP. XIII. 

Let a, 6, c, d, e^J, be six magnitudes, so that a : 6 : : c : d, but that c has a greater 
atio to d than e has to/. 

Then shall a have a greater ratio to b than r has to/. 
ForVa:ft::c:d, 

• «_* . 
••5"d' 

but since c has a greater ratio to d than « has to/, 

.*. £ is greater than -, 
» / 

also .*. % is greater than £, 
* / 

that it, the ratio of a to 6 is greater than the ratio of e Uif, 

4 

PROP. XIV. 

Let a, ft, r, y, be proportionals, that it a : bllaiy. 

Then if a be greater than «, b shall be greater, than y ; and if e(\,aal^«fl^«\ \ «&<\ 
if lett, less. 



f 



Forv«:*::«:ir. 
• «_' 

* w 

multiply tbeie eqoab bj -^ 

bat if a be greater than x, tbea mutt l> be greater than jr, 
for if it were not lo, the fraction ^ could not be eqaal to ^ ; 

.*. 6 ia greater than jr. 
In the same manner, if a=x, 

.*. 6 is equal to |r. 
And if a be less than «, 

/. 6U lest than jr. 

PROP. XV. 

Let a, 6, be anj magnitudos of the same kind, and let « and jrbe equimult^las of 
a aud b ; so that xssma, and y=mb. 

Then than a ib :i X I y. 

For •«• xsmo, Md y=mA, 

bydiWsion. /. '^'^i 

f mo 

and /.a :»::«: jr. 

PROP. XVL *PERMUTANDO' OR * ALTERNANDO.* 

Let a, 6, X, jr be four magnitudes of the. same kind, which are prc^ortionals 
ylz.aibllxly, 

Thenshalla:«::6:y. 

For •.*«:* ::*:y, 

b y 
multiply these equals by -, 

. ab xb 
bx yx 

. a_b 

• • ^ » 

X y 

and/. «:*::6:y. 

PROP. XVIL *DIVIDENDO.' 

Let a +6, 6, *+y, y, be proportionals, that is, a+6 : 6 : : *+y : y. 

Thenshalla;6::x:y. 

For V fl+* : A ::*+y:y, 
. 11+6 -jr+y 
b y 

* y 
ani taking I from each of these equals, 

max 

* y 

and a : A ; : X : y. 

PROP. XVJII. • COMPONENDO.* 

Let a ; 6 : : X : y. 
Then shall a-k-l Ibi; x+y : y. 
ForV o:5::«;y, 
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xxxr 



. a 

" b 



and adding 1 to each of these equals, 



/«+ 1=5+1 
b y 

. a+b __x+y 
b y 
and a+6 \b\\ «+y : y. 



PROP. XIX. 

Let the whole a have the same ratio to the whole b^ that the part x taken from the 
first, has to the part y taken firom the second ; that is, let a: b\\x\y. 

Then shall «-« : b^y Wa'.b, 

ForVflift ::*:y, 

altemando, .*. a • x : : & : y, 

dividendo, /. a-* : * : : 6-y : y, 

altemando, ,*. a-x : 6-y I : « : y, 

but by hypothesis, a : 6 : : x *. y, 

and ratios that are the same to the same ratio are equid to one another (v. 11) ; 

/, a-«:6-y::a:6. 



dlTldendo, 

iDverteudo, 

componendo. 



PROt. E. * CONVERTENDO.' 
Leta:6::xry. 
Then shall a ; a-b ;\x\ x-y. 

Forv«:*::>:y. 
• « -_* 

A y 
.*. a-6 : & : : x-y : y, 

/.*:fl-6;;y:x-y, 

.*. a;a-fr ::x:x-y. 



PROP. XX. 
Let a, 6, c, be three magnitudes, and x, y, x, other three; so that a\b',\x\y^ and 

6 : c : : y : X. 

Then if a be greater than c, x shall be greater than % ; and if equal, equal ; and if 
less, less. 



.ax. 
b y 

» • — ^— , 

c X 



Forvo?*::«:y, 
and v*:c::y:x, 

and multiplying these equals, 

. ab xy 
oc yx 

or — s^. 

c X 

And if a be greater than c, « must be also greater than x, 

for if it were not so, the firaction - could not be equal to£ t 

c % 

,*. X is greater than x. 

And in the same way it may be shown, 

if a be equal to c, x is equal to x, 

and if a be less than c, x is less than %. 



PROP. XXL 

This may be proved similarly to^the preceding one. 

q3 
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PROP. XXII. * EX iCQUALI • OR * EX iEQUO/ 

Let a.btche three magnitudes, p, 9, r other three, so that albllplq, and blcllq 

Then shall aldlplr. 



ToT\' albllplq. 


. «-.P 


and\'b:c::q:r. 


. 6 a 


malttplying these equals* 




b e q r 




ori-£ 

c r 





and .*. fl : c : : p : r. 
JThe same proof may be extended to four or any number of magnitudes. 

PROP. XXIIL * EX £QUALI IN PROPORTIONE PERTURBATO ' O 

'EX iEQUO PBRTURBATA/ 

Let «, ft, c be three magnitudes, and p, 9, r other three; so that «lbllqlr,i 
b',c::p;q, 

Thenshalla:c::p:r. 

ForVfl:A::9.r, /.r"^* 

b r 

Kid'.'blcllplq, :. *»£} 

c q 

multiply these equals, 

• ^xi^-^x'' 
b c r q 

or — sC. 
c r 
and .*. a : c : : p : r. 
The same proof may be extended to four or any number of magnitudes. 

PROP. XXIV, 

Let a : 6 :: c : <f, and : A ::/: «r. 

Then shall a-^e IbH c+f, d. 

Forvo:6::c:d. 



" b~d' 



and Vff :*::/:<?, .*. 4=^? 

a 

by addition. 5+f=§+^, 

o o a a 

* • 1 T' 

and /. a+«f :*;:«+/ :d. 

Cor. 1. Similarly it may be shown that 

a-c:6::c-/:A 

PROP. XXV. 

Let a\bl\x\v\ and let a be the greatest of the four, and consequently d 
least. (V. 14 and A.) 

Then shall a+y he greater than b-Yx. 
For Va:6::jr:y. 
dividendo, .*. a -ft : 6: U~y I y, 

invertendo, .'. b : a-6; \y : «-y, 

but 5 is greater than y (hyp.), 
also .*. 0—6 is greater than x—y (V. 14) ; 
add to each of these unequals 6-fy ; 

,', a— 6+6+y is greater than X'-y+b-i-yt 
or a-^y is greater than 6+jr. 



OBOHBTBIOAL EXEB0ISS8. XXXtU 



6£0M£TBIGAL EXEBCISES ON BOOK V. 

1. If the first of four proportional magnitudes be gi«ater than the second/ 
the third is also greater than the fourth ; if eqnal, equal ; and if less, less. 

2. If the first of four magnitudes be the same multiple of the second, or the 
same part of it, that the third is of the fourth^ the first is to the second, as the 
third is to the ifourth. 

3. If the first of fbur proportional magnitudes be a multiple, or a part, of the 
second, the third is the same multiple, or the same part, of the- fourth. 

4. If any number of equal ratios be each greater than a giTen ratio, the ratio 
of the sum of their antecedents to the sum of their consequents, shall be greater 
than that giyen ratio. 

5. If the first of four magnitudes have a greater ratio to the second than the 
third has to the fourth, the second shall have to the first a less^ratio than the 
fourth has to the third. 

6. If the first of four magnitudes, of the same kmd,.haye a greater ratio to 
the second than the third has to the fourth, the first shall haTO to the third a 
greater ratio than the second has to the fourth. 

7. If four magnitudes of the same kind be proportionals, and if the first of 
them be the greatest, the fourth shall be the least ; but if the first of them be 
the least, the fourth shall be the greatest 

8. If the first, together with tiie second, of four magnitudes, hare a greater 
ratio to the second, than the third, together with the fourth, has to the fourth^ 
the first shall have a greater ratio to the second than the third has to the 
fourth. 

9. If the first of four magnitudes hare a greater ratio to the second than 
the third has to the fourth, the first, together with the second, shall have to 
the second a greater ratio than the thirds together with the fourth,, has to the 
fifth. 

10. If the first term of a ratio be less than the second, the ratie shall be 
increased hj adding the same quantity to both terms , but if the first term be 
greater than the second, the ratio shall be diminished by adding the same quan- 
tity to both. 

11. If the first of four magnitudes, of the same kind, have a greater ratio to 
the second than the third has to the fourth, the first, together with the third, 
shall have to the second, together with the fourth, a greater ratio than the 
third has to the fourth, and a less ratio than the first has to the second. 

12. If the first, together with the second, have to the second a gi-eater ratio 
than the third, together with the fourth, has to the fourth,, then shall the first, 
together with the second, have to the first a less ratio than the third, t<^gether 
with the fi)urth, has to the third. 

13. If the first, together with the second have to the thlrdy together with the 
fourth, a greater ratio than the first has to the third, then shall the second have 
to the fourth a greater ratio than the first) together with the second, has to the 
third, together with the fourth. 

14. If any number of magnitudes be continual proportionals, their differences 
shall also be proportional. 

15. If there be three magnitudes, and other three, and if the first have a 
greater ratio to the second, in the former set, than the first has to the second, 
in the latter ; and if, also, the second have to the third, in the former set, a 
greater ratio than the second has to the third, in the latter ; then shall the first 
have a greater ratio to the third, in the former set, than the first has to the 
third, in the latter. 



QUESTIONS AND EXERCISES 

ON 

BOOK VI. 



DEFINITIONS. 

I. What are similar rectilineal figures ? n. What are reciprocal triangles 
and parallelograms ? in. When is a straight line said to be cat in extreme 
and mean ratio ? What is meant hj the altitude of any fignre ? 

Prop. 1. Triangles and parallelograms of the same altitude are one to the other 
as their bases. 

Cor, Triangles and parallelograms that haye equal altitudes are to one another 
as their bases. 

Prop. 2. If a straight line be drawn parallel to one of the sides of a trianglCi 
it shall cut the other sides, or these produced, proportionally: and conversely, if 
the sides, or the sides produced, be cut proportionally, the straight line which 
joins the points of section shall be parallel to the remaining side of the triangle. 

Prop. 3. If the angle of a triangle be divided into two equal angles, by a 
straight line which also cuts the base ; the segments of the base shall have the 
same ratio which the other sides of the triangle have to one another : and con- 
versely, if the segments of the base have the same ratio which the other sides ef 
the triangle have to one another; the straight line drawn from the vertex to the 
point of section, divides the vertical angle into two equal angles. 

Prop. A. If the outward angle of a triangle made by producing one of its 
sides, be divided into two equal angles, by a straight line, which also cuts the 
base produced ; the segments between the dividing line and the extremities ef 
the base, have the same ratio which the other sides of the triangle have to one 
another ; and conversely, if the segments of the base produced have the same 
ratio which the other sides of the triangle have ; the straight line drawn from 
the vertex to the point of section divides the outward angle of the triangle into 
two equal angles. 

Prop. 4. The sides about the equal angles of equiangular triangles are pro- 
portionals ; and those which are opposite to the equal angles are homologous 
sides, that is, are the antecedents or consequents of the ratios. 

Prop. 5. If the sides of two triangles, about each of their angles, be propor- 
tionals, the triangles shall be equiangular ; and the equal angles shall be those 
which are opposite to the homologous sides. 
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Prop. 6. If two triangles have one angle of the one equal to one angle of the 
other, and the sides about the equal angles proportionals, the triangles shall be 
equiangular, and shall have those angles equal which are opposite to the hoxpo- 
logons sides. 

Prop. 7. If twp triangles have one angle of the one equal to one angle of the 
otlier, and the sides about two other angles proportionals ; then,, if each of the 
remaining angles be either less, or not less, than a right angle, or if one of them 
be a right angle ; the triangles shall be equiangular, and shall have those angles 
equal about which the sides are proportionals. 

Prop. 8. In a right-angled triangle, if a perpendicular be drawn from the 
right angle to the base ; the triangles on each side of it are similar to the whule 
triangle, and to one another. 

Cor, The perpendicular drawU from the right angle of a right-angled triangle 
to the base, is a mean proportional between the segments of the base. 

Prop. 9. From a given straight line to cut off any part required. 

Prop. 10. To divide a given straight line similarly to a given divided straight 
line, that is, into parts that shall have the same ratios to one another which the 
parts of the divided given straight line have. 

Prop. 1 1. To find a thurd proportional to two given straight lines. 

Prop. 12. To find a fourth proportional to three given straight lines. 

Prop. 13. To find a mean proportional between two given straight lines. 

Prop. 14. Equal parallelograms,, which have one angle of the one equal to 
one angle of the other, have their sides about the equal angles reciprocally 
proportional : and conversely, parallelograms that have one angle of the one 
equal to one angle of the other, and their sides about the equal angles recipro* 
cally proportional, are equal to one another. 

Prop. 15. Equal triangles which have one angle of the one equal to one angle 
of the other, have their sides about the equal angles reciprocally proportional : 
and conversely, triangles which have one angle in the one equal to one angle in 
the other, and their sides about the equal angles reciproeally proportiosal, are 
equal to one another. 

Prop. 16. If four straight lines be proportionals, the rectangle contained by 
the extremes is equal to the rectangle contained by the means : and conversely, 
if the rectangle contained by the extremes be equal to the rectangle contained 
by the means, the four straight lines are proportionals.. 

Prop. 17. If three straight lines be proportionals, the rectangle contained by 
the extremes is equal to the square of the mean ; and conversely, if the rectangle 
contained by the extremes be equal to the square of the mean, the three straight 
lines are proportionals. 

Prop. 18. Upon a given straight line to describe a rectilineal figure similar, 
and similarly situated, to a given rectilineal figure. 

Prop. 19. Similar triangles are to one another in the duplicate ratio of their 
homologous sides. 

Cor. If three straight lines be proportionals as the first is to the third, so is 
any triangle upon the first to a similar, and similarly described triangle npon 
the second. 

Prop. 20. Similar polygons may be divided into the same* number of similar 
triangles, having the same ratio to one another that the polygons have ; and the 
polygons have to one another the duplicate ratio of that^lv.v&\v\bm\i^\fi!^tf»^sQ& 
sides have. 



xl amoMKnacAL bzbboisb& 

Cor, 1. Sniikr MetUioeil fignrsB of airf Bomber of odfi, we to one •DoCher 
in tbo dnpUaita ntie of their hoioM^logons sidee. 

•Tor. 2. If three etnught lines be proportionak, as the ftrst is to the third, so 
is anj rectilineal fignre npon the first, to a similar and simihurlj deecribed rec- 
tilineal fignre npoo the second. 

Prop. 21. Beetilineal figores which are simiUurto the same rectilined figure, 
are alM simihur to one unSbBt. 

Prop. 22. If foor straight lines be proportionals, the nmihur rectilineal figures 
similarly described npon them shall also be proportionals : and conrerselj, if 
the similar rectilineal figoras simiUtflj described npon km ttiaigfat fines be 
proportionals, those straight lines shall be proportionals. 

Prop. 23. Equiangular paralldograms haye to one another the xatiawhidi is 
compounded of the r^ios of their sides. 

Prop. 24. Parallelogranis about the diameter of any parallelogram, are sunikr 
to the whole, and to one another. 

Prop. 25. To describe a rectilineal figure which shall be laaSiax to one, and 
equal to another giren rectilineal figure. 

Prop. 26. If two similar parallelograms have a common angles and be anndaglj 
situated ; thejr are about the same diameter. 

Prop. 27. Of an parallelogramfl applied to the same straight line, and defi- 
cient br parallelograms, simikr and similarij situated to that which Is deecribed 
upon the half of the Ihie; that which is applied to the hal^ and la simUar to 
its defect, is the greatest 

Prop. 28. To a giren straight line to apply a parallelogram equal to a gifen 
rectilineal figure, and deficient hj a parallelogram sunilar to a giyen panSdo- 
gram : but the given rectilineal figure to which the parallelogram to be appfied 
is to be equal, must not be greater than the parallelogram applied to half of the 
given line, having its defect similar to the defect of that which is to be applied; 
that is, to the given parallelogram. 

Prop. 29. To a given straight line to apply a parallelogram equal to a given 
rectilineal figure, exceeding bj a parallelogram similar to another given. 

Prop. SO. To cut a given straight line in extreme and mean ratio. 

Prop. 31. In right-angled triangles, the rectilhieal figure described npon the 
side opposite to the right angle, is eqaal to the similar and similarly described 
figures upon the sides containing the right angle. 

Prop. 32. If two triangles which have two sides of the one proportional to 
two sides of the other, be joined at one angle, so as to have their homologous 
sides parallel to one another ; the remaining sides shall be in a straight line. 

Prop. 33. In equal circles, angles, whether at the centres or circumferences, 
have the same ratio which the circumferences on which they stand have to one 
another: so also have the sectors. 

Prop. B. If an angle of a triangle be bisected by a straight line which like- 
wise cuts the base ; the rectangle contained by the sides of tiie triangle is equal 
to the rectangle contained by the segments of the base, together with the square 
of the straight line which bisects the angle. 

Prop. 0. If from any angle of a triangle, a straight line be drawn perpendicular 
to the base ; the rectangle contained by the sides of the triangle is equal to the 
rectangle contained by the perpendicular and the diameter of the circle described 
Mboat 3u tnMDgle, 
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Prop. D. The rectangle oontained hj the diagonals of a qnadrilateral figure 
inscribed in a eirole, is equal to both the rectangles contained by its oppotdte 
sides. 



GEOMETRICAL EXEBCISES ON BOOK VI. 

1. If the bases of four rectangles be proportionals, and tlieir altkndes be 
also proportionalsi the rectangles themselyes shall likewise be proportionals. 

2. Prove that in iv. 10, one of the triangles is a mean proportional between 
the other two. 

3. From a point E in the common base of two triangles AGB, ADB, straiorht 
lines are drawn parallel to AC, AD, meeting BC, BD at F, G; prove that f G 
is parallel to CD. 

4. The rectangle contamed hj two lines is a mean proportional between the 
squares. 

5. The diameter of a circle is a mean proportional between the sides of an 
equilateral triangle and hexagon about the cirde« 

6. Equiangular parallelograms have to one another the same ratio as the 
rectangles contained hj the sides about equal angles in each. 

7. In a triangle ABC a straight line AD is drawn perpendicular to the 
straight line BD which bisects the angle B; show that a straight line drawn 
from D parallel to BC will bisect AC. 

8. AB is a diameter of a circle, CD is a chord at right angles to it, and E is 
any point in CD; AE and BE are drawn and product to cut the circle at F 
and G; show that the quadrikteral CFDG has any two of its adjacent sides iu 
the same ratio as the remaining two. 

9. If ABC be an inscribed triangle, and BD be drawn parallel to the tangent 
at A to meet AC, or AC produMd, show that AB is a mean proportional 
between AC, AD. 

10. If the diagonals of an inscribed qnadrilateral intersect at right angles, 
the rectangles of the opposite sides are together doable of the area of the 
figure. 

11. Inscribe in a given triangle a panllebgram sunilar te a given pvalle- 
logram. 

12. The line which cuts at equal angles the Imes containing a given angle 
is the least that can be drawn to cut off a triangle of given area. 

13. The straight lines, drawn from the bisections of the three sides of a 
triangle to the opposite angles meet in the same point. 

14. If two trapeaiums have an angle of the one equal to an angle of the 
other, and if, also, the sides of the two figures, about each of theii: angles, be 
proportionals, the remaining angles of the one shall be equal to the remaining 
angles of the other. 

15. To divide a given finite straight Ime into two parts, the squares of which 
shall be to one another in a given ratio. 

16. The base, the vertical angle, and the ratio of the two sides of a triangle 
being given, to construct it. 



Xlii 4IE0METBICAL EXERCISES. 

17. In a given circle place a straight line parallel to a given straight line, 
and having a given ratio to it; the ratio not being greater than that of the 
diameter to the given line in the circle. 

19. ABC is an isosceles triangle; draw AD perpendicular to the baseband 
DDF, cutting AB, AC, in E, F; then AD ; DE ; : AB + AF : AB - AF. 

20. In any triangle, inscribe a triangle similar to a given triangle. 

21. In a given equilateral and equiangular pentagon to inscribe a square. 

22. Similar triangles, and similar polygons, are to one another as any recti- 
lineal figure described upon any side of the one is to a similar rectilineal figuie 
similarly described upon the homologous side of the other. 

23. To cut o£f from a given parallelogram a similar parallelogram, which 
shall be any required part of it 

24. Any rectangle is the half of the rectangle contained by the diameters of 
the squares of its two sides. 

25. In different circles the radii which bound equal sectors contain angles 
reciprocally proportional to their circles ; and conversely. 

26. In the figure of YL 24 show that EG and EH are paralleL 

27. A circle is described round an equilateral triangle, and from any point 
in the circumference straight lines are drawn to the angular points of the 
triangle; show that one of these straight lines is equal to the other two 
togetiber. 

28. If a rectangle be inscribed in a right-angled triangle, having the right 
angle common, the rectangle of the segments of the hypotenuse will be equal to 
the sum of the rectangles of the segments of the sides. 

29. Bisect a triangle by a line drawn parallel to one of its sides. 

30. Describe a rhombus, equal to a given rectilineal figure, and having an 
angle equal to a given rectilineal angle. 

31. Through a given point draw a line so that, if perpendiculars be dropped 
upon it from two other given points, the parts intercepted between the given 
point and the feet of the perpendiculars may be equal. 

32. K three circles touch each other, two of which are equal, the vertical 
angle of the triangle formed by joining the points of contact is equal to the 
angle at the base of the isosceles triangle formed by joining the three centres. 

33. A square is inscribed in a right-angled triangle ABC, one side DE of the 
square coinciding with the hypotenuse AB of the triangle: show that the area 
of the square is equal to the rectangle AD,BE. 

34. Any regular polygon inscribed in a circle is a mean proportional between 
the inpcribed and circumscribed regular polygons of half the number of sides. 

35. To make an isosceles triangle which shall be equal to a scalene triangle, 
and shall also have an equal vertical angle with it. 



QUESTIONS AND EXERCISES 

ON 

BOOK XI. 



L What is a solid? n. What is that which hounds a solid? m. When is 
a straight line perpendicular to a plane ? ly. When is a plane perpendicular 
to a plane ? y. How is the inclination of a straight line to a plane measured ? 
vi. What is the inclination of a plane to a plane ? vn. When are two planes 
said to have the same inclination to each oUier which two other planes have ? 
vm. What are parallel planes ? ix. What is a solid angle ? x. What are 
similar solid figures ? xi. A pyramid ? xiL A prism ? xni. A sphere ? 
xrv. What is the axis of a sphere ? xv. The centre of a sphere ? xvi. The 
diameter of a sphere ? xvn. Define a cone and distinguish between a right- 
angled, an obtuse-angled, and an acute-angled cone. What is the axis of a 
cone ? The base of a cone ? Define a cylinder ? What is the axb of a 
cylinder ? What are the bases of a cylinder ? What are similar cones and 
flinders ? What is a cube ? Define a tetrahedron. An octahedron, A 
dodecahedron. An ioesahedron. What is a parallelopiped ? 

Prop. 1. One part of a straight line cannot be in a plane, and another part 
above it. 

Prop. 2. Two straight lines which cut one another are in one plane, and 
three straight lines which meet one another are in one plane. 

Prop. 3. If two planes cut one another, their common section is a straight 
line. 

Prop. 4. If a straight line stand at right angles to each of two straight lines 
in the point of their intersection, it shall aLto be at right angles to the plane 
which passes through them, that is, to the plane in which they are. 

Prop. 5. If three straight lines meet all in one point, and a straight line 
stands at right angles to each of them in that point ; these three straight lines 
are in one and the same plane. 

Prop. 6. If two straight lines be at right angles to the same plane, they 
shall be parallel to one another. 

Prop. 7. If two straight lines be parallel, the straight line drawn from any 
point in the one to any point in the other, ia in the same plane with the 
paralleh). 

Prop. 8. If two straight lines be parallel, and one of tliem is at right angles 
to a plane; the other also shall be at right angles to the same plane« 



Xliv OEOMETBICAL EZBBCISES. 

Prop. 9. Two straight lines which are each of them parallel to the same 
straight line, and not in the same plane with it, are parallel to one another. 

Prop. 10. If two stnught lines meeting one another he parallel to two others 
that meet one another, and are not in the same plane with the first two ; the 
first two and the other two shall contain equal angles. 

Prop. 11. To draw a straight line perpendicular to a plane, from a given 
point above it. 

Prop. 12. To erect a straight line at right triangles to a given plane, from a 
point given in the plane. 

Prop. 18. From the same point in a given plane, there cannot he two straight 
lines at right angles to the plane, upon the same side of it ; and there can be 
but one perpendicular to a plane from a point above the plane. 

Prop. 14. Planes to which the same straight line is perpendicular, are parallel 
to one another. 

Prop. 15. If two straight lines meeting one another, be parallel to two other 
straight lines which meet one another, bat are not in the same plane with the 
first two; the plane which passes through these is parallel to the plane passing 
through the others. 

Prop. 16. If two parallel planes be cut bj another plane, their common sec- 
tions with it are parallels. 

Prop. 17. If two straight lines be cut bj parallel planes, thej shall be cat in 
tlie same ratia 

Prop. 18. If a straight line be at right angles to a plane, ever7 plane ^hich 
passes through it shall be at right angles to that plane. 

Prop. 19. If two planes cutting one another be each of them perpendicular 
to a third pUme ; their common section shall be perpendicular to the same 

plane. 

Prop. 20. If a solid angle be contained by three plane angles, any two of 
them are greater than the third. 

Prop. 21. Every solid angle is contained by plane'angles, which together are 
less than four right angles. 



EXERCISES ON BOOK XI. 



1. If P be any point in the plane of a parallelogram ABCD, show that the 
triangle PBD is equal to the sum of the triangles PAB, PBC. 

2. Draw a perpendicular in two given lines, not in the same phine. 

3. Two planes being perpendicular to each other, draw a third, perpendicular 

to both. 

4. If two planes which are not parallel be cut by two other parallel planes, 
the lines of section of the first by the last two will contain equal angles. 

5. If two planes intersect, and straight lines are drawn in one of the planes 
from a point in the common intersection making equal angles with i^, show that 
tbey are equaUj iodined to the other plane. 
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6. From a point A a perpendicolar is drawn to a plane meeting it at B; 
from B a perpendicular is drawn on a straight line in the plane meeting it at 
G; show that AG is perpendicular to the straight line in the plane. 

7. From a point E draw EG, ED perpendicular to the plane GAB, DAB 
which intersect in AB, and from D draw DF perpendicular to the plane GAB 
meeting it at F; show that the straight line'GF, produced if necessary, is 
perpendicular to AB. 

8. Show that the perpendicular drawn from the vertex of a regular tetra- 
hedron on the opposite face is three times that drawn from its own foot on any 
of the other faces. 

9. Having three points given in a plane, find a point above the plane equi- 
distant from either of them. 

10. Tyro points are ta^en oh two wa^ which meet at an angle; find the 
fihortest line which joins them. 

11. There can be only five regular solids. 

12. Two of the jthree plane angles which form a solid angle, and also the 
inclinatioB of thdr planes, being given, it is required to find the third plane 
angle. 

13. Polygons formed by cutting a prism by parallel planes are equal 

14. Polygons formed by cutting a pyramid by parallel planes are similar. 

15. Of all the angles, which a straight line makes with any straight lines 
drawn in a given plane to meet it, the least is that which measures the inclina- 
tion of the line to the plane. 

16. ABG is a triangle; the perpendiculars from A and B on the opposite sides 
meet at D; through D a straight line is drawn perpendicular to the plane of the 
triangle, and £ is any point in this straight line ; show that the straight line 
joining £ to any angular point of the triangle is at right angles to the straight line 
drawn through that angular point parallel to the opposite side of the triangle. 

17. Perpendiculars are drawn from a pmnt to a plane, and to a straight line 
in that plane ; show that the straight line joining the feet of the perpendiculars 
is perpendicular to the former straight line. 

18. From two given points, draw equal lines to the same point of a given 
line, not in the same plane with them. 

19. If two lines are parallel, the common section of any two planes passing 
through them will be parallel to either. 

20. If a pyramid with a polygon for its base be cut by a plane parallel to the 
base, the section will be a polygon similar to the base. 
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Stevens and Hole's Grade Lesson-Book Primer Nearly ready, 

— — — Grade Lesson Books, in Six Parts 5s.8d. 



The First SUadurd U. 

The Second StendArd ild. 

The Third Standard M. 
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ITLeod's 6Ta(liiat«d Series of mne Copy-Books each Sd. 



1. Ezercitm in Right lined letters. 

2. Ezferciaea in Cnrrad and Crotchet Letters. 

3. Bserci»es in Looped Letten, Ac. 

4. Cspitsia, Large Hand, and Half Test. 

5. Capitals, Largs Hand, Half Text, and Small 

Hand. 



6. Large Hand, Half Test, and Small 

Hand. 

7. Half Text and Small Hand. 

8. Shnall Hand. 

9. For Exercises in DIetatlon and Coape- 

sitioa. 



School Poetry Books, 

M'Lcod's Poetical Reading Book, for Families and Schools 9d. 

— Second Poetical Reading-Book ls.Rd. 

Cook's First Book of Poetry for Elementary Sofao(ds 9d. 

— Poetry for Schools 28. 

Readings in Poetry, from the best English Poets 8s.0d » 

T wells's Poetry for Repetition, comprising 150 short pieces 28. 6d 

Connon's First Four Books of Milton's Paradise Lost S8.6d. 

Hughes's Select Specimens of English Poetry S8.8d. • 

Graham's Studies from the English Poets 7s. 

Playtime frith the Poets ; a Selection for the use of Children, by a Lady 5s. 

English Spelling-Books, 

Mongati's Practical Spelling^Book, Pronouncing, Explanatory, and DeriyatlTe. la.6d 

Graham's English Spelling, with Rules and Exercises U.<d. 

Sewell's Dictation Exercises ; a New English Spelling-Book la. 

Carpenter's Scholar's Spelling Assistant Is. 

M'Leod's Improved Edition of Carpenter's Spelling Assistant Is. 8d. 

Sullivan's tipelling-Book superseded l8.4d. 

Grammar and the English Language. 

M'Leod's Explanatory English Grammar for Beginners gd. 

— English (Grammatical Definitions, for Home Study Id. 

Bain's English Grammar 2s. 6d. 

Mongau's Practical English Grammar Ss. 6d. 

— Abridgment of English Grammar Nearlp ready. 

Graham's Helps to English Grammar, or, Spelling and Reading made Easy 2s. 6d. 

— English, or the Art of Composition Explained Ss. 

— English Grammar Practice* 4s. 6d. 

Sullivcan's Manual of Etymology lOd. 

— Attempt to Simplify English Grammar Is. 

Hiley's Child's First English Grammar Is. 

Abriilgment of Hiley's English Grammar Is. 9d. 

Hilay's English Grammar and Style Ss. 6d. 

Exercises adapted to Hiley's English Grammar 2s. 6d. ; Key, Ss. 6d. 

Hiley's Practical English Composition, Part I Is. 6d. ; Key, 2s. Sd. 

— Practical English Composition, Part II 8s.; Key, 48. 

-ri Practical English Composition, Part III 4a. 6d. 

Sad^r|s Stepping-Stone to English Grammar Is. 

Best's Elementary Grammar for Village Schools Sd. 

Kirkiis's English Grammar, for the Junior Classes Is. 

Smun's Accidence of EnglUh Grammar Is. 

— Principles of English Grammar 28. Sd. 

Hunter's Text- Book of English Grammar 2s. Sd. 

— Introduction to the Writing of Precis or Digests 2s. j Key, Is. 

— School Manual of Letter-Writing l8.6d. 

Graham on English Style 6b. 



I 
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General Lists of School-Books 8 



Marcef 8 Willy's Grammar, for the TJie of Boys 2«. 6cl, 

— . Mary's Grammar, intended for the Use of Girls 8s.6d. 

— Game of Grammar, in Counters 8e. 

— Conversations on Lanf^uage 4fl.6d. 

Morell's Essentials of EnRlish Grammar and Analysis cloth 9d. ; sewed 8d. 

— Grammar of the English Language, Es. ; or, with a series of Graduated 

Exerdses 28. 6d. 

The Exercises separately, cloth 9d. sewed 8d. 
Lowres's Grammar of English Grammars Ss.Od. 

— Companion to English Grammar 2«.6d. 

Edwards's History of the English Language 90. 

— Practical Introduction to English Composition l8.6d. 

Martin's First English Course, on the Analysis of Sentences 2s. 6d. 

Latham on the English Language, Fifth E^tion, 8to. 18s. 

Latham's Handbook of the English Language Ts. 6d. 

— Elements of Comparative Philology, 8vo 21s. 

— English Grammar for Classical Schools 28. 6d. 

— Elementary English Grammar 48.6d. 

Latham and Maberly's Smaller English Grammar 28.6d. 

Brewer's Guide to English Composition Ss.ed. 

Clark's Student's Handbook of Comparative Grammar 78.6d. 

Roget's Thesaurus of English Words and Phrases lOs. 6d. 

Mailer's Lectures on the Sciehce of Language, First Series, Fourth Edit. 8vo. 12s. 

— Second Series, preparing for publicati(m. 

Paraphrasing, Parsing, and Analysis, 

Morell's Analysis of Sentences Explained and Systematised 2s. 

Lowres's System of English Parsing and Derivation Is. 

Hunter's Paraphrasing and Analysis of Sentences Is. 8d. ; Key, Is. 3d. 

— Shakspeare's Hmry the Eighth 2s. 6d. 

— Shakspeare's Jtt/i«« C<8«ar 28.6d. 

— Shakspeare's Merchant of Venice 28. 6d. 

— Books I. and 11. of Milton's Paradiee Lo$t each Book Is.^. 

— Questions ou Paradiee Lo$t, I. and IL and on the Merchant <if Venice, Is. 

— Milton's Coraus, L' Allegro, and II Penseroso ls.6d. 

— Bacon's Advancement ofLeaminff, Annotated summary of 2s. 

— School Edition of Johnson's fia«seto« 2s.6d. 

M'Leod'8 School Edition of Thomson's £^ffi^ 2a. 

— - — — Winter 2s. 

— - — Goldsmith's Dewrted FiUo^tf ls.6d. 

Bromhy'8 School Edition of Wordsworth's Excursion, Book I l8.(kl. 

Dictionaries; loith Manuals of Etymology, 

Latham's Dictionary of the English Language, founded on Dr. Johnson's, with 
numerous Emendations and Additions, in course of publication in Thirty 
Monthly Parts, forming Two Yolumes, 4to each 3s. 6d. 

Black's Student's Manual of Words derived from the Greek 2e. 6d. 

— Sequel to above, or Dictionary of Words derived firom the Latin 6s. 6d 

Sullivan's Dictionary of Derivations 2s. 

— Dictionary of the English Language Ss.Gd. 

Graham's English Synonyms, Classified and Explained 6s. 

English Synonyms, edited by R. Whately, D.D Ss. 

Smart's Walker's Pronouncing Dictionary, 8vo 128. 

— Walker's Pronouncing Dictionary Epitomised 6s. 

Manndcr's Treasury of Knowledge and Library of Reference IQs. 

— Scicntifio and Literary Treasury 10b. 
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JSheuium, 

Smnfs Pnustioe of ElocutioD U, 

— Hfatorico-Shatopearian B—HiMf fi. 

Rowton'sIMMtor: or, Nir Theory of Public fpiilrfng flk 

TwelLi's Poetry for Bepefeltioa U.9L 

Oleics School Series. L 

▲ New Seriee of SlemeDtany Sdiool-Boolu; eseh Bodk (in moet iiMteMM) 
complete in Itedf, price9d. Intended to oomprise » complete Oooiae of 
Klementeiy Bdneatioo> Prelected and edited l^the1le»-.6. B.Oieig.lC^ 
Clmplain-Oeneral to Her MMiettj*n Poreee ; aaeieted tgr emioeot Teeehem 
and Promoter! of Edoeation.— The Tarioos works whidb compoee CUrfflTt 
Sduxd Beries are all indnded inthebodyof fihepiefenfcCatakviMb«Mbin 
tbe dlTialon to whidi it belongs. 

Jriihmeiiem 

CMenso's Arithmetic designed fbrfhense of Sdiools ,.., «... 4»JL 

Maynard's Key to Cdenso's Arithmetic for BduMls ik 

Colenso's Arithmetical Tables, on a Card. Id. 

— £lemeutary Arithmetic Is.iML, or with Answen, fs.Sd, 

Cokiuo's BUmemtaiy Arithmetic maj be had in Fitc Parte, aefoUo«i>— 



1. Text-Book .••M........M.I i.BmamfiM,Pt.lLOtmrmmidAritkm0tie id. 

2. 'Bxamrlie»;Pt.l^impUArithm€tie4d, I 4. EMMmpln^m.FrmeUon*J}ieimuatJhinittimwlt4d. 

6.Aii»weritotheEiwplii,withBoltieM»f the— redMeottq— tieai U. 

M'Leod's Six Standards of ArithnHticStwidanlB I. and IL «aflh N. 

— Vannal of Arithmetic; containing 1,790 Qoestione fA. 

— Solations of Arithmetical Questions by First Principles, Svo Ss. 6d. 

-^ Mental Arithmetic, Pabt I. Whole Numbers; Pak IL VmaOomm, a^di la. 

— Extended Uultiplication and Pence Tables id. 

Solomon's Impvored Aritiimetical Tables 6d. 

Johnston's Civil Serrice Arithmetic, containing 1,880 Qoeations Ii.6d. 

Hiley's Arithmetical Companion Si.; 1^, 5a. 

Tate'sTreatiseonthePirst Principles of Arithmetic.. l8.6d. 

— Companion to the First Principles of Arithmetic 8S.6d. 

— System of Mental Arithmetic, for the use of Teachers, 9ro la. 

TateOn tiie New Coinage, in relation to Sdiool Arithmetics 9d. 

Tate's Prindples of the Diiferential and Inteicral Caleofais 4a.6d. 

Hall's Treatise on the Differential and Integral Oalcnhn 8a.8d. 

Oalbraith and Haoghton's Manual of Arithmetic sewed 8a., doth Ss.6d. 

Pix's Miscellaneous Examples in Arithmetic 2B.6d. 

Davis's Memory Work of Arithmetic 4d. 

— ArttlmMtical Examples. Part L— containing 188^800 New Qnealkau 

from Simple Addition to Compo un d Proportion doth 8d. ; Kej la. 

%* This Key serves also for Davis's Grade ArWmeUe and Cords. 
-- — — Part IL— containing 3,148 Qnestions in the 

higher Rules and in Mensuration cloth 8d. ; Kcj la. 

%* B9ampU$, Parts I. and II . together, Is. 4d. The Two K«ys together, 2a. 
Davis's Orade Arithmetic Part I. viz. Standards L II. and III.— eontdniiv 

tfii& Examples in the Four Simple Aileo Sd. 

-. — — Part II. viz. Standards IV. and Y.— oontaiaing 

8,06B Examples in the Poor Compo un d Bolaa . . Sd. 
~ — — Partlll. viz. Standard VI.— containing 7as Exam- 

ples in BIUs of Paree]a,Proportioo, and Fraetiee Sd. 

— — — Complete, the Three Parts In One VOL ,. fld. 
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Bsris's Halfpenny Aritbmetie Card*, for lale in Robools at a Halfpenny each 
Card. To be had only in Packets of lliirty-eix Cards, as follows :— 
1. Simple Roles complete, containing 970 Knms ou 18 Cards, price 9d. 
S. Simple Addition, 3 sets, each containing 120 Sums on 18 (^irds, price fld. 
S. Simple Sahtraction, 9 sets, each oontaininff 160 Sams on 18 Cards, pries 9d. 
4. Umple MnltipUcation, 9 sets, each containiDg 340 Sams on 18 Carda, priee Sd. 
8. Simple Division, 9 sets, each ocmtainittK 350 Sams on 18 Cards, priee fld. 
•, Compoand Rnles complete, containing 1,257 Sams on 18 Cards, prios 9d. 

7. Comiwand Addition, 2 sets, eadi containing 147 Sams on 18 Garda, priee 9d« 

8. Com p o un d Sabtraction, Osets, each containing 143 sums on 18 Cards, price 9d. 

9. Compoand Haltiplication, 6 sets, each oontainiiigiBB Soma on 18 Cards, pries 9d« 
10. Compoand Division, 6 sets, each containing 506 Sams on 18 Cards, priee 9d. 
Galder's Familiar Explanation of Arithmetic, price 4a. 6d.; or with Answers, 

price 5s. 6d.; the Answers separately. Is. 
UddaiTa Arithmetic for Schools 2a.: Answers, Sd. 

Book-keeping. 

lAister'aBoolr'IceepiBff by "Single and Doable Entry 9d. 

-^ Set of Eight Acooant Books, adapted to the above each 6d. 

Hmiter'a Solntions of Qoestious in Arithmcdc and Book-keqiing; uied in the 

(^vil Service Examinations ls.6d. 

— Ezamination-Qnestions in Boolc4reeping by Doable Entry Is. 

Or with Answers, 28. Od. 
Baled Paper for the varions Forms of Aceoant Books required in Hmiter'a 

Xxaminadon-Qoestkms in Bo(ric>kcQtog, 5 sorts pv quire, ls.6d. 

Mensurtxtion, 

Hmrter^SemsalBof MeRsiiratton,18mo fld.; Kay, 9d. 

Boncber's Mensaratioa, Plane and Solid, 12mo. 8a. 

Land's Elements of Mensnration 8s. Od. 

Calder's Exercises in Hensaration : forming a Key to the above 8s. 

NesbifaTraatiaeonPraatleallleBsaraftioB ik; Ksy» 5s. 

Algebroi 

Oolenso's Elements of Algebra, for the nse of Schools, Pak£.... 4s. 6d.; E^» 5a. 

Hmiter's Examination-Qaestions on ColensO's Algdna, PabcL. 2s.6d. 

C(denso's Elonents of Algebra, for the nse of Schools, PabzU. M.; Key« 5s. 

— — — complete, 8vo. UB.6d.; Kiey, 7s.6d. 

— — — for National Schools ls.6d.; Key. 2s.6d. 

— Miscdlaneons Examples and Sqoation Pq^ers in Algebra 2s. 6d. 

Tate's Algebra made Easy Sa.:.Key, aB.6d. 

Beynolds's Elementary Algebra, for Banners fld.; Kq7t Sd. 

HaU'a Elements of Algebra, for Sdiools and Colleges 5s. 

Thomson's Elementanr Trestiee on Alsebra. Sa.; Key, 4a. 6d. 

Wood's Elements of Algebra, for Students of tlie University, by Lnnd, 8ro.. . . .12Sb6d. 
Land's Companion to Wood's Algebra 78.63. 

— Key to Wood's Algetaa 7^6d. 

— Short and Easy Coarse of Algebra 2s.6d.; K^, 2a.6d. 

Galbcsith and Hangbton's Hanaal of Algebra, PjlBT L sewed,2s.; ciotti,2a.0d. 

Wharton's Sedations of every class of Rvantplt^ in Algebra. 0s. 6d. 



Geometry and Trigonometry, 



TotUft Editiont of EucUff» EUmmtt for SekooU and CoUeget. 
Potts's Eodid's Elements, Books I. to VJ. and parts of XI. and XII., Univer- 
sity Edition, 8vo. 10s. 

— — — School Edition 4s.«d. 
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FotU'i EncUd't Element*. School Edition, Booki I. to TV. 8e. ; Booki I. to HI. Si. Id. 

— — — with Notes, Questions, and Geometrical Exoroises, 

Book I. Is.; Books I. and IL U.id. 

— Ennnciations of Endid *. M. 

Tate's Practical Geometrj ; with Ml Woodcnts. ISmo la. 

— Principles of Oeoroetrj, Mensaratinn. Ac. l:imo SB.6d. 

Land's Geometry as a Science, ls.6d. and Geomf-try as an Art, Ss.; together, S8.<id. 

— Geometrical Easy Exercines, with their Solutions Ss. 6d. 

Oalbraith and Hanghton's Mamxal of Euclid. Books I. to III. sewed, 2s. ; doth, Ss.6d. 

- - BooksIV.toVI.sewed,Ss.:eioCh,Ss.6d. 

Daris's Elements <rf Plane Geometry, or First Six Books of Eoclid la. 

Isbister's First Steps to Endid l8.6d. 

— Geometrical Copy-Books Two Copy-Bodka, eadi Ad. 

— School Eoclid ... 2s. Od. separately ; Book I. Is. and Booka I. and II. ls.6d« 

— College Euclid In jw^Mra^** 

Tate's First Three Hooks of Euclid's Elements 12mo. ls.6d.: ISmo. 0d. 

Narrien's Elements of Geometry, 8to 10s.M. 

Oolenso's ElemenU of Euclid, 18mo 4s.6d.; or with Kay, es.6d. 

— Geometrical Problems and Key Si.<d. 

— Geometrical Problems, separately Is. 

— Plane Trigonometry Part I.Ss.6d.; Key, Ss.M. 

~ — — Fartll. Ss.fld.: Key. Sa. 

%* The Keys to the Two Parts of the Trigonometry, together, price 8s. 6d. 

Hunter's Elements of Plane Trigonometry l8.t Key, 9d. 

Galbraith and Hanghton's Manual of Plane Trigonometry, sewed, Ss.; cloth .... Sa.<d. 
Hymers's Treatise on Plane and Spherical Trigonometry, Sfro 8s. 6d. 

— Differential Equations and Calculus of Finite DUEBrenoee, Sro. lis. 

Hunter's Treatise on Logarithms Is.; Key, 9d. 

Jeans's Plane and Spherical Trigmiometry 7s.6d. ; or in Two Parta, eadi 4a. 

— Problems in Astronomy, Ac. a Key to the above is. 

Land Surveying, Dratoingt and Practical Mathemaiia. 

Tabor's Land Surveying and Levelling for Farmers and Schools Si. 6d. 

Nesbit's Treatise on Practical Lana Surveying 12a. 

Tate's Drawing-Book for Little Boys and Girls Is. ed. 

— Drawing finr Schools, after the Method of Dnpuis 6s.6d. 

— Mathematics for Working Men, Fart L 8vo 2s. 

Thornton's Elementary Treatise on Land Surveying and Levelling 2s. 6d. 

Binns's Orthographic Projection and Isometrical Ihtiwing Is. 

— Geometrical Drawing Part 1. 4s.; Part IL 6s.; complete, 0s.6d. 

Hale's Handbook of Elementary Drawing 6s. 

Cape's Coarse of Mathematics, 2 vols. 8vo ZU, 

— Mathematical Tables of Logarithms, &c. royal 8vo 10s. 6d. 

Winter's Elementary Geometrical Drawing PartLSi.6d.t Part II. 6a.8d. 

Galbraith and Hanghton's Manual of Mathematical Tables sewed. Si. ; cloth, as.8d. 
Kimber's Mathematical Course for theUnivenity of London, Part I. (Matricu- 
lation Examination) 8vo 6s. 6d. ; Solutions, forming a Key, 2s. 6d. 

Salmon's Treatise on Conic Seotions,8vo 12s. 

Wrigley's Examples anfl Problems in Pure and Mixed Mathematic8,8vo. 8s.6d. 

Fowler's Solutions ot Questions in Mixed Mathematics, 8vo. Se. 6d. 

Quarterly Journal of Pure and Applied Mathematics, 8vo St. 

Focal Music, 

Parkhurst's Stepping-Stone to Music la. 

Turle and Taylor's Art of binging at Sight 6a. 
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TDleard't Collection cf Sftcrad Miuic, for Rehool*, raper'itqral 9ro, If. fid. 

— Collection of SacnUr Music, for Scbuoto, fuper-royal 8to. ls.0d. 

The above Two Collectione may be had in one Vtdume, inioe 5t. cloth, gilt edges. 
TUleard's People's Chant-Book Sd. 

Worh by John. Hullah, Profeuor of Vocal Music in Kin/s 
College, <md in Queen's College^ London* 

NtwBditiont, * Beviud andJUeoiuUrueted in 1849/<tr' Wilhvx's Method of Teaching 
Hinging/ adapted to BnfflitA Ute, undtr tk§ SuperinUndtmet ttf U§ CommitUe q/ 
Council ontEdHcation, 

Tlie Bfannal, for the nse of Teachers and Puirfls, Parts I. and II. price tB.6d. 

each; or togeilipr in cloth 58. 

The Exerciies and Figures contained in Parts I. and II. <rfthe Maiiu:)^ for the 

use of PupiU Boolcs I. and II. price, each, fid. 

Large Sheets, containing the Figures in Part I. of the Manual, Nos. 1 to 8 in 

a Parcel price 8s. 

Large Sheets, containing the Exercises in Part L of the Manual, Nos. 9 to 40, 

in Four Parcels of ISight Nos. each price, per Parcel, 6s. 

Large Sheets, containing the Figures in Part If. of the Manual, Nos. 41 to fiS, 

in a Parcel price 9s. 

Uullah's Rudiments of Musical Qrammar 8s. 

— Qrammar of Musical Harmony, royal 8vo. 8s. 

Exercises to Grammar of Musical Harmony Is. 

Hullah's Short Treatise on the SUve 2s. 

Qrammar of Counterpoint. Part 1. 8vo Nearly rtadp, 

HnUah's Infant School Songs fid. 

School Songs for 2 and 8 Voices. 2Books,8Ta each fid. 

Mullah's bcercises for the CultiTatl<m of the Toice. For Soprano or Teucr. 

Third Edition 2s.6d. 

— Exerdies for the Cultiratlon of the Voice. For Contralto or Bass. 

ThirdEdiUon is.fid. 

Hullah's Part Music, 

Ckmm A. In Score and in separate Voice Parts, for Soprano, Alto^ Tenor, and Bass. 

T«ro Volumes of Sacred and Two of Secular Pieces. Score, Os. eadi Votnme, 

doth ; 4s. in wrapper ; Voice Parts, Is. in wrapper; Is. 9d. cloth. 
Class B. In Hoore for the Voicee of Women and Children. One Vcdume of Sacred 

and One of Secular Pieces. Is. eadi in wrapper ; Is. 9d. cloth. 
Oam C. In Score for the Voices of Men. One Volume of Sacred and One of Secular 

Pieces. Is. each in wrapper ; Is. 9d. cloth. 

Political and Historical Geography, 

Hogarth's Outlines of Qeograpby, for Families and SdKxris Ifid. 

The Stepping'Stoiie to Geography la. 

Hughes's (W.) Child's First Boole of Geography 9d. 

— Geography of the British Empire 9d. 

— Booli of General Geography 9d. 

Hiley's Child's First Geography 9d» 

~ Progressive Geogra|4iy 2b. 

Desortptive Geography, being VoLV. of the 'Instructor' 2s, 
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: lfairb«c'fl<W.;XsiiiulorG«)cnphr.«ftli<nKVapB 7k.il. 

I (>r, ill Two Fwts:-!. Ettropt^ Siu ML ; II. Airfa, 

I and PoljnMiia* 4t, 

Ho;(}.e»'t ^ W.) Maaoal of BritMi GwHsm^hj, with Fov ! 

- G«orrafib7ofBrhidiUls(onr,withi»ixMtt|« 8t.«d. 

I Sollirvi'tlleofcnpbyGcMnlUed fk. 

— fntrodocUon to OmrntpbTf AnefcBt, Modem, and flMVed li. 

' Ifray'tGecifpraiptiyortlicBritivhEiiiiiire 7s.6d. 

I Lott arid H uiffiuit^* Oeogimptiy of In<Ka •Tnt iwc4r* 

Hui;)Mit'ft^K.y4«(j«npb7fkM'ekiiUfnt«7Kdiooli U. 

! XnrtMt'tt ConremakiDt on Lnd and Water Saifli. 

thAtlmiMt** OrmtOMr cf General Qeot^nphj li.iB.; Kty, Is, 

' Ilowliu^a IntrodacUon to CMdnnith'f Geo^nphf 9d. 

— (loMtJoM on the Map* In fUMMBith's tieoxraphr 9i.; X^. M. 

; Manuder'tTreManrofOeoKrtphr, w{tb7Map«andl6PtetM Mk 

Butler's Kk«teb of Anefent and ModtraGaognmbj 7a.dd. 

— Kketdi of Modem Gaonravlqr da. 

I — HketefaoTAjieiedtflaofpsplijr 4a. 

I CannioKham's AbrMgmentof Botler'fGeoKrairtiy la. 

I X'Leo<l'atfi«o«rMirorPalcrtiMorth0lftoirLaiid U,dd. 

I — Life and Travala of Kt, Paul Sa. 

I JohnJrtoii'a(Keiih)Gei»eraiGaMtlMr,orDfc«iotiaryofaeoKra«lij,Svo. «k 

I 

I Phyneal and Maihemaiieid Geography. 

2SoroUn's BeeriMtUma f n Fhraical Oeofrapbjr flik 

: - Outllnea of Miyeieal Geography IM. 

, Hnirtieii'H 'KjOutlhiee of Physical Geoitnphy.Iteio. li.aA. 

I iJick'HCoinpendinmof MalliematicalGeoffraiAy 9a. 

I Keith's Treatii>e on the LTse of the Globes 6a.6d.; Key. 9s.aA. 

I ilufflies's (WJManiiai of Mathematical Geograpliy 4a.6d. 

I School Ailasei and Maps, 

Butler's Atlas of Modern Geography, enlarged, royal 8to. 10s. 6d. ; or royal fto. 10a. 6d. 

— J nnf/ir Modem Atlas, oompriafng IS Maps da.iC 

— Atlas of Ancient Geography, enlarged, royalSvo llib 

— Junior Ancient Atlas, otmpriaing two Ifeir Maps, in all IS Mapa .... 4au6d. 

— General Atlas of Modem and Ancient Geography, royal 4to SUk, 

— Outline Geographical Copy-Books, Ancient and Modem, eaehOopy*Iiook 4au 
M'Leod's New Middle-Class Atlas. «9 f ull-ooUmred Maps, 4to. Sm, 

— Oxford VI iddle Class Junior il^tes for IWi la.6d. 

— Oxford Middle Class A^for>l</a« for ](«H 2a. 6d. 

— if and- Atlas of General and Political Geography, half-bd., 8s. ; sewed, 2a. 6d. 

— Class Atlas of Physical Geography halF>baond, 3s.; sewed, 2a. <kL 

Ikiwinan's Questions on M'Leod's ClaM Atlas of Pliysieal Geography Is. 

M'Leod's Wall-Map of Kngland and Wales, Xo. I. Pkyataal, price Os.on a sheet, 

coloured; or price 9h. mounted or in a Portfolio. 

— — — England and Wales, No. II. PolMeal, priee 7s. Sd. on • 
sheet, coloured ; or price 10s. 6d. mounted or in a Portfidlo. 

— Wall-Map of Kngland and Wides, No. III. Oeolofffealf prIee 16b. on » 
sheet, full-coloured ; or price 20s. mounted or in a Portfolio. 

*«* The above Three Maps together in a Portfolio, prloe Sfls. 

— Physical AtlasofGreat Britain and Ireland TikeO. 
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ITLeod'ft CIass AtlM of Serii)tare Geography, lOjflf iKr. 7k. 

Hiii^ie8'A'(B.) 0«nerftl Atlas for £lem«ntai7 tMKX^ lt.6d. 

— Atlaa of Phyaicid, Political, and OommtfiBUd Geognqiiq^t it. Svo. . lAh 6d. 

— School Atlas of Bible Lands l8.6d. 

Brewer's Elementary A^ of History and Geography, royal 8to. 12b. 6d. 



QeoUgy and MineruLog^^ 

PUmps's Guide to Geology, with 4 Plates andl»])li«tan» 4b. 

— Treatise on Geology, 2 vols , 78. 

BriBtow's Glossary ofMineralogy,with4S6 Figures on Wood. IMk 



Natural History and Botany, 

The Book of Animals, Class Mammalia l8.6d. 

The Rook of Birds, Class Aves Is. 6d. 

The Book of Fishes, Class Pisces ls.6d. 

The Book of ReptUea,iDoladinff Fossil Bemains lB.6d. 

The Steppinfr-8tone to Natural History, IvoL 2b. 6d. 

Or in Two Parts, I. MammaUa, Is. II. JNrds, B»ptUM, and J'lsfcM, la. 

Owen's Natural History for Beginners, Ivol 88. 

Or in Two Parts, price 9d. each. 

Sister Mary's Tales in Natural History ls.6d. 

Tate's Natural History of Familiar Things Is. 

Maunder's Treasury of Natural History ; with 900 Woodcuts 10s. 

Lindley and Moore's Treasury of Botany In tie Press, 

The Book of Trees, Fourth Edition, with Woodcuts 2b. 

Maroet's Lessons on Animals, Vegetablee; and Minerals ts. 

LessooB on the Universe, Animal, Vegetable, and Mineral Blngdtnns, and 

HumanForm; being Vol. III. of the * Instrueter* 2b. 

SwaSnseo'B Treatise on the Habitaaad Instincta of Animala as.6d« 

Chemistry. 

Tate's Outlines of Experimental GhemiBfcry 9d. 

Piesse'sLaboratory of Chemical Wonders 5b. 6d. 

Marcet's Conversations on Chemistry, 11 Tola. ».14b. 

Thomson's School Chemistry, m Practical Rudimenta of the Sdenoe 6b. 6d; 

Conington's Handbook of Chemical Analjpeia 7B.6d. 

— Tables of QualttBAive Analysts. Sa.6d. 

Odling's Manual of Chemistry, Descriptive and Theooretkal, Part I. dvo. 9b. 

Natural Philosophy. 

Amott's Elements ofPhysics or NatnralPhiloeopfay, Part 1. 8vo. ItaiM. 

Beadings in Science, Fifth Edition Sb.M« 

Marcet's Conversations on Natural Philoeophy 10b. M. 

Tate'sScienceofFamiliarThingB, Vol. I.Ss.6d.: orinSPsrta eaeh Is. 

— Light and Heat, fomlllarly explained 9d. 

— Hydrostatice, Hydraulics, and PneomaticB 9C 

— Electricity, familiarly explained and illustrated 9d. 

— Magnetism, Voltaic Electricity, and Electro-DynamicB 9d. 
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Qalbndth and Hwighton't MmumJ of OpUci Mwsd.t^s doth. Sktd. 

— — Manual of Hydrottatios wwad, tk i doth, tk td. 

Doimiag'a Elwmnta of PraetJeai Hydnwltoa, 8to. 8^ 

Meehanici and Mechanitm, 

XoMlay'sIlliiitrationaofPraetleallfachanioa fli. 

Tata't ExardMs on Medumka and Natoral PhiloK^hj fti.; K«y, Si.6d. 

— PrindpUsofModumicalPhiloiophy.STO. lla.fd. 

— Madianioa and tha StaanwEngtne td. 

— Elamenta of Medianinn. Fifth Edition fli.6d. 

Qoodara'a Elamanti of Madianiam 8a.<d. 

Kater and Lardner'a Traatiae on Meohanioa Sa.id. 

Oalbralth and HauRhton's Manual of Meohanioa lawed, Sa. ; doth, Sa.6d. 

Twifldan'a Elmnantiury IntrodoctUm to Practioal Madianioi Mkid. 

Fortijicaiion^ ^e, 

Klmbar'ayaolMui'aFlrfltSyitem of Fortification, 8to 8a. 

— ontboCon8troetionoftlMMod«niSy8t«ni,aNefrttMlGbaaperEdltioa 

in-eparinic. 

— Field ^orka, aa ezacQted at Sandhnrat and Addiaoomba, 8to. 8a. 

ICaodoogall'a Theory of War 10B.fd. 

— Campaigna of Hannibal 78.M. 



Engineering and Science, 



Lowndea's Engineer's Handbook, Second Edition 5a. 

The Artiaan Club's Treatise on the Steam Engine, 4to. 4tB. 

Bourne's Catechism of the Kteam Engine 6a. 

Fairbaim's Useftil Information for Engineers, 2 vols aadi 10a. 6d. 

— Treatise on Mills and MiUwork, t vols SSa. 

Moseley's Mechanical Principles of Engineering and Architecture, 8to Ma. 

Popular Astronomy and Navigation, 

Hall's Outlines of Astronomy, for Families and Schools lOd 

The Stepping-stone to Astronomy la. 

Read's Popular and Mathematical Astronomy Sa.6d. 

Tate's Antronomy and the Use of the Globea, for Beginners. IML 

Herschel's Treatise on Astronomy, fcp. 8vo Sa.6d. 

— Outlhies of Astronomy, Sixth Edition, 8to. 18a. 

Oalbralth and Haughtoii's Manual of Aiitronomy aewed, 2s. ; doth, 2a. 6d. 

Arago's Popular Astronomy, transUted by W. H. Smyth, D.C.L.and B.Grant, 

M.A. 2 vols. 8vo tfa. 

Saxby's Study of Steam and the Marine Engine 6a.6d. 

Young's Nautical Dictionary, Second Edition, 8to 18a. 

Main and Brown's Marine Steam Engine. 8vo 128. 6d. 

— on the Indicator and the Dynamometer, 8vo 4a. 6d. 

— Questions and Examination-Papera on the Steam Engine, 8to. 6a. 6d. 
Jeans's Handbook for the Stara, royal 8vo Sa.id. 

— Navigation and Nautical Astronomy 98. or in 2 Parta, each 6a. 

Boyd's Manual f6r Naval Cadets U8.6d. 
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Animal Physiology and the Preservation of Health, 

Shield'* Stepping^tone to Animal and Yegetable Physiologir Is. 

Bray's Physiology for Schools Is, 

Howard's Manual of Athletic and Gymnastic Exercises 7s.6d« 

Mann's Book of Health M. 

Marshall's Physiology for Schools and Self-Instruction. Nearlw rtadt* 

Domestic Economy and General Knowledge^ 

Lessons on Houses. Furniture, Tood, and Clothing; with Questions. Being 

Vol. II. of the 'Instructor' ts. 

Domestic Economy, etlited by the Rev. O. R. Gleig, MJL ML 

Instructions for Girls in Household Matters Is. 6d. 

The Stepping-Stone to Knowledge Is. 

Second Series of the Stepping-Stone to General Knowledge Is. 



Chronology. 



Book of the Calendar, the Months, and the Seascms; with Questions. Being 

Vol. IV. of the 'Instructor' tk 

Conybeare's School Chronology, or Great Dates of History Is, 

Slater's School Chronology, or Sententia Chronologica Sa. 6d. 

— Coloured Chart of Chronology and History 9B.8d. 

Valpy's Poetical Chronology of Ancient and English History 2s. 6d. 

Nicolas's Chronology of History Ss.6d. 

Woodward's Historical and Chronologioal Snoydopttdia Inpr^fotation, 



Mythology and Antiquities, 



Hort's Pantheon, or Introduction to the Mythology of the Ancients is. 6d. 

Rich's Illustrated Dictionary of Roman and Greek Antiquities 12s. 6d. 

Lempriere's Classical Dictionary, abridged by Barker.Svo. 7s.6d. 

Cox's Tales fhun Greek Mythology 8s. 6d. 

— Tales of the Gods and Heroes 6s. 

— Tales of Thebes and Argos 4B.6d« 

Biography, 

Readings in Biocnraphy, Tenth Edition Ss. 6d. 

Gleig's Kook of Biography 9d. 

The Steppinff-Stone to Biography Is. 

Maxmder's Biographical Treasury, Twelfth Edition 10s, 

British History, 

Outlines of the History of England, Twenty-fourth Edition Is. 

Turner's Analysis of English and French History .* Ss. 

The Stepping Stone to English History Is. 

Gleig's First Book of History— England 8s. 

— British Colonies, or Second Book of History 9d. 

— British India, or Third Book of History M. 

Historical Questions in Gleig's School Series 9d. 

School History of England, abridged from Gleig's Family History 68. 

Anthony's Footsteps to the History of England Ss. 

Marcet's Conversations on the History of England Ss. 



London x LONGMAN, GREEN, and CO. Paternoster Row. 



OMtnl LiilB rf SifeHUMtal 



HlnsfTsltlwRHnuBte'ild.i.-i;*-! <bi.*n. 
Scrifltrt Biiforj- eni Selijwia Wortt. 




fleneral lisU of BcbooMMte 18 



Biddle'f Manual ofthe Whole Scriptnre History ilfl. 

— Outlines of Scripture Hiftoqr ta.6d. 

TitoomVe Bible flladiea,a«o. 8a.6d. 

Home's IntrodueUoB to tlMHolsr^eKiptuna, A vole. 8iro. 7as.6d. 

— Compendious Introduction toJbe Study of the Bible 9s. 

Cook's Acts of the Apostles, with a Commentary Se. 

Sewell's Self-Exaroiiiation before Oenflrmation la.6d. 

— Readings for a Month Preparatory to Oonfirmatton 4s. 

— Preparation for the. Htrty Commmian Se. 

— Readings for EYWorSiff in Leot 5s. 

— History of the Early Ohanb 4e.6d. 

Ctftton'a abort Prayers and Helpe to Peyotton for flehool boyii l8.6d. 

M&nial and Moral PkHosophjf, 

Baoon'sBesayi. with Annotations. By R. Wbakely. D J>. Sro. 10s.6d. 

— — withNotes. ByT. Markby.MJL la^ttL 

— Adrancement of Learning, with Notes, by T.Maricby.MLA. tk 

Elements ofLogic, by R*Wbately,D.D. 8vo. 10s. 6d. oNnoifivo. 4c.ia. 

StebUng's Abridgment of Mill's System of Logic Just !■■«%. 

raements of Rhetoric, by R. Wbat^, D,D. 8vo. Ifls. 6d. crown Svo. 4s.6d. 

Morell's Handbook of Logic Ss. 

— Introduetkm to Mental Pbiloeophy,8vo 12s. 

— Fichte'sCoutvibntions to Mental Philoaophy 5s. 

~~ ElemenU of Psychology. Parti 7s«td. 

Thomson's Outline of the Ner isiaiy Laws of Thought 5a. Sd. 

•Qiwl Law and Foliiical Science. 

Maroefs Rich and Poor, for Children and Young Persons li. 

— Willy's Holidays, or Conversations on Govemmaot tk 

— Conversations on Political Economy 7a.6d« 

Twias's Law of Nations as Independent Political Communities. Part L Tb0 

Bights and Duties of Nations in time of Peace, 8to ISa. 

Part II. The Righte and Duties of Nations in time Of War, 8to Us. 

Humphreys's Manual of British Government in India 2s. 6d. 

Sanders's Institutes of Justinian, with Translation Notes, 8vo .....Ifia. 

Principles of Teaching ^ ^c, 

Tate's Philosophy of Education 6s.6d. 

Fkqrd on Teaching Beading, Writing. and Arithmetic, 8vo 2a.6d. 

Raumer's 1 .ife and System of Pe»talozzi, by J. Tilleard, 8vo Sa. 

Robinson's Manual of Method and Organfoation 8s.6d. 

Roaa'sTeaeher's Manual of Method Sa.6d. 

ours Text*B«dk of Education, Method, and SdioolMaoagwneDt 88.6d. 

Stow's Training System ot Education 8s.<d. 

Sullivan's Papers on Popular Bdueatifln and Sehool-Keeping Ss. 

Walford'sHaiidyboekoftbeaiviltiervioe 4e.6d. 

Potto's Liber Cantabrlglenie, 2 vols. each4o.ed. 

Pyoroft's Coorao of Sngiish Reading 6a. 

Arnold's Manual of English Literature l«s.ed. 

Lako'sBookofOblectLeeeoBo la,<d. 

HnU'a Guide to the Three Sorvicsa, Civil, Naval, and Military Ia.ed. 

The Oreek Language, 

KoDMdy'aOrookanBnmar. With Edition 4o.6d. 

— Materials for Translation into Greek Terse 6s.6d. 



London : LONGMAN, GREEN, and CO. Patemoiter Bow. 



u General Lists of Sohool-Books 



Cdlii's Pontes Clanioi, No. II. Greelc 8B.6d. 

— Ponticalus OnBoos, to aooompany abovt la. 

— Praxis OrsKa. Past I. Etymology, Ss. 6d. ; Pabt II. Syntax 6s. 

— ' Chief Roles of Greek Aeeentoation, with Exercises and Examination 

Papers. PutT HI. of Praxis Omoa Ss. 

— Exercises in Greek Tr^lc Senarii 4e.0d. 

— Chief Tenses of the Greek and Latin Irregular Verbs, 8to each Is. 

Wilklns's Manual of Greek Prose Composition 78.6d. 

Key, for Tutors and Students, price Ss. 6d. 

— Elementary. Exercises in Greek Proee Composition is.6d. 

Key, for Tutors only, price 2s. 6d. 

— ProgresslTe Greek Delectus for Schools 4s.; Key 28.6d. 

— Progressive Greek Anthology, for Schools 5s. 

M^Jor'sElementary Praxis of Greek Composition 28.6d. 

Valpy's Elements of Greek Grammar, 8vo 6s. 6d. 

— Greek Deleetns, by Rev. J. T. White, M.A. te.; Key2s.6d. 

Moody's New Eton Greek Grammar 4s. 

Hall's Principal Roots of the Greek Toninie &s. 

Yonge's New English*Greek Lexicon, 4to Sis. 

Liddell and Scott^s Larger Greek English Lexicon 81s.6d. 

— Smaller Greek-English Lexicon 7s.6d. 

Webster and Wilkinson's Greek Testament, 2 vols. 8to 44s. 

Vol. I. the Four Gospels and Acts of the AposUes, SOs. 
Yol. II. the Epistles and the Apocalypse, 24s. 
Bloomfleld's Greek Testament, with English Notes, 2 vols. 8to. 488. 

— College and Sdiuol Greek Testament, fcp 7s.6d. 

— Lexicon to the Greek Testament 7s.6d. 

Robinson's Greek and English Lexicon of the New Testament, 8vo ISs. 

Major's Anthon's Homer's Uiad, Books I. to III. with English Notes 4s. 6d. 

Llnwood's Sophoclis Tragoedie superstites, Bvo 16s. 

Sophoclis CEdipus Bex. CEdiput Coloneus, and Antigone, edited by Brasse, 5s. 

each; Soplioclis PAUoetetes, edited by Barges, 58.; Sophoclis Jjax and 

Electra, edited by Val py each 5s. 

Xenophon's Anabasis, Boolcs I. and II. edited by D. B. Hickie, LL.D 8s. 6d. 

— Memorabilia of Socrates, by the same 80. 6d. 

— Expedition of Cyrus, by Rev. J. T. White, M.A 7s. 6d. 

Parry's Reges et Heroes, from Herodotus 3b. 6d. 

Wilkins's Olnythiacs of Demosthenes, crown 8to. 4s.6d. 



The Latin Language. 



White and Riddle's Latin-English Dictionary, royal 8vo 4Ss. 

White's Advanced Latln-English Dlctiouary, medium 8vo In the pren. 

— Junior Latin^Eiiglish Dictiouai7, square post 8vo In preparation. 

Riddle's Diamond Latin- English Dictionary 4b. 

— Complete Latin-English and English-Latin Dictionary, 8vo 21s. 

Separately— English-Latin Dictionary, 7s.: Latin-English Dictionary, 158. 

— Young Scholar's Lat.-Eng. and Eng.-Lat. Dictionary, square I2mo. . . lOs. 6d. 
Separately— Latin-English Dictionary, 68. ; English<Latin Dictionary, 58. 

Riddle and Arnold's English-Latin Lexicon, 8vo. 258. 

Ebden's English- Latin Dictionary, abridged firom the above 10s. 6d. 

Kennedy's Elementary Latin Grammar 8B.6d« 

— Child's Latin Primer Ss. 

•— Latin Vocabulary, on Etymological Principles 8s. 

— First Latin Reading-Book, or Tirocinium 2b. 

— Second Latin Reading-Book, or Palsstra Latina Q*. 
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RiBnnedy'f Materialt for Translation into Latin ProM 6a. 

— Example* of Latin Prose Style. ISmo 4a. 6d. { Key 78. 6d. 

Moody's New Eton Latin Grammar, 2s. 6d. ; Accidence, separately Is. 

CoUis's Pontes Classici, No. I 88.60. 

— Ponticalus Latinos, to accompany abore Is. 

— PraxisLatina Part L 2s. 6d.; Part U. 8s. 

Miller's Elementary Latin Grammar 5s. 

— Snualler Latin Grammar, abridged fh>m the above 2s. 6d. 

Hall's Principal Roots and Derivatives of the Latin Language 4s. 6d. 

Hamilton's Analytical Latin Grammar 8s. 6d. 

Zumpt's Larger Latin Grammar, translated by Dr. L. Sobmitz, 8vo I4s. 

Bradley's Lessons in C!ontinuou8 Latin Prose Ss. ; Key 5s. 6d. 

— Latin Prose Exercises 8s. 6d. ; Key 5s. 

Major's King's College School Latin Exercises 28. 6d. 

— Passages from the Spectator, for Translation into Latin 8s. 6d. 

Wilkins's Manual ofLatin Prose Composition 5s. 

Key, for Tators and Students, price 2s. 6d. 

— Elementary Latin Prose Exercises 4s.6d.; Key Ss. 

— Notes for Latin Lyrics. Sixth Edition 4s.6d. 

— Latin Anthology, for Junior and Middle Classes 4s.6d. 

Hiley's Elements of Latin Grammar Ss. 

— First Progressive Latin Exercises Is. 6d. 

Valpy's Elements of Latin Grammar 2s. 6d. 

— Latin Delectus, by the Rev. J. T. White, M. A. 2s. 6d. • Key Ss. 6d. 

White's Progressive Latin Reader 3s. 6d. 

— Latin Grammar, price 28. 6d.; or separately. Accidence, Is.; Eton 

Grammar, Is. 9d. ; Second Grammar Is. 6d. 

Tonge's New Latin Gradus 9s. ; or with Appendix 128. 

— Classified Dictionary of Latin Epithets Ss.6d. 

Rapier's Introduction to Latin Verse 3s.6d. ; Key 2s. 6d. 

Walford's Exercises in Latin Elegiac Verse 2s. 6d. ; Key 5s. 

— — Second Series, with Grammar of Latin Poetry .. 2s. 6d. 

Johns's Eton Latin Verse-Book, or Ductor in Eleffias 28. 6d. 

Edwards's Progressive Exercises in Latin Lyrics Ss. 

Yonge's Horace, I. Odes and Epodes, 38. ; II. Satires and Epistles Ss. 6d. 

Girdlestone and Osborne's Horace 7s. 6d. 

Kennedy's School Edition of Virgil Ntarlv ready, 

MSiior's Anthon's ^Eneid of Virgil, with English Notes 6s. 

Pycroft's Virgil's ^neid. Bucolics, and Georgics 7s. 6d. ; without Notes Ss. 6d. 

Valpy's Virgil's Bucolics, Georgics, and ^iieid 7s. 6d. ; without Notes Ss. 6d. 

Bradley's Troy Taken, or Second Book of Virgil's ^neid 2s. 6d. 

Parry's Orlgines Romane. from Livy 48. 

Bradley's Comelins Nepos, by the Rev. J. T. White, M. A. 12mo Ss. 6d. 

— Eutropius's Epitome, by the Rev. J. T. White, M.A. 2s. 6d. 

— Fables of Phisdrus, by the Rev. J. T. White, M.A 2s. 6d. 

— Ovid's Metamorphoses, by the Rev. J. T. White, M.A. 4s. Od. 

Valpy's Ovid and Tibullus, as used at Eton, with English Notes 4s. 6d. 

Isbister's School Edition of Cesar's Commentaries 8s. 6d. 

Hickle's First Five Books of Livy 88.6d. 

White's Germanla and Agrioola of Tacitus 4s. 6d. 

White's Cioero'sCatoMivIor and Lnliua 88.6d. 



The French Language, 



Sadler's Stepping-^tone to French Pronunciation 'Is. 

Hamel's French Grammar nnd Exercises, by Lambert 5s. 6d. ; Key 48. 

Collls's Short French Grammar for Classical Schools 8s. 6d. 
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BTMMBT'a FthUmI KMrdiM on Ywtmil Pkl M oO oia ) .. - 
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CoDluMM'i PnniCBl Pnuidi tod iBfUih BtstioBrj UH^M. 

— P«liMVtaitliuaSii(liibIH£lloiiuy 5*. 

— rtntSMplnPnueh ta.W. . 

— ItaubOnimiMr.rattiBdlttoD.TniiadtlMBiaalBg^ I 
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~ .Abi<K«del'aLM(d»d(Fnnn. 

ftonoliPoaUT.wUliKnBll^JJi 

Sicam,1iiriltt<im at Unix aii\s 8L«d. 

iB CkuiUia dai Autean UodDnH^-foi -...-. 

Da rslB^TTtl'* tewmur of BoBHligld Wnd^ Fi 

GemoH, Italian, and Btirtv. 

Wlnlnr^ Hint Omiuui Book (b[ Begliniera >a 

Da Pali'il^nl'a Onmiiiiir of HooHhold Woida, llii«Uili,Q(inMiii,Fi«idi, ud 

lUdlu KM 



- ScbIU<r>alI«TSIiurt,ti.ilUUorOrlMii>,lB.{ WnUunTall E 
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HMko'* Qilaimxj, Hinduibul Hid Bncl^ lo Uw Hair IJaUunanl uid Pialma, 7> 
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TnnlnaUa DIcttoiuuyoribalitaPrD- iDthanUiaud, ire nwrliKl hya am.. .. 
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.goia wUctivlU r«fiiikn DDBBy ssan for pona will 1m» iiiiiiic^i witirii iinri^i^'F 
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BM«ed te tbDU wbo an MBdilw ihe liaiiLil .. ,:i t 

laiiiniifaC*tlMNk«otlM1ittcatB»,»id tFni.'ii:v- .'w 

firnHparpMaoripiiljlnfltliiCoDipBra- eLvi^i in ii - .i <i ~ .'i-.'...:i .imi 

thaOnmnar. ntptHinit work, which LaiTii ij\^Fi~J.L.j,.iuij..;<,iii ..^ll... ,,sn, 
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.......—. •■^-'----iifcae.aUworda (ireah, Latin, and Teutonic lantni 
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APPROVED ELEMENTARY WORKS 

By the Rev. JOHN HUNTER,|M.A. 



1\| ILTON'S PJUJmSE LOST, Books I. and II. } with a Prose 

•'-*-■■ Translation or Paraphrase, the Parsing of the more Difficult Words, Specimens of Analysis, 
and Notes , 12mo. Is.M. each Bock. 

QHAKSPE ARE'S MERCHANT OF VENICE; With Notes, Inter- 

^ pretation, and Commentary, adapted for the nae of Pnpils l2mo. 2a. M. 

PXAMINATION-QUESTIONS on MILTON'S PARADISE LOST, 

•^ Books I. and II. and on SHAKSPEARE'S MERCHANT OF VENICE IZmo.lc. 

MILTON'S COMUS, r ALLEGRO and IL FENSEROSO; with Notes 
for the use of Schools, and a Critical Introdnction ,..*. 12mo.U.Sd, 

BACON'S ADVANCEMENT of LEARNING, Annotated Summary 
of Books T. and II. with numerous Extracts and Specimens of Examination-Questions. 12mo. 2«. 

QHAKSPEARE'S JULIUS C^SAR : with Interpretation Notes, 

^ and Extracts from the History on which the Play is founded 12mo. 2«. 6d. 

C«HAKSPEARE'S HENRY THE EIGHTH: with Interpretation of 

^ the Text, Notes, Specimens of Analysis, ftc 12mo.2«.M. 

JOHNSON'S RASSELAS: with Annotations, Specimens of Interro- 

^ gative Lessons, &c 12mo. 2a. M, 

A N INTRODUCTION to the WRITINa of PRECIS or DIGESTS, 

•^ as applicable to NarratiTes, Evidence, Composition, ftc. 12mo. 3a.— K>T, 1«. 

PARAPHRASING- and ANALYSIS of SENTENCES, simplified 

■*• for Normal Students, Pupil-Teachers, &c 12mo. la.3d.— K>r,l«. 8d. 

C< CHOOL MANUAL of LETTER-WRITING ; Containing mirne- 

^ rous Models, witli Exercises in Epistolary Composition, ftc 12mo. Ia.6(i. 

T^EXT-BOOK of ENGLISH GRAMMAR : a Treatise on the 

■*• Etymology and Syntax of the English Language : including Exercises 12mo. 2a. 9d, 

EXERCISES in ENGLISH PARSING j with Qubstioks and an 
Apfzndix on Paraphrasing Poetry 12mo. 6<f. 

-pXERCISES in the FIRST FOUR RULES of ARITHMETIC, 

•^ constructed for the Application of New Artificial Tests 12mo. M, 

SOLUTIONS of QUESTIONS in ARITHMETIC and BOOK- 

^ KEEPING used in the ClTil Scrrice Examinations of 1862 ; with a Supplement of Examples in 
Account -States 12mo. l$.M. 

PROGRESSIVE EXERCISES in BOOK-KEEPING by DOUBLE 

■*■ ENTRY, including Account- States, Partnership Accounts, Private Journal, and Ledger, 
&c , l2mo. la. 6d. 

EXAMINATION-QUESTIONS in BOOK-KEEPING by DOUBLE 

-^ ENTRY, with Directions for the True Stating of Dr. and Cr. and the Answebs. 12mo. 2a. dd. 
Thr Qobstioms {without the An$wer$), price la. Rolkd Patsk for the Tarions Forms of Account* 
Books, 6 sorts, price la. 6d. per Quire. 

'PJLEMENTS of MENSURATION for the use of Beginners; with 

-'^ numerous original Problems 18mo. M.— Ext, 9d. 

"PLEMENTS of PLANE TRIGONOMETRY, for the use of 

•*-' Beginners, with numerous Problems • ISmo. la.— KxT, M. 

A TREATISE on LOGARITHMS, containing their Theoiy and 

■^-»- Practice, and Tablbs for Logarithmic Calculation 18mo. la.— KxT, M. 

EXAMINATION -QUESTIONS on COLENSO'S ELEMENTS 
of ALGEBRA, Part I , lSnA.lA.^A» 
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